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1. Introduction. The richness of the theory of functions over the complex field makes
it natural to look for a similar theory for the only other non-trivial real associative
division algebra, namely the quaternions. Such a theory exists and is quite far-reaching,
yet it seems to be little known. It was not developed until nearly a century after
Hamilton’s discovery of quaternions. Hamilton himself (1) and his principal followers
and expositors, Tait(2) and Joly (3), only developed the theory of functions of a quater-
nion variable as far as it could be taken by the general methods of the theory of func-
tions of several real variables (the basic ideas of which appeared in their modern form
for the first time in Hamilton’s work on quaternions). They did not delimit a special
class of regular functions among quaternion-valued functions of a quaternion variable,
analogous to the regular functions of a complex variable.

This may have been because neither of the two fundamental definitions of a regular
function of a complex variable has interesting consequences when adapted to quater-
nions; one is too restrictive, the other not restrictive enough. The functions of a quater-
nion variable which have quaternionic derivatives, in the obvious sense, are just the
constant and linear functions (and not all of them); the functions which can be repre-
sented by quaternionic power series are just those which can be represented by power
series in four real variables.

In 1935, R. Fueter(4) proposed a definition of ‘regular’ for quaternionic functions
by means of an analogue of the Cauchy-Riemann equations. He showed that this
definition led to close analogues of Cauchy’s theorem, Cauchy’s integral formula, and
the Laurent expansion (5). In the next twelve years Fueter and his collaborators
developed the theory of quaternionic analysis. A complete bibliography of this work is
contained in (6), and a simple account (in English) of the elementary parts of the theory
has been given by Deavours(7).

The theory developed by Fueter and his school is incomplete in some ways, and
many of their theorems are neither so general nor so rigorously proved as present-day
standards of exposition in complex analysis would require. The purpose of this paper
is to give a self-contained account of the main line of quaternionic analysis which
remedies these deficiencies, as well as adding a certain number of new results. By
using the exterior differential calculus we are able to give new and simple proofs of
most of the main theorems and to clarify the relationship between quaternionic
analysis and complex analysis.

In Section 2 of this paper we establish our notation for quaternions, and introduce
the quaternionic differential forms dg, dg A dq and Dgq, which play a fundamental role
in quaternionic analysis. The 1-form dg and the 3-form Dg have simple geometrical
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interpretations as the tangent to a curve and the normal to a hypersurface, respect-
ively.

Section 3 is concerned with the definition of a regular function. The remarks in the
second paragraph of this introduction, about possible analogues of the definition of a
complex-analytic function, are amplified (this material seems to be widely known,
but is not easily accessible in the literature); then Fueter’s definition of a regular
function, by means of an analogue of the Cauchy-Riemann equations, is shown to be
equivalent to the existence of a certain kind of quaternionic derivative. Just as, for a
function f:C—C, the Cauchy-Riemann equation df/dx+1:df/dy = 0 (the variable
being z = x+ty) is equivalent to the existence of a complex number f'(z) such that
df = f'(z)dz, so for a function f: H > H, the Cauchy-Riemann-Fueter equatlon

af+ gHZf af 0 (1-1)

(the variable being ¢ = t +ix + jy + k2) is equivalent to the existence of a quaternion
f'(q) such that d(dg Adgqf) = Dqf'(q)

Section 4 is devoted to the quaternionic versions of Cauchy’s theorem and Cauchy’s
integral formula. If the function f is continuously differentiable and satisfies (1-1),
Gauss’s theorem can be used to show that

Dqf =0, (1-2)
ac

where C is any smooth closed 3-manifold in H, and that if g, lies inside C,

fa0) = 5 [ B Dastg). (1:3)

We will show that Goursat’s method can be used to weaken the conditions on the
contour C and the function f, so that (' need only be assumed to be rectifiable and the
derivatives of f need not be continuous. From the integral formula (1-3) it follows, asin
complex analysis, that if fis regular in an open set U then it has a power series expansion
about each point of U. Thus pointwise differentiability, together with the four real
conditions (1-1) on the 16 partial derivatives of f, are sufficient to ensure real-
analyticity.

In Section 5 we show how regular functions can be constructed from functions of
more familiar type, namely harmonic functions of four real variables and analytic
functions of a complex variable, and how a regular function gives rise to others by
conformal transformation of the variable.

The homogeneous components in the power series representing a regular function
are themselves regular; thus it is important to study regular homogeneous poly-
nomials, the basic functions from which all regular functions are constructed. The
corresponding functions of a complex variable are just the powers of the variable, but
the situation with quaternions is more complicated. The set of homogeneous regular
functions of degree n forms a quaternionic vector space of dimension }(n+1) (n +2);
this is true for any integer n if for negative » it is understood that the functions are
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defined and regular everywhere except at 0. The functions with negative degree of
homogeneity correspond to negative powers of a complex variable, and occur in the
quaternionic Laurent series which exists for any function which is regular in an open
set except at one point. Fueter found two natural bases for the set of homogeneous
functions, which play dual roles in the calculus of residues. (He actually only proved
that these bases form spanning sets.) In Section 6 we study homogeneous regular func-
tions by means of harmonic analysis on the unit sphere in H, which forms a group
isomorphic to SU(2); this bears the same relation to quaternionic analysis as the
theory of Fourier series does to complex analysis. In Section 7 we examine the power
series representing a regular function and obtain analogues of Laurent’s theorem and
the residue theorem.

Many of the algebraic and geometric properties of complex analytic functions are
not present in quaternionic analysis. Because quaternions do not commute, regular
functions of a quaternion variable cannot be multiplied or composed to give further
regular functions. Because the quaternions are four-dimensional, there is no counter-
part to the geometrical description of complex analytic functions as conformal map-
pings. The zeros of a quaternionic regular function are not necessarily isolated, and its
range is not necessarily open; neither of these sets need even be a submanifold of H.
There is a corresponding complexity in the structure of the singularities of a quater-
nionic regular function; this was described by Fueter(9), but without giving precise
statements or proofs. This topic is not investigated here.

