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Abstract Let S C R™ be a smooth compact hypersurface with a strictly positive second fundamental
form, E be the Fourier extension operator on S, and X be a Lebesgue measurable subset of R™. If X
contains a ball of each radius, then the problem of determining the range of exponents (p, q) for which
the estimate ||Ef|lLa(x) S IIfllLr(s) holds is equivalent to the restriction conjecture. In this paper, we
study the estimate under the following assumption on the set X: there is a number 0 < o < n such
that | X N Br| < R™ for all balls B in R™ of radius R > 1. On the left-hand side of this estimate, we
are integrating the function |Ef(x)|? against the measure xx dz. Our approach consists of replacing
the characteristic function xx of X by an appropriate weight function H, and studying the resulting
estimate in three different regimes: small values of «, intermediate values of «, and large values of a.
In the first regime, we establish the estimate by using already available methods. In the second regime,
we prove a weighted Holder-type inequality that holds for general non-negative Lebesgue measurable
functions on R™ and combine it with the result from the first regime. In the third regime, we borrow
a recent fractal Fourier restriction theorem of Du and Zhang and combine it with the result from the
second regime. In the opposite direction, the results of this paper improve on the Du—Zhang theorem in
the range 0 < a < n/2.
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1. Introduction

Let S be a smooth compact hypersurface in R™ with a strictly positive second fundamental
form and o be the surface area measure on S. The extension operator F = Fg on S is
defined as

Bf(@) = Bsf(@) = Fio(w) = [ 4 5() o)
for f € L'(S) = L'(0). The restriction conjecture in harmonic analysis asserts that the

operator E is bounded from L?(S) to LI(R™) whenever

2n n—1 n+1
and +
n—1 p q

q> <n-1 (1)

(© The Author(s), 2021. Published by Cambridge University Press on Behalf

of The Edinburgh Mathematical Society 373

https://doi.org/10.1017/50013091521000201 Published online by Cambridge University Press @ CrossMark


mailto:bshayya@aub.edu.lb
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S0013091521000201&domain=pdf
https://doi.org/10.1017/S0013091521000201

374 B. Shayya

This conjecture is proved in the plane but is largely open in higher dimensions.

There are two important sets of exponents (p,q) satisfying (1): {(2,¢):q¢ > (2n+
2)/(n — 1)} and {(c0,q) : ¢ > 2n/(n — 1)}. For the first set of exponents, the restriction
conjecture is known to be true in all dimensions n > 2. In other words, the estimate

IEflLe@n) S [1f]lL2cs) (2)

holds (uniformly in f) for ¢ > (2n + 2)/(n — 1). This result is known in the literature as
the Tomas—Stein restriction theorem.

For the second set of exponents, there are only partial results. We know that the
estimate

IEfllLagny S N fllzes) (3)

holds for ¢ > 13/4 when n =3 (see [8]), ¢ > (14/5) — (2/416515) when n =4 (see [3,
23]), ¢ > 2(3n+1)/(3n — 3) when n > 5 is odd, and ¢ > 2(3n +2)/(3n — 2) when n > 6
is even (see [9, 10]). (For a recent improvement in R?, see [20]; and in R™, n > 4, see [12].)
We also refer the reader to [13, 17] for the full range of p and ¢ exponents corresponding
to Guth’s ¢ > 13/4 result in [8].
Suppose n > 1 and 0 < a < n. For Lebesgue measurable functions H : R™ — [0, 1], we
define

Aa(H):inf{C:/ H(z)dz < CR® for all x5 € R" andR>1},
B(IO,R)

where B(xo, R) denotes the closed ball in R™ of centre z¢ and radius R. We say H is a
weight of (fractal) dimension o if A, (H) < co. We note that Ag(H) < A,(H) if § > «a,
so we are not really assigning a dimension to the function H; the phrase ‘H is a weight
of dimension «’ is merely another way for us to say that A, (H) < co. (The motivation
for referring to « as a fractal dimension comes from §4 and §8.

We are interested in weighted restriction estimates of the form

IEfllLa(a az) SAa(H)l/q”fHLP(S) (4)

that hold uniformly in f and H. In other words, the implicit constant in (4) is allowed to
depend on the exponents p and ¢, the dimensions o and n, and the surface S; but must
be independent of the functions f on S and the weights H on R™. We shall refer to (4)
as a weighted LP-based estimate.

One of the main goals of this paper is to prove the following theorem, and then use it in
R™, n > 2, to obtain new results concerning weighted L?-based and L*°-based restriction
estimates.

For Lebesgue measurable functions F': R™ — [0, 00), we define

where H ranges over all non-zero weights on R™ of dimension a. We prove the following
weighted Holder-type inequality that might be of independent interest.
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Theorem 1.1. Supposen > 1 and 0 < 8 < a <n. Then
MyF < MgF (5)
for all non-negative Lebesgue measurable functions F' on R".

Before we present the rest of our results, we give a couple of examples that are meant
to provide the reader with a quick overview of the main theme of the paper concerning
L?-based estimates. In both examples, which take place in the plane, S will be the unit
circle.

Consider the set X = {(z,y) €R?: 2 > 0and 0 <y <z~ /4}. Tt is easy to see that
the characteristic function yx is a weight on R? of dimension 3/4. We want to determine
the best range of exponents ¢ for which the following restriction estimate holds:

IEfllzacxy SN fllz2s)- (6)

To every R > 1, there is a function fzr on S such that |fgr|z2(s) S R™/* and
|Efr| = R~'/? on the rectangle [0, R] x [0,v/R]. The intersection of this rectangle with
X contains the rectangle [0, R] x [0, R71/4], and hence ||Efg|/p.(x) 2 R(-Y/2HE/Ga),
So the exponent ¢ in (6) must satisfy (—1/2) + (3/(4¢)) < —1/4, and so a necessary con-
dition for (6) to hold is ¢ > 3, which is far from the sufficient condition ¢ > 6 guaranteed
by (2). Even the L*-based estimate (3) only gives the sufficient condition ¢ > 4 in the
plane.

In the second example, we consider the set ¥ = U2 ;R x [12,1+ %], and we observe
that the characteristic function yy is a weight on R? of dimension 3/2. Again, we want

to determine the best range of exponents ¢ for which the following restriction estimate
holds:
IEfllLacyy S 1fllL2cs)- (7)

For R > 1, let fr be the same function on S that was defined during the first example.
Then |Efr| 2 R~'/? on every rectangle [0, R] x [I?,1 4 1?] with I?> < v/R. Since there are
~ RY* such rectangles, we see that ||Efg||pe(yy 2 R(-Y/2+(6/(40) So the exponent ¢ in
(7) must satisfy (—1/2) + (5/(4q)) < —1/4, and so a necessary condition for (7) is ¢ > 5,
which is again far from the sufficient condition ¢ > 6 guaranteed by (2).

The results of this paper will show that (6) and (7) indeed hold for ¢ > 3 and ¢ > 5,
respectively. As it turns out, we can establish these sharp (up to the endpoints ¢ = 3 and
g = b) estimates on X and Y as follows.

We first prove a weighted restriction estimate

IEf| Lo (raz) S Ag(H)Y | fllz2cs)

that holds whenever 0 < 8 < 1/2 and ¢; > 2, and then combine it with the weighted
Holder-type inequality of Theorem 1.1 to conclude that (6) holds for ¢ > 3. In doing so,
we realize that the same argument shows that the estimate

VEfll oz (#r azy S Aa(H)Y92 | 1l p2(s)

holds whenever 1/2 < a <1 and ¢3 > 4a. Combining the last estimate with a corollary
(see Corollary 4-A) of the fractal restriction theorem of Du and Zhang [4], we see that
(7) holds for ¢ > 5. For more details, we refer the reader to Theorem 2.1 and § 3.4.
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The strategy that we explore in this paper of proving restriction estimates on specific
sets, such as the sets X and Y in the above examples, by first proving restriction esti-
mates for all weights H of low fractal dimensions and then upgrading the estimates to
higher fractal dimensions is reminiscent of the polynomial method of [8, 9] that upgrades
restriction estimates from low algebraic dimensions to higher ones.

When it comes to weighted L>°-based estimates, i.e. L>°(S) — L%(H dz) estimates, the
situation becomes much harder, and we will postpone that discussion to the next section.

2. Results and methodology

Any restriction estimate ||Ef| ro@n) S || fllzr(s) is equivalent to the weighted estimate
NEfllLa(mdzy S An(H)l/quHLp(S). In fact, taking H = 1, we see that the latter estimate
implies the former. On the other hand, since the surface S is compact, we can find a
C§° function ¢ on R™ that satisfies |¢| > 1 on S and ¢ is compactly supported. Given
f e LP(S), we define g € LP(S) by g = f/®, and we observe that |g| < |f|, Ef = (Eg) o,
and |Ef|? < |Eg|? * |$\ The non-weighted estimate applied to g then tells us that

/ Bf ()| (x) da < / Eg(y)]" / 1B — )| H (z) dz dy

S An(H) / |Eg(y)|qdy s An(H)HgH%p(S) < An(H)HfH%p(s)-

In particular, the Tomas—Stein estimate (2) has the following weighted version:

[ 1B£@IH @) d £ Aa (D] ®)

for 0 < ao<mn and ¢ > (2n+2)/(n — 1), where we have used the fact that A, (H) <
Ay (H).

Remark 2.1. For establishing (2) (and hence (8)), the assumption requiring the sur-
face S to have a strictly positive second fundamental form can be relaxed to just requiring
S to have a nowhere vanishing Gaussian curvature.

With the restriction conjecture being open, it is therefore natural to investigate the
situation when o < n. This has been the subject of two recent papers [5, 17]. Both papers
employed Guth’s polynomial partitioning method from [8, 9].

We would like to mention at this point that weighted estimates of the form

[ B @) dr < CAR | (R21),
B(0,R)

where we integrate over the ball B(0, R) instead of R™ and allow a positive power of
the radius R on the right-hand side of the estimate, have been studied extensively in
the literature due to their important applications in studying decay properties of Fourier
transforms of measures and, consequently, Falconer’s conjecture concerning distance sets
in geometric measure theory. For such results, we refer the reader to [4-7, 11, 14-17,
21] and the references contained within these papers. The results of the present paper
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do not lead to any progress in the direction of Falconer’s conjecture. In fact, and as we
mentioned in the paper’s abstract and introduction, our main concern is to study the
restriction problem on subsets X of R™ with Lebesgue measure | X| = co and satisfying
the dimensionality property: | X N Bg| < R® for all balls Br in R™ of radius R > 1. We
will, however, use known facts about the decay properties of the spherical means of Fourier
transforms of measures to establish some of the lower bounds in Theorems 2.2 and 2.3.

As the title of the present paper indicates, we are here mostly interested in studying
the restriction problem in low fractal dimensions. In fact, this paper proves new weighted
L?-based restriction estimates, i.e. L?(S) — L9(H dz) estimates, in R", n > 3, for 0 <
a < (n+1)/2 (see Theorem 2.1). In particular, if X is as in the previous paragraph, then,
taking H to be the characteristic function of X, we get new L?(S) — L4(X) restriction
estimates.

In the plane, we prove new weighted L2-based restriction estimates in the full range
0 < a < 2 of fractal dimensions. This is one important aspect of the approach we follow,
because the results of [5, 17] do not include the plane.

In the regime 0 < o < n/2, the best known weighted L2-based restriction estimates
were obtained in [17] for n = 3, and in [5] for n > 3.

The authors of [5] proved that in R”, n > 3, to every ¢ > 0 there is a constant C, such
that

B(0,R)

whenever f € L?(S), 0 < a < max[n/2,2], H is a weight of dimension «, and R > 1. (See
[5, Theorem 1.8 and Remark 1.10].) In (9), the constant C. is only allowed to depend on e,
a, n, and S. Estimates such as (9), where one integrates E f over a ball of radius R instead
of the entire R", are often referred to in the literature as local restriction estimates. Also,
to emphasize the fact that the function Ef is being integrated over R™, estimates such
as (3) and (8) are often called global restriction estimates.

In [17], (9) was proved in R3, but only for 0 < o < 3/2 and with A, (H) replaced by
max[A, (H), Ag(H)Y4).

Remark 2.2. In [5], weights were defined in a slightly different way than in this paper.
For 0 < o < n, the authors of [5] denoted by F, ,, the set of all non-negative measurable
functions H on R™ that satisfy fB(IO R) H(z)dz < R for all zp € R™ and R > 1, and

wrote (9) as:

[ iBf@P e @) de < CR17G (10)
B(0,R)

whenever f € L?(5),0< a <n/2, H € F,,, and R > 1. The estimates (9) and (10) are
equivalent. Clearly, (10) implies (9). To establish the reverse implication, given H € F,
and N € N, we let Hy = N_1X{16R":H(m)§N}H> observe that A, (Hy) < N~ apply (9)
with Hy, send N to infinity, and arrive at (10) via the monotone convergence theorem.

The polynomial method for proving restriction estimates that was developed in [8, 9]
in the non-weighted setting, and adapted in [5, 17] to the weighted setting, cannot prove
restriction estimates for exponents ¢ < 2n/(n — 1). In fact, the polynomial method has
a key induction argument in the non-algebraic (or cellular) case in which the condition

https://doi.org/10.1017/50013091521000201 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091521000201

378 B. Shayya

q > 2n/(n — 1) is crucial for closing the induction. Since one naturally expects ¢ to go
below 2n/(n — 1) as a becomes smaller (and, as one learns from Theorem 2.1, turns out
to indeed be the case), the polynomial method does not appear to be of much help in
handling the 0 < o < n/2 case.

Also, the polynomial method proves local restriction estimates. In the non-weighted
setting, this is not a serious limitation, because one can turn local restriction estimates
into global ones by using Tao’s e-removal lemma from [19]. In the weighted setting,
however, the e-removal lemma can only be applied in some special cases (see [17, §2]).

In this paper, we prove global weighted L?-based restriction estimates, and we manage
to go below the 2n/(n — 1) threshold (when 0 < o < n/2) as follows. We divide 0 < o < n
into three regimes: 0 < a < (n—1)/2, (n—1)/2 <a <n/2, and n/2 < a < n.

In the first regime, we prove an L?(S) — L(H dx) restriction estimate that holds for
all ¢ > 2, and which is sharp up to the endpoint ¢ = 2. In this part of the proof, we use
ideas from Bourgain’s paper [2] to utilize the decay we have on the Fourier transform of
the surface measure o on S.

In the second regime, we prove an L%(S) — L?(H dz) restriction estimate that holds
for all ¢ > 4a/(n — 1). To obtain this result, we combine the result that we have obtained
in the first regime with a corollary of Theorem 1.1 (see Corollary 2.1).

Once we have established our restriction estimates in the regime (n —1)/2 < o < n/2
via Corollary 2.1, we combine them with the fractal restriction theorem of Du and Zhang
[4] to obtain new L?(S) — L9(H dx) estimates in the regime n/2 < a < (n + 1)/2 for n >
3, and n/2 < a < n for n = 2. As will become apparent during the proof of Theorem 2.1,
in the plane we will able to use the full strength of the theorem of Du and Zhang, but in
R™ n > 3, we will need to weaken the Du—Zhang theorem before we can combine it with
the estimates from the second regime.

In the opposite direction, it turns out that our L2-based estimates actually improve on
the fractal restriction theorem of [4] when 0 < o < n/2 (see Corollary 4.1).

Here are the main results of this paper concerning L?-based estimates.

Theorem 2.1. Suppose n > 2 and S is a smooth compact hypersurface in R" with a
strictly positive second fundamental form. Then

/ Ef (@) H (@) do S Aa(HDI|f %2,

for all functions f € L*(S) and weights H on R" of dimension o whenever

2 if0<a<(n-1)/2
- daf/(n—1) if(n—1)/2<a<n/2,
1 2c0+ 2 ifn=2and 1 < a <2,

2n/(n—1))+2—(n/a) ifn>3andn/2<a<(n+1)/2.

We remark to the reader that the ¢ > (2n/(n — 1)) + 2 — (n/«) result of Theorem 2.1
is in fact true for (n —1)/2 < a <n, but in the regime (n+1)/2 < a < n it becomes
inferior to the estimate in Proposition 6.2 that we state and prove in §6, and at o = n it
becomes inferior to the Tomas—Stein estimate (8).
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The reason for not stating Proposition 6.2 here is due to the fact its proof does not
follow the strategy outlined above. Instead, the proof of Proposition 6.2 combines the
Du-Zhang estimate from [4] with the method that Bourgain developed in [2] to upgrade
local restriction estimates to global ones.

The assumption that the surface S has a strictly positive second fundamental form is
only needed for the ¢ > 2ac+ 2 and ¢ > (2n/(n — 1)) + 2 — (n/a) results of Theorem 2.1
(because of the need to use the fractal restriction theorem of [4]). For the other two
results, we only need S to have a nowhere vanishing Gaussian curvature, as will become
clear during the proof of Theorem 2.1 (see also Remark 2.1 and Proposition 6.1).

The ranges of the exponent ¢ in Theorem 2.1 are all sharp (up to the endpoints) in
R%. In R™, n > 3, we are only able to show that the ¢ > 2 range is sharp (again up to the
endpoint). These results are detailed in the following theorem.

Theorem 2.2. Let S be the unit sphere in R™. Suppose that to every e > 0 there is a
constant C. such that

[ IBf@)H ) do < CR AL |G
B(0,R)

for all functions f € L?(S), weights H on R" of dimension «, and radii R > 1. Then

N}

if n>3and0<a<n-—2,
20+2)/(n—1) ifn>2andn—-2<a<n,
ifn=2and0< a<1/2,
4o ifn=2and1/2 <a<1.

—~

q=

[\]

Before starting the discussion of weighted L°°-based estimates, we make a couple of
definitions and state a corollary of Theorem 1.1.

For 0 < a<n and 1 <p < oo, we define Q(c,p) to be the infimum of all numbers
q > 0 such that the following holds: there is a constant C' such that

/ Ef@)1H (@) dz < CALH)| %, s,

for all functions f € LP(S) and weights H on R™ of dimension «. The constant C' is
allowed to depend on n, «, p, and ¢; but, of course, not on f or H.