2. Preliminaries. We denote the four-dimensional real associative algebra of the
quaternions by H, its identity by 1, and we regard R as being embedded in H by
identifying t € R with 1 e H. Then we have a vector space direct sum H = R @ P, where
P is an oriented three-dimensional Euclidean vector space, and with the usual notation
for three-dimensional vectors the product of two elements of P is given by

ab= —a.b+axb. (2-1)

We choose an orthonormal positively oriented basis {z, j, &} for P, and write a typical
quaternion as g=t+izx+jy+kz (t,z,y,2€eR). (2-2)
On occasion we will denote the basic quaternions 4,5,k by e, and the coordinates
z,y,2 by z; (1 = 1, 2, 3) and use the summation convention for repeated indices. Then
(2-2) becomes g=t+ez, (2:3)
and the multiplication is given by

eie,' = _6i]'+e‘ijkek' (2'4)
We will also sometimes identify the subfield spanned by 1 and 7 with the complex field
C, and write g=v+jw (v,weC) (2-5)
where v = t +1z and w = y —4z. The multiplication law is then
vj = j% (2-6)
for allveC.
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‘We write g=t—ix—jy—kz, (2-7)
|| = V(g7) = V(B +2* + 3% +2%)€R, (2:8)
Req = }(¢+9) = teR, (2-9)
Pug=4}(g-9) =itz +jy+kzeP, (2-10)
Unq=l-§TGS, (2-11)

where § is the unit sphere in H; and
{1:92> = Re(q100) = titp+ 2,2, + Y1 Yo+ 2, 25 (212)
Then we have 0192 = G244, (2-13)
19:192] =[] - 1g2], (2-14)
Re(9,9;) = Re(q:01) (2-15)

_ q
and gl ==, (2-16)
|al*

Note that if #; and u, are unit quaternions, i.e. |u,| = |u,| = 1, the map g u, qu, is

orthogonal with respect to the inner product (2-12) and has determinant 1; conversely,
any rotation of H is of the form g u, gu, for some u,;, u,€H (see, for example, (10),
chap. 10).

The inner product (2-12) induces an R-linear map I': H* — H, where

H* = Homg(H, R)
is the dual vector space to H, given by
(Pa),g) = alg) (2:17)
for a e H*, ge H. Since {1,1, 4, k} is an orthonormal basis for H, we have
Da) = afl) +ia(i) +ja(j) + kalk).

The set of R-linear maps from H to H forms a two-sided vector space over H of dimen-
sion 4, which we will denote by F,. It is spanned (over H) by H*, so the map I' can be
extended by linearity to a right H-linear map I',: F; > H and a left-linear map

Iy F,—H.
They are given by
I'(a) = a{l) + ia(t) +ja(j) + kalk) (2-18)
and I'(x) = a(l) + (i)t +a(j)j+alk)k (2-19)

for any a e F,.
The geometric terminology used in this paper is as follows:

An oriented k-parallelepiped in H is a map C:I*—H, where I* < R¥ is the closed
unit k-cube, of the form

C(tl, ""tk) = q0+t1h1+ aen +tkhk'
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go€ H is called the original vertex of the parallelepiped, and %, ..., k, € H are called its
edge-vectors. A parallelepiped is non-degenerate if its edge-vectors are linearly inde-
pendent (over R). A non-degenerate 4-parallelepiped is positively oriented if

vlky, ... ly) > 0,

negatively oriented if v(h,, ..., hy) < 0, where v is the volume form defined below (equa-
tion (2-26)).
We will sometimes abuse notation by referring to the image C(I*) as simply C.

Quaternionic differential forms. When it is necessary to avoid confusion with other
senses of differentiability which we will consider, we will say that a function f: H - H
is real-differentiable if it is differentiable in the usual sense. Its differential at a point
g€ Histhen an R-linear map df,: H— H. By identifying the tangent space at each point
of H with H itself, we can regard the differential as a quaternion-valued 1-form

_u o, o, o
df = atdt+a—xdx+@dy+£dz. (2-20)
Conversely, any quaternion-valued 1-form 8 = a,dt + a,dx;(a,, a; € H) can be regarded
as the R-linear map ¢: H - H given by

Ot+z,e;) = agt+a;zx; (2-21)

Similarly, a quaternion-valued r-form can be regarded as a mapping from H to the
space of alternating R-multilinear maps from H x ... x H (r times) to H. We define
the exterior product of such forms in the usual way: if 4 is an r-form and ¢ is an
s-form,

1
0 A ¢(h1; feey hr+s) = 7T8' Z e(p) e(hp(l),..., hp(r)) ¢(hp(1‘+1), ceey hp(r+s)): (222)
81,

where the sum is over all permutations p of 7 + s objects, and €(p) is the sign of p. Then
the set of all 7-forms is a two-sided quaternionic vector space, and we have

A0 AP) = (ab) A @,
@ AP)a=0n(pa) (2-23)
(Oa) A ¢ = 0 A (ag)

for all quaternions a, r-forms @ and s-forms ¢. The space of quaternionic 7-forms has a
basis of real r-forms, consisting of exterior products of the real 1-forms dt, dz, dy, dz;
for such forms left and right multiplication by quaternions coincide. Note that because
the exterior product is defined in terms of quaternion multiplication, which is not
commutative, it is not in general true that § A ¢ = — ¢ A 0 for quaternionic 1-forms 8
and ¢.

The exterior derivative of a quaternionic differential form is defined by the usual
recursive formulae, and Stokes’s theorem holds in the usual form for quaternionic
integrals.
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The following special differential forms will be much used in the rest of the paper.
The differential of the identity function is

dg = dt+idz+jdy+kdz; (2-24)
regarded as an R-linear transformation of H, dg is the identity mapping. Its exterior
product with itself is

dgAdg = $eyp e dr; Adry, = idy Adz+jdz Adx+ kdx Ady, (2-26)

which, as an antisymmetric function on H x H, gives the commutator of its arguments.
For the (essentially unique) constant real 4-form we use the abbreviation

v=dindxAdy Adz, (2-26)

so that v(1,4,5, k) = 1. Finally, the 3-form Dgq is defined as an alternating R-trilinear
function by

<h1’ DQ(kz, hs, h4)> = U(hb h21 h3’ h4) (227)

for all h,,...,hge H. Thus Dgq(i,j, k) = 1 and Dg(1,e;,€e,) = —é€;5,¢€,. The coordinate
expression for Dy is

Dg = dx Ady Adz— %, €,dt A da; Adzy,
=dxAdyndz—idt ndyndz—jdtadzndx—kdt Adx Ady. (2-28)

Geometrically, Dg(a, b, ¢) is a quaternion which is perpendicular to a,b and ¢ and has
magnitude equal to the volume of the 3-dimensional parallelepiped whose edges are
a,b and c. It also has the following algebraic expression:

ProrosrrioN 1. Dg(a, b, ¢) = 4(cab —bdc).

Proof. For any unit quaternion «, the map g — uq is an orthogonal transformation of
H with determinant 1; hence

Dq(ua, ub,uc) = wDq(a,b,c).