We also define Qjoc (v, p) to be the infimum of all numbers ¢ > 0 such that the following
holds: to every € > 0 there is a constant C, such that

[ IBf@H ) de < CR A
B(0,R)

for all functions f € LP(S), weights H on R™ of dimension «, and radii R > 1. The
constant C, is allowed to depend on €, n, a, p, and q.

For applications in the Fourier restriction context, it will be convenient to state the
following corollary of Theorem 1.1.
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Corollary 2.1. Supposen > 2 and 0 < 3 < a < n. Then

Q(aap) < Q(ﬁ,p) and Qloc(aap) < Qloc(ﬁ;p)
a B o B
In view of the fact that Corollary 2.1 holds for all 1 < p < oo, the strategy we outlined
above for deriving restriction estimates by breaking 0 < o < n into different regimes works
as well for L>®-based estimates as it did for L2-based estimates. But, unlike the L2-based
situation, we are unable to prove a favourable L°°-based estimate for small «. In fact,
establishing a local L>(S) — L' (xp(o,r)H dz) restriction estimate for 0 < v < (n —1)/2
would imply (via Corollary 2.1) a local L>(S) — L2/ (=1 (B(0,R)) estimate, which
would essentially solve the restriction problem in R™. So it becomes natural to investigate
if such an estimate is feasible. For example, could Qjoc(c,00) — 0 as @ — 0? The next
theorem tells us that Qoc(c,00) > (n — 1)/n for small «, but proving this lower bound
turned out to be much harder than the author had initially expected.

Theorem 2.3. Let S be the unit sphere in R™. Then

(n—1)/n ifn>3and0<a < (n—1)2/(2n),
2a/(n—1) ifn >3 and (n—1)?/(2n) < a <n,

Qioc(a,00) > ¢ 1/2 ifn=2and 0 < a<1/6,
3o ifn=2and1/6 <o <1,
a+2 ifn=2and1 <a<2.

The proofs of the first and last inequalities in Theorem 2.3 (as well as the first inequality
in Theorem 2.2) involve some geometric measure theory. In particular, the last inequality
depends on a theorem of Bennett and Vargas [1] about the decay of the L! circular means
of Fourier transforms of measures.

The rest of the paper is organized as follows. In the next section, we give some inter-
esting examples. In §4, we discuss the fractal restriction theorem of Du and Zhang [4]
and show how Theorem 2.1 improves on it when 0 < a < n/2. Section 5 is dedicated to
the proofs of Theorem 1.1 and Corollary 2.1. Section 6 proves estimates in the regimes
0<a<(n—1)/2 and (n+1)/2 < a <n. The last four sections of the paper are the
proofs of Theorems 2.1-2.3.

3. Examples

3.1. Restriction estimates in neighbourhoods of algebraic varieties

Let n > 2, Z be a real algebraic variety in R™ of dimension k that is defined by poly-
nomials of degree at most D, and N,(Z) be the p-neighbourhood of Z. Then a theorem
of Wongkew [22] tells us that

IN,(Z) N Brl| < C(Dp)"* R*

for any ball B C R" of radius R > 0, where C,, is a constant that depends only on n. This
inequality implies that the characteristic function of N,(Z) is a weight on R™ of dimension
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k. Moreover, Ax(xn,(z)) < Cn(Dp)"~*. Therefore, if n > 3 and 1 < k < (n + 1)/2, then
Theorem 2.1 applies and tells us that

/ Ef@)|"dz S (Do) 1%,
N,(2)

for all f € L?(S) whenever

max[2,4k/(n — 1)] if 1 <k<n/2
T2 ) @n/(n—1) +2— (/k) ifn/2<k<(n+1)/2.

Furthermore, if n = 2 and Z is the zero set of a polynomial P in two real variables of
degree D > 1, then Theorem 2.1 gives the estimate

[ 1Ef@I s £ Do, (0> )
N,(Z)

We also refer the reader to the example at the end of §6 for a similar estimate in higher
dimensions.

3.2. An example of the a« = n/2 case

As a second example, we consider the set {2 C R™ given by
Q={z=(T,2,) eR" xR : |z,| < |z|'~"/D}.

It is easy to see that the characteristic function of € is a weight on R™ of dimension n/2
and with A,, /5(xo) S 1. In fact, if Zo € R"~! and R > 1, then

/ F1-/D gz < g2 if 70| < 10R,
B(0,11R)
/ |{f|1_(n/2)di' S
B(Zo,R)
(|1Zo] — R)l‘(”/2)/ dz < R"? if |To| > 10R.
B(zo,R)

Therefore, (9) gives us the local estimate
| Bt a s RUSG . (11)
R
whereas Theorem 2.1 gives us the global estimate
[ IBr@as S sy (@ > 20/ = 1)), (12)

(See Remark 3.1 following the next example.)
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3.3. An example in R3

Our third example, which takes place in R3, needs the following result from [5]:
| Bf@PH@)d < CoR AL s
R

for all functions f € L?(S) and weights H on R? of dimension 3/2 < o < 2. This local
estimate implies that Qoc(2,2) < 3, and so Corollary 2.1 (applied with 5 = 2 and n = 3)
implies that

Qoc(a,2) < (3/2)a (2 <a < (11-V13)/3). (13)
(Proposition 6.2 gives a better result when (11 —/13)/3 < a < 3, and so does (8) when

a=3.)
Now, for 0 < b < 1, we define

Qp = U2 R? x 1101 4 11/%]

and we observe that the characteristic function of Q is a weight on R? of dimension 2 + b
and with Aayp(xq,) S 1. So (13) tells us that

[ Bf@I e S Bl
QpyNBRr

for all f € L?(S) whenever b < (5 —/13)/3 and ¢ > (3/2)(2 + b). Combining this local
estimate with the e-removal argument of [17, Corollary 2.1] (which is a small modification
on Tao’s e-removal lemma from [19] that works for some special weights such as the
characteristic function of €;), we conclude that the global estimate

[ Bf@11de 5 115
Qp

holds whenever b < (5 —+/13)/3 and ¢ > (3/2)(2 + b).
Remark 3.1. The e-removal argument of [17, Corollary 2.1] does not apply when H
is the characteristic function of the set € in the second example (§3.2), so the author is

not sure whether (12) can be derived from (11) when n > 3.

3.4. The two examples from the introduction — revisited

For 0 < b <1, we define
Xy ={(z,y) eR?*:2>0and 0 <y <z~ "},

If b < 1, then the characteristic function of Xj, is a weight on R? of dimension 1 — b, and
A p(xx,) S 1.Ifb =1, then yx, is a weight on R? of dimension o and A, (xx,) < 1 for

https://doi.org/10.1017/50013091521000201 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091521000201

Fourier restriction in low fractal dimensions 383

all 0 < o < 2. Therefore, by Theorem 2.1, we have
| Bf@1ds 11, (0> max(2.4 - ). (14)
b
When b = 1, we also have
[ IBf@ds S (g B Ias) (0> 0.R21),
X1NBR

but we do not have an e-removal theorem that would turn this local estimate into a global
one.

We saw in §1 that the range of ¢ in (14) is sharp (up to the end point g = 4(1 — b))
when b = 1/4. We will see during the proof of Theorem 2.2 that this range of ¢ is actually
sharp for all 0 < b < 1/2.

Our last example also takes place in the plane. For 0 < b < 1, we define

Y, = U, R x 1V 1 +11/°].

Then the characteristic function of Y; is a weight on R? of dimension 1+ b and with
A11u(xy,) S 1. So Theorem 2.1 gives the estimate

| 1Bf@1dn S 1) (0> 4+20) (15)

We saw in § 1 that the range of ¢ in (15) is sharp (up to the endpoint ¢ = 4 + 2b) when
b =1/2. We will see during the proof of Theorem 2.2 that this range of ¢ is actually sharp
forall 0 <b< 1.

4. On a fractal restriction theorem of Du and Zhang

Throughout this section, we denote a cube in R™ of centre z and side-length r by B (z,7).

Let P={€R": &, =& + -+ &2, <1} be the unit paraboloid in R", and Ep the
extension operator associated with P. In a recent paper [4], the following interesting
theorem was proved.

Theorem 4-A (Du and Zhang [4, Corollary 1.6]). Suppose n >2, 1 <a <n,
R>1, X = UBy is a union of lattice unit cubes in B(0, R) C R, and
#{B. : Bx C B(z',r)}

v = sup o ,

where the sup is taken over all pairs (z/,r) € R™ x [1,00) satisfying B(z',r) C B(0, R).
Then to every € > 0 there is a constant C¢ such that

IEp fllLe(x) < CeRYY™RYCW ||| p2p)
for all f € L*(P).

Theorem 4-A is of interest to us in two ways.
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First, Theorem 2.1 of this paper allows us to improve the exponent of R in Theorem 4-A
from a/(2n) to 0 for 0 < o < (n —1)/2, and to («/2) — (n —1)/4) for (n —1)/2 < a <
n/2. (We note to the reader that Theorem 4-A is a corollary of the main theorem in [4]
(see [4, Theorem 1.3]); our results do not appear to improve on the main theorem.)