Taking « = |a| a~%, and using the R-trilinearity of Dg, we obtain

Dq(a,b,c) = |a|?aDg(1,a7b,a"c). (2-29)
Now since Dg(1,¢e,,e;) = —€.¢, = 3(eje;— e, e;), we have by linearity
Dq(1, hy, by) = }{hyhy— by hy) (2-30)

for all ,, h,e H. Hence
Dq(a,b,c) = }|a|?a(a"'cab—a~tba"c)
= Icab — bac). |

Two useful formulae were obtained in the course of this proof. The argument leading
to (2-29) can be generalized, using the fact that the map g+ ugv is a rotation for any
pair of unit quaternions u, v, to

Dq(ah, b, ah,b, ahyb) = |a|?|b|2aDq(hy, hy, h3) b; (2-31)
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and the formula (2-30) can be written as
1 1Dqg= —3dgndg, (2-32)

where _I denotes the usual inner product between differential forms and vector fields
and 1 denotes the constant vector field whose value is 1.

Since the differential of a quaternion-valued function on H is an element of F;, the
map I, can be applied to it. The result is

T(df) _Iﬂlﬂaf; aj,: (2:33)

We introduce the following notation for the differential operator occurring in (2:-33),
and for other related differential operators:

_ 1 (of
=1 A
alf 2Fr(df) 2(at+e1.ax)
1 (of
af T2 (3t % o )
. 1(of  of
=1 N A 2-34
arf 2Fl(df) 2 ( +3 axl e‘b) ’ ( )
arf =1(___ez);
of of oF &
Af = T o By oy? o
Note that 9, 9, 9, and 3, all commute, and that
A = 49,0, = 49,9, (2-35)

3. Regular functions. The requirement that a function of a complex variable
z = x+ iy should be a complex polynomial, i.e. a sum of terms a, 2™, picks out a proper
subset of the polynomial functions f(z, y) +ig(z, ). The corresponding requirement of a
function of a quaternion variable ¢ = ¢ + iz + jy + k2, namely that it should be a sum of
monomials ¢y qa,...a,_, qa,, places no restriction on the function; for in contrast to the
complex case the coordinates?, z, y,2 can themselves be written as quaternionic poly-

nomials: t = Hg—1iqi —jqj— kqk),

Lo
= (g —1igi+7qj + kgk),

1 e 3-1
=4—j(q+zqz—9q9+qu), (3-1)

1 L
2 = g7 (g +iq1+jg) — kqk),

and so every real polynomial in ¢,z,9,2 is a quaternionic polynomial in ¢. Thus a
theory of quaternionic power series will be the same as a theory of real-analytic
functions on R4.
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On the other hand, the requirement that a function of a quaternion variable should
have a quaternionic derivative, in the obvious sense, is too strong to have interesting
consequences, a8 we will now show.

Definition. A function f: H — H is quaternion-differentiable on the left at g if the limit

%‘ = lim (5{fig+ 1)~ f(@)}]

exists.

THEOREM 1. Suppose the function f is defined and quaternion-differentiable on the left
throughout a connected open set U. Then on U, f has the form

f@) = a+gb
for some a,beH.

Proof. From the definition it follows that if f is quaternion-differentiable on the left
at g, it isreal-differentiable at ¢ and its differential is the linear map of multiplication on

the right by df/dq:
af
df,(h) = th"

. daf
ie. df, = dq(—za. (3-2)
Equating coefficients of d¢, dz, dy and dz gives

a o .of of ,of i

g ‘e oy~ ke (3-3)

Put ¢ = v+jw, where v=1t+ix and w=y—1z, and let f(q) = g(v,w)+jh(v, w),
where g and b are complex-valued functions of the two complex variables v and w;
then (3-3) can be separated into the two sets of complex equations

mw 34)
dg Oh
% = (3-5)
oh og
and Fimiar—t (3-6)
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Equation (3-4) shows that g is a complex-analytic function of v and w, and & is a
complex-analytic function of ¥ and w. Hence by Hartogs’s theorem ((11), p. 133)
g and h have continuous partial derivatives of all orders and so from (3-5)

Pg_ 9 (OR) _ 9 (%k) _,

a® w\ew) oaw\ow)
Suppose for the moment that U is convex. Then we can deduce that g is linear in 75, A is
linear in w and A is linear in ©. Thus

g(v,w) = o+ fv +yw + dvw,
h(v,w) = €+ Lo +qw + Oow,

where the Greek letters represent complex constants. Now (3:5) and (3-6) give the
following relations among these constants:

=1 €=-y, 6=6=0.

Thus f=g+jh = a+je+(v+jw) (B—Jv)
= a+gb,

where a = o +je and b = f—jy; so fis of the stated form if U is convex. The general
connected open set can be covered by convex sets, any two of which can be connected
by a chain of convex sets which overlap in pairs; comparing the forms of the function f
on the overlaps, we see that f(¢) = @+ ¢b with the same constants a, b throughout U. |

We will now give a definition of ‘regular’ for a quaternionic function which is satis-
fied by a large class of functions and which leads to a development similar to the theory
of regular functions of a complex variable.

Definition. A function f: H - H is left-reqular at ge H if it is real-differentiable at ¢
and there exists a quaternion f;'(¢) such that

d(dg Adqf) = Dqfi(q). (3:7)

1t is right-regular if there exists a quaternion f;(¢) such that

d(fdq Adq) = f;(q) Dg.

Clearly, the theory of left-regular functions will be entirely equivalent to the theory
of right-regular functions. For definiteness, we will only consider left-regular functions,
which we will call simply regular. We write fi (q) = f'(q) and call it the derivative of f at g.

An application of Stokes’s theorem gives the following characterization of the
derivative of a regular function as the limit of a difference quotient:

ProposrTION 2. Suppose that f is regular at g, and continuously differentiable in a
nesghbourhood of q,. Then given € > 0, there exists & > 0 such that if C is a non-degenerate
ortented 3-parallelepiped with gy C(I®) and e C(I%) = |g—q,| < &, then

’ ) oD ) ([, dandas) 1@

< E€E.
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The corresponding characterization of the derivative in terms of the values of the
function at a finite number of points is

f'(go) = lim [Dg(hy, b, ) {(B oy — Py By ) (g0 + Bis) — f(40))

hi,he, h3—0

+ (o hy — by ho) (f(go + k) = f(qo)) + (hy by — by hy) (£(go + o) ~ f(go))}]- (3:8)

This is valid if it is understood that %,, %,, k, are multiples of three fixed linearly inde-
pendent quaternions, b, = ¢, H,, and the limit is taken as ¢,¢,,,—> 0.
By writing (3-7) as
dq A dgn df = Dqf'(q)

and evaluating these trilinear functions with arguments (3,7, k) and (1, 7, 5), we obtain
two equations which give an expression for the derivative as

g=~2of=-Z+il e T sl (3-9)

and also

ProrosiTion 3. (the Cauchy—Riemann—~Fueter equations). A real-differentiable
function f is regular at q if and only if 6,f = 0, i.e.

af UL .
6x+ y 32_ ' (3-10)

If we write ¢ = v +jw, f(q) = g(v, w) +jh(v, w) as in Theorem 1, (3-10) becomes the pair
of complex equations

og oh 0y oh

A, Lo .11

oo w  ow w’ (311)
which can be seen as a complexification of the Cauchy-Riemann equations for a
function of a complex variable.