Second, Theorem 4-A has a corollary that will help us to prove Theorem 2.1 in the
regime n/2 < a < (n+1)/2, as well as Proposition 6.2.

We start by proving the corollary to Theorem 2.1 that improves on Theorem 4-A when
0<a<n/2

Corollary 4.1. Suppose n, R, X, and « are as in Theorem 4-A. Also, suppose that S
is a smooth compact hypersurface in R" with a nowhere vanishing Gaussian curvature,
and E = Fg is the extension operator on S. Then to every ¢ > 0 there is a constant C¢
such that

IEfllz2(x) < CeRYZPRAV||f]| L2 s)
for all f € L*(S), where

e(a) = 0 ifo<a<(n—-1)/2,
@) = ((n=1)/4) if(n-1)/2<a<n/2

Proof. Theorem 2.1 provides us with the local estimate
[ B @) de < Cr AL
B(0,R)

with

)2 ifo<a<(n—-1)/2,
a(e) = da/(n—1) if(n—-1)/2<a<n/2.

We let H be the characteristic function of X. By the definition of ~, we have
/~ H(z)dx < ~(r+2)* <~(3r)*
B(xo,r)

for all 9 € R™ and r > 1. Thus H is a weight on R™ of dimension «, and A, (H)
This immediately proves the corollary for 0 < oo < (n —1)/2.
For (n —1)/2 < a < n/2, we apply Holder’s inequality, to get

/X Bf (o) de = /B o [EHPHE) d

ol Ja(@) 1—(2/q(a))
< (CReAL(H )||f||L2(S)) (/B(O . H(m)dx)

< (Crean 1y )

e\2/a(a) e(a
= (CR) Y A (H) R f[1 729,

< 4.

~

(An(H)R>)}=(2/a(e)

as claimed. O
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Theorem 4-A has the following corollary that will be needed to prove Theorem 2.1 in
the regime n/2 < o < (n + 1)/2, and Proposition 6.2.

Corollary 4-A (Du and Zhang [4]). Suppose n >2, 1 <« <mn, S is a smooth
compact hypersurface in R" with a strictly positive second fundamental form, and E =
Es is the extension operator on S. Then to every € > 0 there is a constant C, such that

/ Bf(0)[2H(x) dx < CR Aa(H)R™| |15,
B(0,R)

for all functions f € L?(S), weights H on R™ of dimension «, and radii R > 1.

Corollary 4-A is not stated as such in [4], but is very similar to [4, Theorem 2.3]. Also,
the proof of [4, Theorem 2.3] is not explicitly given in that paper, because it is very similar
to the proof of [4, Theorem 2.2]. Therefore, we will present the proof of Corollary 4-A
here for the reader’s convenience.

Proof of Corollary 4-A (Du and Zhang [4, Proof of Theorem 2.2]). We may
assume that S is the paraboloid P that was defined at the beginning of this section (see
[5, Remark 1.10] and [4, Part (III) of §2.2] for the justification of this assumption).

We consider a covering {E } of B(0, R) by unit lattice cubes, and for each such cube we
define v(B) = Aq(H)™! [ H(x)dx. Also, for k =0,—1,-2,..., weset V} = {B:2k1 <

n=/2y(B) < 2¥}. Since each cube B is contained in a ball of radius /7, we have v(B) <
n®/2, so that UyVix D UB D B(0, R).

Let k1 be the sup of the set {k € Z : 2 < R~1000n1 By the pigeonhole principle, there
is an integer kg satisfying k1 < kg < 0 such that

[ IEf@PHE)
B(0,R)
SR20ALH) > sup|EfP? + Aa(H)|| f]72(5O(R). (16)
EEVkD B

Since the measure f do is compactly supported and E f = f/(i)’, there is a non-negative
rapidly decaying function 1) on R™ such that supg |[Ef|* < |Ef]* x¢(c(B)), where ¢(B)
is the centre of B. So

SQP|Ef‘2 = / - |Ef(z)|*dz + ||f||%z(S)O(R*1000")’
B B(c(B),R¢)

and since
> Xnepn S B (17)
BEV&O
it follows that
S swplBFR S B [ 1BF@P ot ] OR™) (18)

EGVkO

where V = UBGVkOB(c(E), Re).

https://doi.org/10.1017/50013091521000201 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091521000201

386 B. Shayya

Let {B*} be the set of all the unit lattice cubes that intersect V, and X = UB*. Also, let
B, be a ball in R™ of radius » > R¢. We want to estimate the number of the cubes B* that
intersect B,. In order to do this, we need to estimate the number of balls B(c¢(B),2R°)

that intersect B,..
‘We have

/  H(x)dz > / H(z)de = v(B) Ay (H) > n®/?2%~1 A (H),
B(c(B),R¢) B
so (using (17))

(#{E € Vi, : B(e(B),2R%) N B, # (2)}) 2ko A (H)

S R™ H(z)dz < R™A.(H)(3r)",
Bs:.

and so
#{B € Vi, : B(ce(B),2R*) N B, # 0} < R™2 *ore.
Thus,
#{B*: B* C B,} S R*2 *op,

Therefore, we can apply Theorem 4-A with v ~ R2™27%0 to get
/V [Ef(2)?de < /X |Ef(2)]? dz S RO(27%)* "R flFas),
which, combined with (16) and (18), now tells us that

/B o[BS de S ROEOSQR)CI AL ()R s

S ROFOAL(H)RY™| £]1725)-

We note that for the last inequality, we need the fact 2% is raised to a non-negative power,
which is a consequence of the fact that the exponent of v in the estimate of Theorem 4-A
is less than or equal to 1/2, which is also the case in the estimate of Corollary 4.1. 0

5. Proof of the weighted Holder-type inequality and its corollary

In this section, we prove Theorem 1.1 and Corollary 2.1.
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Proof of Theorem 1.1. For N € N, we let yn be the characteristic function of the
set

B(O,N)n{z eR": F(z) < N},
and we define the function Fy by Fy = xnyF'. Clearly,

/ Fy(x)H(z)dz < N H(z)dz < Ag(H)N'T
B(0,N)

for all weights H on R"™ of dimension «. Letting 8y = 1 and Cy = N'*®, this becomes
/ Fy (@)% H(x) dz < CoAa (H). (19)
Let H be a weight on R” of dimension «.

If p> 1 and Bpg is a ball in R™ of radius R > 1, then (19) and Hoélder’s inequality tell
us that

/B ) Fy(z)*/PH(z) dx < ( Fe(2)® H (2) dx>1/p ( o dm>1 I

< (CoAa(H))"/P(Aa(H)R™)Y

Br Br

= Cy/P Au(H)RY

where p’ is the exponent conjugate to p.
We now choose p such that a/p’ = 3, i.e. p = a/(a — 3), to conclude that the function
H(x) ;== N~YPFy(x)%/PH(x) is a weight on R” of dimension (3. Moreover,

Ag(H) < N~VPC)/P A, (H).
Therefore,
/FN(x)BN*I/”FN(x)ﬁo/pH(x) dz = /FN(f)ﬁH(m) dz
< (MgFn)’ Ag(H)
< (MpF)’N=YPCy/? A, (H),

where we have used the fact that Fiy < F' to conclude that MgFy < MgF'. Letting M =
(MsF)P, By = B+ (Bo/p), and Cy = MCS/p, this becomes

/FN(x)ﬁIH(a:) dz < C1 AL (H). (20)
Iterating the above procedure starting from (20) instead of (19), we arrive at
/ Fy(2) H(z) dz < Cs Ay (H)

with 8y = 8+ (B1/p) and Cy = M 011 /P, Proceeding in this fashion and using mathemat-
ical induction, we obtain two sequences {8} and {C}} of non-negative numbers such
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that

/ Fy(2)% H(z) de < Cp Ay (H), (21)

B = B+ (Br_1/p), and C, = MC,/?,.
Now

By = 5+ o=t =ﬁ+(ﬁ+ﬁ’“‘2>1=ﬁ+§+ﬂ;g2 =5+§+ (5+ 5k—3>1

P p Jp p ) p?
_ B B Bes_, B B B Bk 1=/ B
_ﬂ+p+p2+ p? _’8+p+p2+ TR _ﬁl—(l/p) PP

and

1/ 2
O =Ml = m(Mcys) = arrimey

(1/10)2 2 (1/ )3
) = MO/ oU/p

— pmHA/p) (MC;{%

= MU/ 1) U =0/ /=) o/
so (recalling that p = a/(a — )

1 = —_— = 1 = Oé/ﬁ = @
klirrgoﬁk = (1/p) o and khj& Cr=M (MgF)“.

Therefore, letting &k — oo in (21) and using Fatou’s lemma, we arrive at
/ Fy(2)* H(z) de < (MsF)* Ao (H).

Since Fy — F pointwise on R"™ as N — 00, a second application of Fatou’s lemma
gives us

/ F(2)*H(z) do < (MsF)® Ay (H).