From Proposition 3 and (2-35) it follows that if f is regular and twice differentiable,

then Af = 0,i.e. fis harmonic. We will see in the next section that a regular function is
necessarily infinitely differentiable, so all regular functions are harmonic.

4. Cauchy’s theorem and the integral formula. The integral theorems for regular
quaternionic functions have as wide a range of validity as those for regular complex
functions, which is considerably wider than that of the integral theorems for harmonic
functions. Cauchy’s theorem holds for any rectifiable contour of integration; the
integral formula, which is similar to Poisson’s formula in that it gives the values of a
function in the interior of a region in terms of its values on the boundary, holds for a
general rectifiable boundary, and thus constitutes an explicit solution to the general
Dirichlet problem.

The algebraic basis of these theorems is the equation

d(g Dqf) = dg A Dqf—g Dq A df
={(9.9)f+9(8,f)}v, (4-1)
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which holds for any differentiable functions fand g. Taking g = 1 and using Proposition
3, we have:

ProrosiTION 4. A differentiable function f is regular at q if and only if
Dgndf, = 0.

From this, together with Stokes’s theorem, it follows that if f is regular and con-
tinuously differentiable in a domain D with differentiable boundary, then

f Dqf=0.

3]

As in complex analysis, however, the conditions on f can be weakened by using
Goursat’s dissection argument. Applying this to a parallelepiped, we obtain

Lrmma 1. If f is reqular at every point of the 4-parallelepiped C,

f Dgf = 0. (4.2)
ac

The dissection argument can also be used to prove the Cauchy—Fueter integral
formula for a parallelepiped:

LemMA 2. If f is reqular at every point of the positively oriented 4-parallelepiped C, and
g, 18 a point in the interior of C,

faw) =53 |, L= Da fi) (+:)

— -1
Proof. In (4-1) take g(q) = (—'q?:% =—20, (IT‘I.‘I—_IE)
0 0

Then g is differentiable except at ¢,, and 9,9 = 0; hence if f is regular d(g Dg f) = 0
except at ¢,. A dissection argument now shows that in the above integral C can be
replaced by any smaller 4-parallelepiped ¢’ with g,eint ¢’ < C, and since f is con-
tinuous at g, we can choose C’ so small that f(q) can be replaced by f(g,). Since the

3-form g Dgq is closed and continuously differentiable in H — {g,}, we can replace f gDy
ac
by the integral over a 3-sphere S with centre at g,, on which

N qol

where dS is the usual Euclidean volume element on the 3-sphere. Hence

(g=g) [ 48 B
fa 4=%)" b, f1g) = fs——l o) = ).

c 19—l
We will use the following special notation for the function occurring in the integral
formula:
q—l
D =g

https://doi.org/10.1017/50305004100055638 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100055638

210 A. SUDBERY

This function is real-analytic except at the origin; hence in (4-3) the integrand is a
continuous function of (g, ¢,) in 8C x int C and, for each fixed g€ dC, a real-analytic
function of g, in int C. It follows ((12), p. 7) that the integral is a real-analytic function
of ¢, in int C. Thus we have

THEOREM 1. 4 function which is regular in an open set U is real-analytic in U.

This makes it valid to apply Stokes’s theorem and so obtain Cauchy’s theorem for
the boundary of any differentiable 4-chain. It can be further extended to rectifiable
contours, defined as follows:

Definition. Let C: 13— H be a continuous map of the unit 3-cube into H, and let
P:0=5<8<..<8=1,0:0=¢f<t;<...<t,=1and

RO=uy<u <...<u,=1

be three partitions of the unit interval 1. Define

p—1 g—1 r—1
O'(O§P, Q, -R) = lgo 2 Z DQ(O(sHl’tm’un)_C(sb tm’ un)’

m=0 n=0
C(S,, tm+17 ) 0(81, m? ) 0(6‘1, tm’ un+1) - 0(81, tm) un))

C is a rectifiable 3-cell if there is a real number M such that o(C; P,Q, R) < M for all
partitions P, @, R. If this is the case the least upper bound of the numbers (C; P, @, R)
is called the content of C and denoted by o(C).

Let f and g be quaternion-valued functions defined on C(I3). We say that fDqg is
integrable over C if the sum

p—~1 g—1 r—1

Z Z Z f(C(sl, 'm? ) Dq (0(81+1: tm’ un) - 0(81’ tm’ un)’

1=0 m=0n=0
0(81, m+1> U ) 0(81, m? ) C(S,, tm’ un+1) —O(Sl’ tm! un))g(o(§, Zm’ ﬁ'n.)’
where 8, < §, < 8,4, b, < £, <,y and %, <%, < %,,4, has a limit in the sense of
Riemann-Stieltjes integration as |P|, |@|, | | =0, where

'PI max |31+1—31l
0<l<p

measures the coarseness of the partition P. If thislimit exists, we denote it by f fDag.
c

We extend these definitions to define rectifiable 3-chains and integrals over recti-
fiable 3-chains in the usual way.

Just as for rectifiable curves, we can show that f Dq g is integrable over the 3-chain ¢
if f and g are continuous and C is rectifiable, and

f fDqg| <
(o}

Furthermore, we have the following weak form of Stokes’s theorem:

(max | f|) (max |g|) o(C)
c c

STOKES’S THEOREM FOR A RECTIFIABLE CONTOUR. Let C be a rectifiable 3-chain in H
with 0C' = 0, and suppose f and g are continuous functions defined in a neighbourhood U
of the image of C, and that f Dqg = dw where w is a 2-form on U. Then

foDqg = 0.
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The proof proceeds by approximating C by a chain of 3-parallelepipeds with vertices
at the points C,(s;,1,,, ,,) where C, is a 3-cell in C and s, t,,, ,, are partition points in /.
Stokes’s theorem holds for this chain of 3-parallelepipeds, and we can use the same
argument as for rectifiable curves (see, for example, (13), p. 103).

We can now give the most general forms of Cauchy’s theorem and the integral
formula.

THEEOREM 2. (Cauchy’s theorem for a rectifiable contour).
Suppose f is reqular in an open set U, and let C be a rectifiable 3-chain which s
homologous to 0 in the singular homology of U. Then

chqf = 0.

Proof. First we prove the theorem in the case when U is contractible. In this case,
since d(Dq f) = 0 and fis continuously differentiable (by Theorem 1), Poincaré’s lemma
applies and we have Dgq f = dw for some 2-form w on D. But 0C = 0, so by Stokes’s

theorem f Dgf=o.
c

In the general case, suppose C = 0C* where C* is a 4-chain in U. We can dissect
C* as
C* = Z O;kw
n

where each CF is a 4-cell lying inside an open ball contained in U and C7 is rectifiable.