Since the last inequality holds for all weights H on R™ of dimension «, it follows that
M.F < MgF. O

Proof of Corollary 2.1. We will only prove the inequality concerning Qioc(cv, p). The
proof for Q(a,p) is similar and a little easier.

We may assume Qoc(0,p) < oo (otherwise, there is nothing to prove). Let ¢ >
Q10c(B,p). Then, by the definition of Qioc(5,p), to every € > 0 there is a constant C.
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such that
[ IBf@)H) do < CR A
B(0,R)

for all functions f € LP(S) and weights H on R™ of dimension [. Letting F =
B(O,R)|Ef|q/6, this implies

My () < (CR )

Applying Theorem 1.1, we get

1/8
Mo(F?) < (CRAF%0is))
Therefore,

b (@/8) e . 1/8
(AQ(H) /B(O,R) |Ef ()] 9H () dx) (C R Hf”LP(S))

for all functions f € LP(S) and weights H on R™ of dimension a.
Recalling the definition of Qioc(cr,p), we now have (a/3)q > Qioc(a, p). Since this
inequality is true for all ¢ > Qoc(5,p), it follows that

(a/ﬂ)Qloc(67p) 2 Qloc(aap)u
as desired. O

6. Estimates in the regimes 0 < a < (n—1)/2and (n+1)/2 < a<n

We start by proving two L2-based weighted restriction estimates. The first estimate,
which is part (i) of Proposition 6.1, proves Theorem 2.1 in the regime 0 < a < (n — 1) /2,
and, as discussed in §1, is the base for proving the theorem in the other two regimes
(n—1)/2<a<n/2and n/2 < a < (n+ 1)/2. The second estimate, which is part (ii) of
Proposition 6.1, will be one of the main components of the proof of Theorem 2.3. The
work we do in this section is based on ideas from [2].

Proposition 6.1. Suppose S is a smooth compact hypersurface in R" with a nowhere
vanishing Gaussian curvature, and H is a weight on R™ of dimension 0 < oo < (n —1)/2.
Then:

i) To every exponent q > 2 there is a constant C,,, which does not depend on H, such
Y q
that
IEfllLoga ey < CaAa(H)Y | f]l12(s)
for all f € L*(S).

11 0 every exponent g > (n+ 1 — 2a)/(n — 2«) there is a constant C , which does
(i) Tt Y exp q> (n+1-2a)/(n—2a) there i Cy, which d
not depend on H, such that
|ESllaga a) < Cqda(H)Y @20 H | 5 2 00200 ) o

for all f € L*(S).
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Proof. We may assume that H € L'(R"). (Otherwise, we multiply H by the charac-
teristic function of the ball B(0, R), obtain an estimate that is uniform in R, and then
send R to infinity using the fact that Ay (xp,r)H) < Aa(H).) We define the measure 1
on R" by du = H dz.

Let f € L?(S). We need to estimate ||Ef| pa(,). We write

HfHLl(S) 1
R R TN EPYIER (22)

The set {|Ef| > A} is contained in

{(ReEf)+2:\1} U {(ReEf)ZZ} U {(ImEf)+ZZ} u {(ImEf)Zi}

where (Re Ef)+ and (Re Ef)_ are, respectively, the positive and negative parts of Re E f;
and similarly for Im Ef. Therefore, it is enough to estimate the p-measure of the set
{(Re Ef)4+ > A\/4}. We denote this set by G, and we observe that

G = {ReEf > :1\}
for A > 0. So
@) < [ (ReEnan=Re [ Bfdp=te [xe flodu=Re [adufdo
G G

and so (by Cauchy—Schwarz)

Nu(G)? < 16]If 11725y lIxc dullZa(s)-

By the duality relation of the Fourier transform, we have

e @hleqs) = [ Nedinaanis = [ (Xatudo )xadi= [ ((xadn)8)xa d
S0
NG < 16| s, [ (v di) + ) xe di (23)
The next step is to invoke the decay estimate we have on : |5(&)| < [£]~™~1/2 for all

|€] > 1 (which is a consequence of the nowhere vanishing Gaussian curvature assumption
on the surface 5), as well as the dimensionality of the measure p:

1(B(zo, R)) :/B( , Hdr < Ao Re

for all zg € R™ and R > 1.
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We let ¢g be a C5° function on R™ satisfying 0 <)o <1, 99 =1 on B(0,1), and
o = 0 outside B(0,2). Also, for | € N, we define ;(x) = ¥o(2/2") — ho(2/2!"1). Then
1y is supported in the ring 2!71 < |z| < 2!*1 and

o0
(xadp) x5 =Y _(xcdu) * (Vid).
k=0
Since 15| < 1 and [¢yo]| < 2-EDE=1/2 we have

|(xe dp) * (3)()] < / iz — 1) 3(z — 4)Ixe () duly)

S22 [y ()6 () dily)

5 2_k(n_1)/2M(B({IJ7 2k+1))

5 Aa(}1)2—k(n—1—2a)/27 (24)
and since a < (n — 1)/2, it follows that

(xa dp) # 5(2)] S Aa(H)27 1720072 < A (H)
k=0

for all x € R™.
Returning to (23), we now have \?u(G)? < ||f||%2(S)Aa(H),u(G). Therefore, by (22),

Hf”Ll(s)
1B L0 S Aat Iy [ A2 AN S AaEDI W)

provided ¢ > 2. This proves part (i).

We note that in proving part (i), we did not use the dimensionality of the measure o:
o(B(xg,r)) Sr™71 for all 2o € R™ and 7 > 0. But the dimensionality of o will be used
in proving part (ii) in the following form:

g, * o[ pe < 2 (25)

for k=0,1,2,....
The inequality (24) is a bound on ||(xg dp) * (¢k 7)|| L, which implies that

[ 10 = (3l dp £ 274012020, (1)(G).
We now derive a second bound on [ |(x¢ dp) * (¢¥40)|x¢ dp. By Plancherel and (25),

I(x du) * (Vi) 2 S 28lIxcHllzz = 2°(Ixa H |2,

o (by Cauchy-Schwarz)

/ (xe di) * (648) xe du < 2¥xG H|Pa. (26)
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Thus,

/ [(xc dp) * (1 7)|xe dp < min [2F || H (72,27 17200/2 4 (H) (@)

for k =10,1,2,..., where we have used the fact that ||xgH|/r2 < ||H| L2
Returning to (23), we now have

k}o o0
(@ < s, (Zmﬂniz Py 2k<“12“>/2Aa<H>u<G>),
k=0 k=ko

where kg is a positive integer that satisfies

ko (Aa(H)u(G))Q/(”“_Q“)
I '

Since (n — 1 —2a)/2 > 0, the geometric series converges giving
n+l1—2a 2(n—1-2a)/(n+1-2a
N (@) S 17 s)(Aa(H)p(@)) 120 | |7 7120/ (i,
which in turn implies that
n—2a n—1—2«a n—=2a _ n+1—2«a n—2«a
(G) S Ag(H)Y (=20 | | (n=1=200/(n=20) (3 =1 gy ) ) (n—2a)
Inserting this bound on u(G) into (22), we obtain

n—2o —1-2 —2 1—92 _9
VB0 ) S Aa(H)M 29| | 71200/ (0200 (120 (n2)

FAIP!
~ / L )\q—l—(n+l—2a)/(n—2o¢) d\
0

S,Aa( )1/(n 2a)||HH(n 1—2a)/(n—2a) ||fHL2(S)

provided ¢ > (n+ 1 — 2a)/(n — 2«a), which proves part (ii). O
Readers who are familiar with Bourgain’s paper [2] will realize that we can follow that
paper more closely by inserting a favourable local restriction estimate in the inequality

immediately preceding (24). The argument will then proceed as follows.
Suppose 1 < « < n. The last inequality before (24) says

/ Xz W)xe®) duly) S Bz, 254Y)).

We replace this by

/ X&) duly) S A2 / Ef ()P H(y) dy
B(z,2k+1) B(z,2k+1)
< AT22R AL (H)2X | 24,
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where on the first line we used the fact that yg < 4\7!|Ef]|, and on the second line we
used the Du and Zhang estimate from Corollary 4-A. Inequality (24) becomes

(X6 dp) * (8) (@)] S A~ 2Aq (H)2 (/2 (0/m =) 1F1Z2 59

so that
/ [(x6 i) * (948) xe A S A2 A ()2~ H(=D/2=(/m=) g2, ).

Combining this inequality with (26), we arrive at

/ |(xc du) * (Vr 7)|xa dp
5 min [2k“XGH”%27)\72Aa(H)ka((nfl)/Q*(a/n)fe) Hf||%2(S)IU‘(G)]
< 1(G) min [2%, A2 A, ()2 H( D2 g, ]

for k—O 1,2,..., where we have used the fact that |xcH||3.= [, H(z)?dx <
Jo H(z)dz = (G)

Returnlng to (23), we now have

2,(6) < |f||L2(s><Z2’“+ S A A, (H)2 MO/ 6>||f||L2<s>)

k=ko
where kg is a positive integer that satisfies

. ) ) 1/((n+1)/2—(a/n)—e€)
oo (A Aa<H>||f||L2<S)) .

For the geometric series to converge, we must have (n —1)/2 — (a/n) — e > 0, i.e.

ac™Mr -l
2
This is possible if a < n(n — 1)/2. In the plane, this condition becomes o < 1. But for
Corollary 4-A to hold, we need o > 1, so for the rest of this argument, we must work in
R™ with n > 3. So, choosing € sufficiently small, we get

)

) ) ) ) 1/((n+1)/2—(a/n)—¢)
Nu(G) < 12 (A AQ<H>|f||L2(S>>

and so
u(@) < A2

where ¢. = ((n+3)/2 — (a/n) —€)/((n+1)/2 — (a/n) — €).

f||2q6 (H)l/((n+1)/2—(a/n)—e)’
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Inserting the bound we now have on u(G) into (22), we obtain

Hf”Ll(s)

”Ef”Lq(;L) < ||f||2q< (H)l/((nJrl)/?*(a/")*f) /0 )\Q*1*2qe d\

<A ( )1/ (n+1)/2—(a/n) e)”f”q

provided g > 2¢.. Since

we obtain the following result.

Proposition 6.2. Suppose thatn > 3,1 < «a < n, and S is a compact C*° hypersur-
face in R™ with a strictly positive second fundamental form. Then to every exponent q >
2(n? + 3n — 2a)/(n? + n — 2a) there is a constant ¢, satistying ¢, < ((n —1)/2) — (a/n)
such that the following holds: if 0 < € < ¢4, then

[1Bs @I @) de £ Aa(#) OO f

for all functions f € L*(S) and weights H on R" of dimension a.

We note that 2(n? + 3n — 2a)/(n? + n — 2a) = 2(n+1)/(n — 1) if @ = n, so Proposi-
tion 6.2 improves on Tomas—Stein for all 1 < a < n. But

2 -2 2 1
ntsn - 2a " for n>3 and O<oz<7n(nJr )
n? 4+n— 2« n—1 2

)

so Theorem 2.1 gives a far better result for 0 < o < n/2. In fact, the range of ¢ in
Theorem 2.1 is better than that in Proposition 6.2 for 0 < o < v, where «,, is the
smaller of the two solutions of the equation

n? + 3n — 2 2n n
n? +n— 2« n—1 '

Solving this equation, we see that

n24+1—vVnt—4dn3+2n2+4n+1 n+1
o = = )
4 2

Example. Suppose n > 3 and Z is the zero set of a polynomial P on R™ of degree
D > 1. Also, suppose N,(Z) is the p-neighbourhood of Z and H is the characteristic
function of N,(Z). As we saw in the first example of § 3, H is a weight on R™ of dimension
n—1 with 4,,_1(H) < C,,Dp. So we can apply Proposition 6.2 with « =n — 1.
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The exponent of A,,_1(H) in Proposition 6.2 is

-1
n+1_n—1_6 - 2
2 n “n-—1

provided € < 1/n. Therefore, we have the estimate

2
+n—+2
E 1dy < (Dp)¥/ (=D £|9, ( >2n>
Awmf@n 2 S (07 (4> 25—

for all p > D~!. One interesting aspect of this estimate is that it holds beyond the (2n +
2)/(n — 1) exponent of Tomas—Stein, another interesting aspect is that the exponent of
p goes to zero as n — oo.

7. Proof of Theorem 2.1

Having discussed in detail the Du and Zhang fractal restriction theorem, proven the
weighted Holder-type inequality and its corollary, and established a good restriction
estimate in fractal dimensions 0 < a < (n —1)/2, we are now ready to put all those
components together and prove Theorem 2.1.

Proof of Theorem 2.1. Let Q(«,2) be the quantity defined right before the state-
ment of Corollary 2.1. We need to show that

2 if0<a<(n-1)/2,
doarf(n—1) if(n—1)/2 <a<n/2,
Qe 2) < 2c0+ 2 ifn=2and 1 < a <2, (27)

2n/(n—1))+2—(n/a) ifn>3and n/2 <a <n.

(See the statement of Theorem 2.1 and the paragraph immediately following it.)
Part (i) of Proposition 6.1 immediately gives the inequality on the first line of (27).
Then, applying Theorem 2.1 with 0 < 8 < (n —1)/2 < a < n/2, we get

Q.2 _ QB2 2
o B B
Therefore (letting 8 — (n —1)/2), Q(«,2) < 4a/(n —1).
It remains to prove the last two lines of (27). For this, we need Corollary 4-A.

Suppose n =2 and 1 < a < 2. Also, let € > 0 and f € L?(S). Then Corollary 4-A tells
us that

[ IEFRH@) e < CR AR s
for all balls Bg C R? of radius R > 1. Thus, the function
H() i= | Fl;2 )| EF (@) P H(z)
is a weight on R? of dimension o/ = (a/2) + ¢ and with

A (H) S AalED)FIT2 5 11 s)-
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Since 1 < o < 2, we have 1/2 < o/ < 1 provided e is sufficiently small. So Q(a/,2) < 4¢/,
and so

[ 1Ba(@)7 M) do < Aur (H) gl s
for all g € L?(S) provided ¢’ > 4o’ = 2a + 4e. Replacing H by ||f||;12(s)|Ef|2H7 plugging
f for g, and choosing € to be sufficiently small, the last estimate becomes

/ |[Ef()|'H (z) dz S Aa(H)||f]172(s)

for ¢ > 2a + 2, which proves the inequality on the line next to the last in (27).
Now suppose n > 3 and n/2 < a < n. Also, let € > 0,0 < p <2, and f € L*(S). Then
Corollary 4-A and Holder’s inequality tell us that

o/ 1-(p/2)
/ |Ef(z)[PH(z)dz < (CGRGAQ(H)Ra/nHf||2L2(S)) 2(/ H(z) dx)
Br Br

< C’f/QRpe/QAa(H)||f\\iz(S)R(lf(("*l)p/(Q”))o‘

for all balls Br C R™ of radius R > 1, which implies that the function H(x):=
Hf||£f7(s)|Ef(x)|pH(x) is a weight on R"™ of dimension

—1 pe
I — 1_L L
“ ( on p>0‘+2

A (H) S Aa(ED) A7 5 111

Motivated by what we did in the plane, we want to choose a p € (0, 2] that will place o’
between (n — 1)/2 and n/2 and minimize the exponent ¢o given by

40/ 4o 2c 2pe
qo = +p= 1+ 1,? p+ .

and with

n—1 n— n—1

Since 1 — (2a/n) < 0, ¢ is smallest when p is largest. Also, since € can be chosen arbitrarily

small,
n_1<o/<ﬁ — n—1<(1_n—1p>a<n.
2 - T2 2 = 2n 2
Therefore,
_2n n
p_n—l_a

We note that p < 2 if & < n(n — 1)/2, which is satisfied because o < n and n > 3.
Since (n —1)/2 < o/ < n/2, we now have Q(a’,2) < 4a’/(n — 1), and so

/ Bg(@)|? H(w) dr $ Aa(H)llgll % s,

for all g € L?(S) provided ¢ > (4a’/(n —1)) = qo — p. Replacing the weight H by
Hf||£f(s) |Ef|PH, plugging f for g, and choosing € to be sufficiently small, the last estimate
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becomes
[1BF @) s £ Aa() 12206

for ¢ > (2n/(n — 1)) + 2 — (n/a), proving the inequality on the last line of (27). O

8. Preliminaries for the proofs of Theorems 2.2 and 2.3

Let M(R™) be the space of all complex Borel measures on R™. Suppose p € M(R") is
positive and compactly supported, and 0 < @ < n. The a-dimensional energy of p is

defined as
1
Io(p) = // Wdﬂ(x) dp(y)-

The integral I, (u) has the following Fourier representation

d¢
j§ln e

where ¢, is a constant that only depends on a and n, and S” ! is the unit sphere in R™.
For positive p € M(R"™) and 0 < o < n, we also define

Colp) = sup HB@T)

zER™,r>0 re

Lo (p) =ca/|ﬂ(§)l2 =ca/0 ARz 1) R HR, (28)

Let 1 < p < oo and p’ be the exponent conjugate to p. We want to establish a connec-
tion between LP(S) — L9(xp(o,r)H dx) restriction estimates and the decay properties of
[F(R) | o () as R — oo for the positive measures p € M(R™) that are supported in the
unit ball in R™ and satisfy I, (u) < 0o or Co(p) < 00.

Proposition 8.1. Suppose 1 <p < o0, ¢ >1, 0 < a <n, and we have the weighted
local restriction estimate

/ B (@)|H(z)dz < C.R A%, s):
B(0,R)

Then
7R L () < CeRCa(p)R™/® (R >1)

for all positive measures p € M(R™) that are supported in B(0,1). Moreover, if ¢ > 2,
then

AR sy < CRVIGIR™T (R 2 1)

for all positive measures u € M(R™) that are supported in B(0, 1).
Proposition 8.1 is a standard result, which we state and prove here for clarity of exposi-
tion, as well as for highlighting the difference between the cases 1 < ¢ < 2 and ¢ > 2. The

proof also reveals that the result of the proposition does not extend to the 0 < ¢ < 1 case,
which is the main reason why Theorem 2.3 is much harder to prove than Theorem 2.2.
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For the proof of Proposition 8.1, we need to borrow the following two lemmas from
[17, 21].