Hence by the first part of the theorem f Dgqf = 0, and therefore
acx

chqf N %facﬁDq'f =0 1

For the general form of the integral formula, we need an analogue of the notion of the
winding number of a curve round a point in the plane. Let ¢ be any quaternion, and let
C bea 3-cyclein H — {g}. Then C is homologous to n 8C,, where C, is a positively oriented
4-parallelepiped in H —{¢}, and = is an integer (independent of the choice of C;), which
we will call the wrapping number of C about q.

THEOREM 3 (the integral formula for a rectifiable contour).

Suppose f is reqular in an open set U. Let g, be a point in U, and let C be a rectifiable
3-chain whichis homologous, in the singular homology of U —{q,}, to a differentiable 3-chain
whose tmage is OB for some ball B < U. Then

L[ g—g)"! _
e Clq—_qool—zDQf(Q) = nf(q,)

where n is the wrapping number of C about q,.
Many of the standard theorems of complex analysis depend only on Cauchy’s
integral formula, and so they also hold for quaternionic regular functions. Obvious
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examples are the maximum-modulus theorem (see, for example, (14), p. 165 (first
proof)) and Liouville’s theorem ((14), p. 85 (second proof)). Morera’s theorem also
holds for quaternionic functions, but in this case the usual proof cannot easily be
adapted. It can be proved (8) by using a dissection argument to show that if f is con-
tinuous in an open set U and satisfies

Dgf=0
ac

for every 4-parallelepiped C contained in U, then f satisfies the integral formula; and
then arguing as for the analyticity of a regular function.

5. Construction of regular functions. Regular functions can be constructed from
harmonic functions in two ways. First, if f is harmonic then (2:35) shows that 9, f is
regular. Second, any real-valued harmonic function is, at least locally, the real part of a
regular function:

THEOREM 4. Let u be a real-valued function defined on a star-shaped open set U = H. If
u t8 harmonic and has continuous second derivatives, there is a regular function f defined
on U such that Ref = u.

Praof. Without loss of generality we may assume that U contains the origin and is
star-shaped with respect to it. In this case we will show that the function

1
J@) = w(@)+2Pu [ dulsg) gds (51)
0
is regular in U.
Since
1 1
Ref s20,u(sq)qds = lf §? {ta—u(sq)-}-xi@-(sq)} ds
0 2Jo ot z;
1 d
— 2 __
=3 fo 8~ [u(sq)]ds
1
=} u(q) —fo su(sq) ds,
1 1
we can write flg) = 2] s ou(sq)gds + QJ‘ su(sq) ds. (5-2)
0 0

Since » and ¢, have continuous partial derivativesin U, we can differentiate under the
integral sign to obtain, for ¢e U,
- 1 1 1
of(q) = 2f 820,[0,u(sq)] gds +f s2{0,u(sq) +e; 0, u(sq) e} ds + 2f 829, u(sq) ds.
0 0 0
But 9,3, u(sq)] = }sAu(sq) = 0 since » is harmonic in U, and
d,u(sq) +e;0,u(sq) e, = — 20,ul(sq)

= —23,u(sg) since u is real.

Hence 8, f = 0 in U and so f is regular. |
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If theregion U is star-shaped with respect not to the origin but to some other pointa,
formulae (5-1) and (5-2) must be adapted by changing origin, thus:

flg) = ulg) + 2 Pu f 01 s20,u((1 - 8)a+5q) (—a) ds (53)

= 2flszalu((1—s)a+sq) (q——a)ds+2flsu((1—.9)a+sq)ds. (54)
0 0

An example which can be expected to be important is the case of the function

= |g[™2.

This is the elementary potential function in four dimensions, as log |z| is in the complex
plane, and sp the regular function whose real part is [g|~2 is an analogue of the log-
arithm of a complex variable.

We take U to be the whole of H except for the origin and the negative real axis. Then
U is star-shaped with respect to 1, and |¢|~% is harmonic in U. Put

-1
u(g) = l—lz, o,ulg) = —il?lz’ a=1;
then (5-3) gives
flg) = ~(gPug)? |P largq if Pug+0

{ (55)
= 17!2 if ¢ is real and positive,
Pug 1 (|Pu ql)
where argq = log (Ungq) = [Pug| = tan ( Req )’ (5-6)

which is ¢ times the usual argument in the complex plane generated by ¢. (In practice
the formulae (5-3) and (5-4) are not very convenient to use, and it is easier to obtain
{(5-5) by solving the equations

2t
V'Fz’—(t2+r2)2
oF 2r
and E-*—VXF:UT_’_—F)—Z’

where t = Req, r = Pug and r = |r| — these express the fact that F: H — P is the pure
quaternion part of a regular function whose real part is |¢|~2 - and assuming that F has
the form F(r)r.)

We will denote the function (5-5) by — 2L(q). The derivative of L(¢q) can most easily
be calculated by writing it in the form

e ex, (T )

Lia) = ~ gaaey + o ten () 67
g

the result is 9,L(q) = G(q) = Iq_|2 (5-8)
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Thus L(q) is a primitive for the function occurring in the Cauchy-Fueter integral
formula, just as the complex logarithm is a primitive for z~1, the function occurring in
Cauchy’s integral formula.

Theorem 4 shows that there are as many regular functions of a quaternion variable
as there are harmonic functions of four real variables. However, these functions do not
include the simple algebraic functions, such as powers of the variable, which occur as
analytic functions of a complex variable. Fueter(4) also found a method for con-
structing a regular function of a quaternion variable from an analytic function of a
complex variable.

For each ge H, let ,: C - H be the embedding of the complex numbers in the quater-
nions such that ¢ is the image of a complex number {(g) lying in the upper half-plane;

ie. Pu
r+w) =x+——=— 19, 59
No(x + 1Y) [Pu QI y (5-9)
4(q) = Reg+i|Pug|. (5-10)

Then we have

THEOREM 5. Suppose f: C — C is analytic in the open set U = C, and define f: H - H by

flg) = ng0fo Lla). (5-11)
Then Af is regular in the open set {~(U) < H, and its derivative is
I(Af) = Af', (5:12)

where f’ is the derivative of the complex function f.