Lemma 8-A (Shayya [17, Lemma 5.1]). Suppose ;€ M(R™) is positive and
supported in B(0,1), 0 <« <n, R>1, and

B
Ca.r(pt) = sup sup M
z€R™ r>R-1 r

Then there is a weight H (which depends on R) of dimension « such that:
() Au(H) < B, 1),
(ii) To every function f € L'(S) there is a function g € L'(S) such that |g| < |f| and

g Ca,r (k) q
[ s ane) < € Sl [ Eg )y

for ¢ > 1, where Cy is a constant that only depends on n and q.

Lemma 8-B (Wolff [21, Lemma 1.5]). Let u € M(R") be a positive measure with
support in B(0,1), 0 < a < n, and R > 1. Then we can decompose u as a sum of O(1 +
log R) measures p; so that for each j,

1145 Ca, 2 (115) < Ta(pe)
with an implicit constant that depends only on o and n.

Proof of Proposition 8.1. Let f € L(S), and g be as in (ii) of Lemma 8-A. Then
the weighted restriction estimate in the assumption of Proposition 8.1 tells us that

[ 1B auta) < ¢, =8B e Ry Au (i)l
so that
[ 1B ap(o) s R gy, (29)
where we have used the facts that A, (H) < |B(o, 1)] and |g| < |f| provided to us by
Lemma 8-A.

Since ¢ > 1, we can use Holder’s inequality to get

( )

(/ Ef(Rx)ldu(x)) < Refulr 1 Ce Wy gy

Since g is supported in the unit ball, we have |u| = p(B(0,1)) <Cq r(p), so
)97 Ca,r (1) < Ca,r(p)9, and so

Ca,
[ B8] dute) < R/ Ca g
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Since Ff = f/d\a7 it follows that

CaR( )

AL

| [atre £¢) dote)| < rernEl)
for all f € LP(S). By duality, this implies that
(R o 5y < CeRY9Cq m(n)R™9 < CeRCo(u) R/

for all R > 1.
Now suppose ¢ > 2 and write p =Y j My as in Lemma 8-B. By Hélder’s inequality, we
have

[ 1ErR) s < =000 ([ |Ef(Ra:)|quj(x))l/ q

1/q
_ ||uj|1(2/")<||ujll / IEf(Rw)quuj(x)) .

Since ¢ > 2, we have ||u;|'~3/9 < ||u|'~(3/9). Also, by applying (29) to u; and then
using the inequality | ;]| Ca,r(1t;) S Ia(pt) from Lemma 8-B, we have

sl [ 1SR o) S Bl 2B g, ) < R g

Therefore,

-y o (1) Y
/ |Ef(Rz)|du;(z) < |l q(RE f||Lp(s>) :

Summing over j, this gives
/ |Ef(Rx)| dp(w) S (1+log R)YRY | u||' =D 1o () VIR £ 1o s
Since supp  C B(0, 1), we have ||u||? < I,(u), and the above estimate becomes

[ 1E£(R) ) S 1+ 1og YR/ L u) B2/ f o)
Therefore,
| [ARO17(6) do(€)] R 2R s
for all f € LP(S), and the desired inequality, i.e.
AR 5y < CoR Tl R
for all R > 1, follows from duality. O

We now need to complement Proposition 8.1 with some of the facts that we currently
know about the decay properties of |[fi(R)|[11(s) and [[fi(R-)| 1 (s) When S is the unit
sphere. The first fact is the following basic result in geometric measure theory.
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Proposition 8.2. Let 0 < o < n. Then to every pair ($,b) of numbers that satisfy
B> a/2 and b > 0 there is a number R > 1 and a positive measure p € M(R™) with
supp 1 C B(0,1) such that RP||[i(R-)||p2(sn-1) > bCa ().

Proof. Suppose the proposition is not true. Then there is a pair (3, b) with § > a/2
and b > 0 such that ||fi(R-)||p2gn—1) < BR™PCo(u) for all R > 1 and positive p € M(R")
that are supported in B(0,1).

We let v < n be a number that lies strictly between o and 23, and K C B(0, 1) be a set
of Hausdorff dimension strictly between o and . Then K carries a probability measure p
with Cq (1) < 00. By the previous paragraph, we have [|fi(R-)|| z2gn-1) S R™7 for all R >
1, s0 (by (28)) I,(1) < oo, and so K carries a probability measure v such that C, (r) < oo.
This implies that K has Hausdorff dimension > =, which is a contradiction.

The second fact that complements Proposition 8.1 is due to Wolff [21]:

Proposition 8-A (Wolff [21, Lemma 3.1]). Let 0 < a < n. Then to every pair
(8,b) of numbers that satisfy 3 > «a/2 and b > 0 there is a number R > 1 and a positive
measure ;1 € M(R™) with supp o C B(0,1) such that R?||fi(R-)|| 11 (gn-1) > b\/Ta(p).

Proof. Let ¢ be a non-negative C* function on R" that is supported in the unit
ball and satisfies [¢)| > 1 on the unit sphere. For 0 < p <1 and x € R”, we let ¥U(z) =
Pt/ =) (p~1x), and we define the measure p by dp = ¥dz. Then fi(¢) = p(a/2)$(p§)
and (by (28))

() = cap® [ 1906 PIEI" ™ d€ = co [ 1900)Puf*~"du ~ 1.

Suppose the proposition is not true. Then there are numbers § > «/2 and b > 0 such
that [|Z(R-)|| 1 gn-1) < bBR™PI,(p) for all R > 1, so that

| 13toR0)|do(e) s RPper?
Sn—l
for all 0 < p <1 and R > 1. Taking R = p~!, we get
o < [ [00)]doto) S BOR
sn—1

for all R > 1, which implies that 8 < «/2, which is a contradiction. U

The third fact that we need to complement Proposition 8.1 is the following result of
Bennett and Vargas [1].

Theorem 8-A (Bennett and Vargas [1, Corollary 2]). Let 1 < o < 2. Then to
every pair ((,b) of numbers that satisty > a/(a+2) and b > 0 there is a positive
measure p € M(R?) with supp pu C B(0,1) such that RP||[i(R-)|| 11 s1) > b/Ia(p).

For the interesting proof of Theorem 8-A, we refer the reader to [1].

https://doi.org/10.1017/50013091521000201 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091521000201

Fourier restriction in low fractal dimensions 401

9. Proof of Theorem 2.2

We are given the estimate

| B @) d < CoR AL (30)

for some ¢ > 0, and we need to show that

2 ifn>2and 0 < a < n,
g>4¢2a+2)/(n—1) ifn>2andl<a<n, (31)
4o ifn=2and 1/2<a <1

In fact, the first line of (31) proves the first and third lower bounds on ¢ in Theorem 2.2,
the second line of (31) proves the second lower bound on ¢ in Theorem 2.2, and the third
line of (31) is identical to the fourth lower bound on ¢ in Theorem 2.2.
In proving (31), we proceed backwards starting with the inequality on its last line.
Suppose n =2 and 1/2 < a < 1. We let b =1 — « and define

Xp={(z,y) €R?*:z>0and 0 <y <z},

Recall from §3.4 that the characteristic function of X, is a weight on R? of dimension
1—-b=0a,and As(xx,) < 1. So (30) implies that

| B S B
XpyNBRr

for all R > 1. We now use the same Knapp-example argument that we used in § 1.

To every R > 1, there is a function fr on S such that || fg| z2(s) S R~V and |Efg| 2
R~/2 on the rectangle [0, R] x [0,v/R]. The intersection of this rectangle with X; N
B(0, R) contains the rectangle [0, R] x [0, R™?], so ”EfR”Lq(X,,mB(o R)) R R-4/2)%a and

so R(-4/2+a < ReR=4/4 Therefore, ¢ > 4a.
Moving to the second line of (31), we now suppose that n > 2 and 1 < a < n. We let
b= (a—1)/(n—1) and define

Qp = U2 R x 1181 4 (/0!
and we observe that 0 < b <1 and the characteristic function of €2 is a weight on R"
of dimension 1+ (n —1)b =« and with A,(xq,) < 1. So (30) (applied with H = xq,)
implies that

[ @I S B )
Qy,NBRr
for all R > 1.

To every R > 1, there is a function fr on S satisfying ||frllz2(s) < R=(»=1/4 and
|Efr| = R=™1/2 on [0, R] x [1'/°,1 4+ 1Y/%)"~! whenever 1'/* < /R. Since there are
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~R("=Db/2 guch boxes, we see that ||E fg||ra0,nB(0,r)) = B™ with

n—1 (n—1)b\1
=— 1+ 2=
m 3 —|—< + 9 )q

We have R4 < RER~("~D4/4 for all R > 1, s0 m < —(n — 1)/4, and it follows that (n —
1)g > 20+ 2.

Suppose n > 2 and 0 < o < n. We will prove the first inequality in (31) by contradic-
tion. Assume ¢ < 2. Then the estimate (30) holds with ¢ replaced by an exponent gg that
satisfies ¢ < go < 2 and go > 1 (and C, replaced by C.o(S5)(®~9/2). When we combine
the resulting estimate with Proposition 8.1, we get the decay estimate

I7(R) | L2(sy < CLRCa(w)R™ /% (R > 1)
for all positive measures p € M(R™) that are supported in B(0,1). Proposition 8.2 now
implies that «/qo < a/2, which implies that gy > 2, which is a contradiction.
10. Proof of Theorem 2.3
We need to show that

(n—1)/n ifn>2and0<a<n-—1,
2a/(n—1) ifn>2and 0 < a <mn,

Qloc(a7 OO) > 3o n=2and 0 < « < 17 (32)

a+2 fn=2and 1 <a<2.

In fact, the first line of (32) proves the first and third lower bound on Qec(a, o) in
Theorem 2.3, the second line of (32) proves the second lower bound on Q)oc(a, 00) in
Theorem 2.3, the third line of (32) proves the fourth lower bound on Qoc(cv, 00) in
Theorem 2.3, and the last line of (32) proves the fifth lower bound on Qjoc(c, c0) in
Theorem 2.3.

In proving (32), we proceed backwards starting with the inequality on its last line.

Suppose that n =2 and 1 < a < 2, and that we have the estimate

| B H@) s < CR AL s (33)
R

for some 7 > 0. We need to prove that r > «a + 2. We will do this by showing that r <
a + 2 leads to a contradiction.

Suppose (33) holds for some r < a + 2. We let ¢ be an exponent that satisfies r < ¢ <
a+2 and ¢ > 2. Then (33) holds with r replaced by ¢ and C. replaced by o(S)? "C..
Since ¢ > 2, it follows by Proposition 8.1 that

(R p1s) < CLR /T (u)R™/ (R>1)

for all positive measures p € M(R™) that are supported in B(0,1). By Theorem 8-A, it
then follows that a/q < a/(« + 2), which implies that ¢ > « + 2, which is a contradiction.

https://doi.org/10.1017/50013091521000201 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091521000201

Fourier restriction in low fractal dimensions 403

We now move to the inequality before the last in (32). So we are still in the plane, but
now 0 < o < 1. We have just proved that Qoc(1,00) > 3, so, by Corollary 2.1, we have

Qloc(av OO) N QIOC(]-v e8]
- 1

(%

)53

)

and 8o Qoc(a, 00) > 3a.

Suppose that n > 2 and 0 < o < n. The fact that Qioc(n, 00) > 2n/(n — 1) follows from
the fact that the |5(€)| ~ |€]~(»=1)/2 for large £. Applying Corollary 2.1 as in the previous
paragraph, we obtain the second inequality in (32).

The rest of the proof will be concerned with the first inequality in (32).

Suppose that n > 2 and 0 < a < n — 1, and that we have the estimate

/B [Ef(x)]"H(x)dz < CeR Ao (H)| fll (s (34)

for some r > 0. We need to prove that » > (n — 1)/n.
We apply the Cauchy—Schwarz inequality in (34) to get

/BR |Ef(x)["*H(z)da < (CGRSAQ(H)HfHZOO(S))1/2(/BR Hz) dm)

< CPALH)|If]2 s R

1/2

for all balls Br CR™ of radius R > 1, where = (a+¢€)/2. This means H :=
Hf||_”2 |Ef|"/?H is a weight of dimension § with

r/2 r/2
As(H) < CPAEDIF L6 1 17 is)-

We have 0 < /2 < (n —1)/2. So, from here on, we may assume that ¢ is small enough
for us to have 0 < § < (n — 1)/2, which will allow us to apply part (ii) of Proposition 6.1
with any weight of dimension (.

We let B, be a ball in R™ of radius p > 1, and we apply part (ii) of Proposition 6.1
with the weight x5, H to get

/ [Bf(@)|"H(z) da < CIAg(H)Y =29 ||| 5 2 20 £ )

B,
for ¢ > qp, where

n+1-20
9 = —F557 -

n—20

We already have the bound on Ag(H) from the previous paragraph. Also, (34) tells us
that to every &’ > 0 there is a constant Cs/ such that

M35,y = 1127, /B |Ef @) H(@)? dz < [|£]|1F sy Cor” Aa(H) | fl5<(s)
P
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where we have used the fact that H? < H. So

[, VI B @ H ) ao

. s /2 /2 1/(n—2p3)
(AT I s )

5 (n—1-28)/(2(n—2p))
x (IIfII;T(S)Cafp Aa<H>||fzw<s>)

nt+1— n— —r/2 r/2
< Cyep p° A (H) =20/ @200 £ LN P2 6 1F 11 s

111 s)

provided ¢ > (n+1—23)/(n —28), where § = ¢'(n — 1 — 23)/(2(n — 203)), and so

/B Ef @)D H ) de < Cyes o Aa 2| fl e o I 126 (35)

P

We now let € M(R™) be positive, supported in the unit ball B(0,1), and satisfies
Co(pt) < oo. Since go = (n+1—28)/(n —28) > 1, we have ¢ > 1, and so we can apply

Lemma 8-A (with ¢+ (r/2) replacing ¢) to get a weight H on R™ of dimension « that
satisfies

(1) Aa(H) < |B(0,1)]

(2) to every function f € L'(S) there is a function g € L'(S) such that |g| < |f| and

: Ca r
[ 1B apw < [ e ay
P B(0,2p)

where C” depends on ¢, r, and n.

Then (35) implies that

T Ca( ) r/2
[ 188707 au(o) < "< 1L ) 1172 s
Letting v = o — 0 and p = g + (r/2), and using Holder’s inequality, this becomes

[ 1B dute) < O I L1,

'v/p

Therefore,

| [ awe)s© o] < oI LA (36)
We will use (36) to estimate the o-measure of the set
(€€ 5 [aog)] > A}
for 0 < A < ||p||. For such A and for I € N, we set
Xp = Xi(\) = {£ € 521\ < [i(pe)| < 2A}.
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Clearly,
{€ €8 [n(ps) > A} CUZ, X0
Inserting i(p€)xx, (&) for f(£) in (36), we obtain

1-(q/(2p))
([ mwrae) " <cpmeiy-m,
Xy
which implies that
(o(X;)(21N)2) =@/ Ce) < ¢ p=r/P (2l \) 1 —(a/p)

which in turn implies that

o(X)) < p=2/Cr=a) (9l \) =20/ (2p=0)

for all I € N. Since 2p — ¢ = ¢ +r, we have >_,°, 2-2p/(2r=9) ~ 1, and hence
o({€ €S |u(pé)| > A}) < Zg < p 2/ (2p=a) \=2p/(2p—9)
=1

Of course, we also have the trivial bound

o({§¢ € S:[u(RE| > A} <o(5) S 1.

We now let pp = 2p/(2p — ¢) and use the two bounds we now have on the o measure of
the set {£ € S :|u(p€)| > A} to see that

[[ o]
/0 o({€ € 5 [A(p€)] > AP dA

—v/p

P el Qo
§/ A\Po—1 d)\+p—vpo/p/ =< p—wo/p log p
0

p=/P

provided p > (||| =" + [|ull)?/". Thus

/|ﬁ(p§)|p° do(¢) < (logp)p_’ﬂ’o/?,
Since py < 2, it follows that
[ GO doe) < 1l [ oo dole) < oo™,

The inequality we just derived is true for all positive measures p € M(R") that are
supported in the unit ball and satisfy C,(u) < co. So, by Proposition 8.2, vpg/p < «.
Recalling that v = « — 4, and letting § — 0, we see that py < p.
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Replacing pg by its value in terms of p and ¢, we see that 2p — ¢ > 2. Replacing p
by its value in terms of ¢ and r, this becomes r > 2 — ¢. Since this is true for every
qg>(n+1-28)/(n—20), it follows that

TZQ*M~
n—20

Recalling that 8 = (o + €)/2, and letting € — 0, we arrive at

1—
peo_ iz (37)

- n—ao

If o/ < «, then any weight H on R™ of dimension o' is also a weight of dimension «.
Moreover, A, (H) < Ay (H). So the given estimate (34) holds for all weights on R™ of
dimension o/ < a, and so we can send o — 0 in (37) to get

n+1 n-—1

T22— =
n n

)
as promised.

Remark 10.1. During the proof of Theorem 2.3, we used the fact that ¢ + (r/2) > 1
to obtain the decay estimate

17(p )l r2(s) S (log p)t/2p~1Po/ (20)

for all positive measures p € M(R™) that are supported in the unit ball and sat-
isfy Co(p) < oco. If, for some reason, we knew that ¢+ (r/2) > 2, then (35) (via
Proposition 8.1) would give us the decay estimate

7)1 (s) S pop~ /@t r/2)

for all positive measures p € M(R™) that are supported in the unit ball and satisfy
I, (1) < 0o, which would have allowed us to use Proposition 8-A to conclude that
@
q+(r/2)

ie. /2 > 2 — q. Proceeding as we did in the last part of the proof of Theorem 2.3, we
would have arrived at r > 2(n — 1) /n.

«
§§7
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