For a proof, see (7). Note that if we write f(z +iy) = u(z,y) +iv(z,y), ¢ = Req and
r = Pug, then Pu
fl@) = utt.)+—2ott, ), (5-13)

Aflg)

where the suffix 2 denotes differentiation with respect to the second argument.
Functions of the form f have been taken as the basis of an alternative theory
of functions of a quaternion variable by Cullen(15). The following examples are

" . e (5-14)

2u2 (t, r) 2Pugq {vg(t, r)_v(t, r)}

interesting:
when flzy =271,  Aflg) = —4G(q); (5-15)
when f(z) = logz, Aflg) = —4L(q) (5-16)

Given a regular function f, other regular functions can be constructed from it by
composing it with conformal transformations. The special cases of inversion and
rotation are particularly useful:

ProrosiTION 5. (i) Given a function f: H—H, let If: H — {0} > H be the function :

If (@)
If f is regular at ¢, If is regular at q.

- &1
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(ii) Given afunction f: H—H and constant quaternions a, b, let M(a, b) f be the function
M(a,b)f](q) = bf(a~"gb). (5-18)
If f is regular at a=1gb, M(a,b)f is regular at q.
Proof. (i) By Proposition 4 it is sufficient to show that
Dgq A d(If), =

Now If = G(fot), where G(q) = ¢'/|q|? and «: H— {0} > H is the inversion g gL

Hence
Dg nd(If), = Dg A dG, flg71)+ Dg A G(g)d(fo ),

= DqG(q) A (gdf -
since @ is regular at g & 0. But

tgDq(hy, by, by) = Dq( —q gt — gy q 7t —q Ry Y

= ' |4 hhhz:h )
by (2-31). Thus DqG(q) = —|q|%qt¢ Dgq
and so Dg nd(If), = —|q|?qe¥(Dq A df 1)
=0

if f is regular at ¢~1.
(ii) Let #: H—H be the map ¢g—agb. Then by (2:31)

u*Dg = |a|?|b|*aDgb
and so Dq nd[M(a,b)f], = Dg Abud df
= |a|=|b| 20~ (u§ Dq) b= A bugdf
= |a|~*|b| =2~ (Dg A df i)
=0

if f is regular at u(g). It follows from Proposition 4 that M(a,b)fis regular at q. |
The general conformal transformation of the one-point compactification of H is of

the form
v(q) = (eq+b) (cg+d)* (5-19)

with a=1 # ¢-1d. Such a transformation ((16), p. 312) is the product of a sequence of
transformations of the types considered in Proposition 5, together with translations
g—>q+a (which clearly preserve regularity). The corresponding transformation of
regular functions is as follows:

THEOREM 6. Given a function f: H - H and a conformal transformation v as in (5-19),
let M(v)f be the function
1 cqg+d)1
M)110) = =g e 70

If f is regular at v(q), M(v)f is regular at q.
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6. Homogeneous regular functions. In this section we will study the relations between
regular polynomials, harmonic polynomials and harmonic analysis on the group S of
unit quaternions, which is to quaternionic analysis what Fourier analysis is to complex
analysis.

The basic Fourier functions ¢*"® and e—"9, regarded as functions on the unit circle
in the complex plane, each have two extensions to harmonic functions on C — {0}; thus
we have the four functions 27, 2", 2" and z~". The requirement of analyticity picks out
half of these, namely 2" and z—*. In the same way the basic harmonic functions on 8,
namely the matrix elements of unitary irreducible representations of S, each have two
extensions to harmonic functions on H — {0}, one with a negative degree of homogeneity
and one with a positive degree. We will see that the space of functions belonging to a
particular unitary representation, corresponding to the space of combinations of
¢'? and e~ for a particular value of n, can be decomposed into two complementary
subspaces; one (like ¢i"f) gives a regular function on H — {0} when multiplied by a
positive power of |g|, the other (like e=**¢) has to be multiplied by a negative power of
lql-

Let U, be the set of functions f: H — {0} - H which are regular and homogeneous of
degree n over R, i.e.

flag) = a*flq) for «eR.

Removing the origin from the domain of f makes it possible to consider both positive
and negative n (the alternative procedure of adding a point at infinity to H has dis-
advantages, since regular polynomials do not necessarily admit a continuous extension
to H U {co} = 8%). Let W, be the set of functions f: H — {0} > H which are harmonic and
homogeneous of degree » over R. Then U, and W, are right vector spaces over H (with
pointwise addition and scalar multiplication) and since every regular function is
harmonic, we have U, < W,.

Functions in U, and W, can be studied by means of their restriction to the unit
sphere S = {g: |¢| = 1}. Let

O, ={fIS:fely), W, ={f|S:feW,};

then U, and U, are isomorphic (as quaternionic vector spaces) by virtue of the corres-

pondence
feU,«fel, where flg)=rf(u), (6-1)

using the notation r = |g| eR, u = ¢/|q| € S.

Similarly W, and W, are isomorphic.

In order to express the Cauchy—Riemann—Fueter equations in a form adapted to the
polar decomposition ¢ = ru, we introduce the following vector fields X, ..., X; on
H —{0}:

Xof = (%[f(qe")]ho, (6-2)

d
Xof = 5 F1gexp(e:0)lp—o = 5 lglcosB+e;sin6)ly_g (= 1,2,3).  (69)
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These fields form a basis for the real vector space of left-invariant vector fields on the
multiplicative group of H, and they are related to the Cartesian vector fields 2/,

0/ 0z; by 0 0 (6+4)
X = t_ + xi a0 6'4
07 ot T o,
0
L= — X — — — €. v 6.5
X‘L w,,’at-{-taxl ez]kxjaxk, ( )
o 1
2 = Xy, X)), (6:6)
0 1
oz, ﬁ(eijk"’jxk'*'txi"'xiXo)' (6-7)
1
Their Lie brackets are [X,, X,] =0, (6-8)
(X, X1 = 26 Xy (6-9)

Using (6:6) and (6-7) the differential operators , and A can be calculated in terms of
X, and X,. The result is _
0, =37(X,+e; X,), {6-10)

1
A =r—2{X1.X1.+X0(X0+2)}. (6-11)

The following facts about the space of harmonic functions W, are well known (and
follow from (6-11); see, for example, (17), p. 71):

ProposITION 6. (i) W, @ W_,_,. (il) dim W, = (n+ 1)2. (iii) The elements of W, are
polynomials in q.
- We can now obtain the basic facts about the spaces U, of regular functions:

Taeorem 7. (i) W, =0, @ U_, _,. (il) U, = U_,_,. (iii) dim U, = }(n+1) (n+2).

Proof. (i) Equation (6-10) shows that the elements of U,, which satisfy X, f = nf and

0, f = 0,are eigenfunctions of Q = ¢, X, with eigenvalue —n. Since the vector fields
X, are tangential to the sphere S, Q can be considered as an operator on W, and
U, consists of the eigenfunctions of Q with eigenvalue —n. Using (6-9), it can be
shown that

Q2-2Q+X,X,=0.
Hence feW, = A@rnf) = 0

>X, X, f=-nn+2)f

> (Q—n—2)(Q+n)f = 0.
It follows that W, is the direct sum of the eigenspaces of Q with eigenvalues —n and
n + 2 (these are vector subspaces of W, since the eigenvalues are real), i.e.

w,=U,a0,_,.

(ii) It follows from Proposition 5 (i) that the mapping I is an isomorphism between
U,and U_,_,.
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(iii) Let d, = dim U,. By (i) and Proposition 6 (ii),

dn+d—n—2 = (n+ 1)2

and by (ii), d_po=d, ;.
Thus d,+d,_; =(n+1)2

The solution of this recurrence relation, with d, = 1, is
d, =4n+1)(n+2). |

There is a relation between Proposition 5 (ii) and the fact that homogeneous regular
functions are eigenfunctions of Q. Proposition 5 (ii) refers to a representation M of the
group H* x H* defined on the space of real-differentiable functions f: H — {0} > H by

[M(a,b)f](q) = bf(a~"gb).
Restricting to the subgroup {(a, b): |a| = |b| = 1}, which is isomorphic to

SU(2)x 8U(2),
we obtain a representation of SU(2) x SU(2). Since the map ¢ agb is a rotation when
|a| = |b] = 1, the set W of harmonic functions is an invariant subspace under this

representation. Now W = H ®¢ W¢, where W¢ is the set of complex-valued harmonic
functions, and the representation of SU(2) x SU(2) can be written as

M(a,b)(g®f) = (b9) ® R(a,b)f

where R denotes the quasi-regular representation corresponding to the action g+ agb—!
of SU(2)x SU(2) on H—{0}:

[B(a,b)f]1q = fla "gb).
Thus M| W is the tensor product of the representations D x D! and R|W¢ of
SU@2) x SU(2),

where D™ denotes the (n+ 1)-dimensional complex representation of SU(2). The
isotypic components of R|W° are the homogeneous subspaces W¢, on which R acts
irreducibly as D" x D®; thus W, is an invariant subspace under the representation M,
and M|W, is the tensor product (D° x D) @ (D™ x D). W, therefore has two invariant
subspaces, on which M acts as the irreducible representations D» x D*+! and

Dnr x D1,

These subspaces are the eigenspaces of Q. To see this, restrict attention to the second
factor in SU(2) x SU(2); we have the representation

M) (g®f) = M(1,b)(g®f) = [D*(b) q] ® [E(1,b)f]

where DY(b) ¢ = bq. The infinitesimal generators of the representation R(1,b) are the
differential operators X ;; the infinitesimal generators of D1(b) are e, (by which we mean
left multiplication by e;). Hence the infinitesimal operators of the tensor product
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M’ are ¢;+ X,;. The isotypic components of W are the eigenspaces of the Casimir

operator
(e;+X;) (e;+ X;) = e;e;+ X, X, +2Q.

Butee; = —3,and X; X, = —n(n+2) on W,; hence
(ei+Xi) (e.‘+X1) = 2Q—n2'—2n—3

and so the isotypic components of W, for the representation M’ are the eigenspaces of
Q. U,, the space of homogeneous regular functions of degree n, has eigenvalue — n for
Q, and so M'|U,, is the representation D"+ of SU(2).

Similar considerations lead to the following fact:

ProrosrTioN 7. If f is regular, qf is harmonic.

The representation M of SU(2) x SU(2) can also be used to find a basis of regular
polynomials. It belongs to a class of induced representations which is studied in (18),
where a procedure is given for splitting the representation into irreducible components
and finding a basis for each component. Rather than give a rigorous heuristic deriva-
tion by following this procedure, which is not very enlightening in this case, we will
state the result and then verify that it is a basis.

Since the functions to be considered involve a number of factorials, we introduce the
notation

n
z["l=% if n>0
=0 if n<0

for a complex variable z. This notation allows the convenient formulae

dizzwl = n-1, (6:12)
(21 +2)" = 21207 (6-13)

where the sum is over all integers 7.
The representation D of § ~ SU(2) acts on the space of homogeneous polynomials
of degree 7 in two complex variables by

[D™u)f1(21, 25) = fl23, 22),
where 21 +jzy = w2, +Jz,).
Writing » = v +jw where v,weC and |v|%+ |w|® = 1, we have
2] =V2,+ W2y, 25 = —wz +02,.
Hence the matrix elements of D*(x) relative to the basis f,(z,,2,) = 2/ % are
() = (= )kl (n—k)! Pg(u)
where Pi(v+jw) = ; (= yrotn—k—trig ) g lk—r1 5] (6-14)
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The functions Pj(q) are defined for all quaternions ¢ = v+jw and for all integers
k,l, n, but they are identically zero unless 0 < k, I < n.

ProrosITION 8. As a right vector space over H, U, has the basis
Qi(g) = Pi(@) —jPi-1,i(@) (O <k<l<n).
Proof. Using (6-14), it is easy to verify that Q% satisfies the Cauchy-Riemann-
Fueter equations in the form (cf. 3-11)
oPf _ _oPi.,, 0PR_ 0P},
w w ’ w v

Since the functions D}; are independent over C as functions on S for 0 < k, 1 < n,

the functions P}; are independent over C as functions on H for 0 < k, I < n. It

follows that the functions @F (0 < k < n+1, 0 < I < n) are independent over C and

therefore span a right vector space over H of dimension at least 4(n + 1) (n + 2). Since

this space is a subspace of U,, which has dimension 1(n 4 1) (n+ 2), the Q% span U,,.
Since zj = jz for any z€ C, it can be seen from the definition (6-14) that

P?lj = jPﬁ—k,n—:
and therefore Qi) = Qnrs1, n—t-

Thus U, is spanned by the QF (0 < k <! < n), which therefore form a basis for U,. |

Another basis for U, will be given in the next section.

We conclude this section by studying the quaternionic derivative §,. Since 9, is a
linear map from U, into U,_, and dim U, > dim U,_,, 9, must have a large kernel and so
we cannot conclude from 9, f = 0 that fis constant. However, although the result is far
from unique, it is possible to integrate regular polynomials:

THEOREM 8. Every regular polynomial has a primitive, i.e. 8, maps U, onto U,_; if
n > 0.

Proof. Suppose fe U, is such that 9,f = 0. Then
of of 0.

éz = ei a; =
Thus f can be regarded as a function on the space P of pure imaginary quaternions.
Using vector notation for elements of P and writing f = f,+f with fyeR, fe P, the

condition e, 9f/dx; = 0 becomes
Vf0+V><f =0, V.f=0.

If n > 0, we can define f(0) so that these hold throughout P, and so there exists a
function F: P — P such that
f=VxF, f,=-V.F,
. oF
1.e. =@, —.
f=eig
Then F is harmonic, i.e. V2F = 0.
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Let T, be the right quaternionic vector space of functions F:P—H which are
homogeneous of degree » and satisfy V2F = 0; then dim 7, = 2n+ 1. Let K, be the
subspace of 7}, consisting of functions satisfying e, 0F /oz, = 0; then K, = ker 9, < U,.
The above shows that e; 8/0x: T, ., > T, maps T, ,, onto K,,; its kernel is K, ,, and so

dimK, +dimK,,, =dim7,_ , = 2r+3.
The solution of this recurrence relation, with dim K, = 1,isdim K,, = n+ 1. But
dimU,-dimU,_; = }{n+1)(n+2)—in(n+1) =n+1.
It follows that 8, maps U, onto U,_,.1
TrHEOREM 9. If n < 0, the map 9,: U, - U, _, is one-to-one.

Proof. We introduce the following inner product between functions defined on the
unit sphere S:

ogd = f Twgtudu

where du denotes Haar measure on the group S, normalized so that

fsdu = 47l

For functions defined on H, we can write this as

gy = fsmq"ll)q 9(q)

As a map: U, x U,— H, this is antilinear in the first variable and linear in the second,
ie.
{fa,gby = a{f,g>b forall a,beH

and is non-degenerate since {(f,f) = 0 <f = 0.
Nowlet feU,,ge U_,_, and let I denote the map: U, - U_,_; defined in Propasition
5(i). Then

9,18, fy = fsg(_q) qDq g3, f(g%)

- - Laat*wq af),

where ¢ denotes the map g+ g~ and we have used the fact that (*Dg = —¢q~1Dqq~! for
geS. Since f is regular, Dqd, f = Ld(dgq A dqf) and so
10 —
@1a) = -3 [ q@ g ndaf)

=% f g A*(dg ndgf) since 88 = 0.
S
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On S, the inversion ¢ coincides with quaternion conjugation; hence ¢*dq = dg and
therefore

@10y -3 [ dindanagsia™

1
-3 | @rdandafie
8

- j DI ag@ s )

since g is regular. Since conjugation is an orthogonal transformation with determ-
inant — 1, Dq(hy, kg, hy) = — Dq(hy, by, ky); hence, because conjugation is the same as

inversion on 8, _
Dq = -*Dgq = ¢7'Dgq7'.

Thus @10 = f @ Dag e
= <al g, If)'

But I is an isomorphism, the inner product is non-degenerate on U_,_,, and 9, maps
U_,_,onto U_,_,if n < —3; it follows that 9,: U, > U,_, is one-to-one. |

In the missing casesn = — 1 and n = — 2, Theorems 8 and 9 are both true trivially,
since U_; = U_, = {0}.

7. Regular power series. The power series representing a regular function, and the
Laurent series representing a function with an isolated singularity, are most naturally
expressed in terms of certain special homogeneous functions.

Let v be an unordered set of » integers {1y, ...,%,} with 1 <4, < 3; v can also be
specified by three integers n,, n,, ny with n, + n,+n, = n, where », is the number of
1’s in v, n, the number of 2’s and 7, the number of 3’s, and we will write v = [n, n, n,].
There are 3(n+ 1) (n + 2) such sets v; we will denote the set of all of them by o,,. They
are to be used as labels; whenn = 0,sothat v = @, we use the suffix 0instead of &. We
write 9, for the nth order differential operator

o on
o = 0%, ...0;, = oz Oy 0z™s’

(3% 2

The functions in question are
G,(9) = 9,G(q) ' (7-1)

and Bq) = - S (leg, ~ 2, . (te,— 2,,) (7-2)

where the sum is over all n!/(n,!n,!n;!) different orderings of n, 1’s, n, 2’s and n; 3’s.
Then F, is homogeneous of degree = and G, is homogeneous of degree —n — 3.

As in the previous section, U, will denote the right quaternionic vector space of
homogeneous regular functions of degree n.

ProPosITION 9. The polynomials P,(ve o,) are regular and form a basis for U,.
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Proof. (17) Let f be a regular homogeneous polynomial of degree x. Since f is regular

of of _

5 + ? €; -a—x—l =0
and since it is homogeneous,

of of
T ;xrx—i = nf(q).
of
Hence nf(q) = X (x;—te;) prg
% (]

But df/éz; is regular and homogeneous of degree n — 1, so we can repeat the argument;
after n steps we obtain
f

flg) = ni!,- 2 . (z;,—tey) ... (xin—tein)m
= X (-1)"E(9) 9, f(9)-

,,:‘... in
Veon

Since fis a polynomial, 9, fis a constant; thus any regular homogeneous polynomialis a
linear combination of the P,. Let ¥, be the right vector space spanned by the F,. By
Proposition 6 (iii), the elements of U, are polynomials, so U, < V,; but
dimV, < {n+1)(n+2) =dim U,
by Theorem 7 (iii). Hence V, = U,. |
The mirror image of this argument proves that the P, are also right-regular.
Just as for a complex variable, we have

(1-g)7t= § q"
n=90

for |g| < 1; the series converges absolutely and uniformly in any ball |¢| < r withr < 1.
This gives rise to an expansion of G(p — ¢) in powers of p~q; identifying it with the
Taylor series of G about p, we obtain

ProrositioN 10. The expansions
Glp—-9)= X X F(9)G.(p)

n=0 veo,
=X T GpEW

are valid for |q| < |p|; the series converge uniformly in any region {(p,q): |q| < r|p|} of H?
withr < 1.
Now the same arguments as in complex analysis give:

THEOREM 10. Suppose f is regular in a neighbourhood of 0. Then there is a ball B with
centre 0 in which f(g) is represented by a uniformly convergent series

flgg= X X Blga,

n=0veo,
where the coefficients a, are given by

a, = 2%,2 f . G,(9) Daf(q)
= (—1)"9, f(0).
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COROLLARY.

1
Eﬁ J‘S G/;(q) Dq 'Pv(q) = 8/“,,

where 8§ is any sphere containing the origin.

THEOREM 11 (the Laurent series). Suppose fis regular in an open set U except possibly
at gy U. Then there is a neighbourhood N of g, such that if g€ N and q + g, f(q) can be
represented by a series

fD= 3 I (Bla-90)8+6(a-d)b,)}

n=0veoy
which converges uniformly in any hollow ball
{g:7 < |9—qo| < R}, with r >0, which liesinside N.

Tk ‘m “V an !V € g ? Ey
14 2 2 14 0 ‘lq

b, = 2%2 f OR(q_‘%) Dqf(q),

where C is any closed 3-chain in U —{q,} which s homologous to 0B for some ball with
qo€B < U (so that C has wrapping number 1 about gq,).

I am grateful for the hospitality of the Department of Applied Mathematics and
Theoretical Physics in the University of Liverpool, where part of this work was done,
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