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Abstract

For a locally compact group G with left Haar measure and a Young function ®, we define and study
the weighted Orlicz algebra L2(G) with respect to convolution. We show that LE(G) admits no bounded
approximate identity under certain conditions. We prove that a closed linear subspace I of the algebra
L;‘j (G) is an ideal in L$(G) if and only if / is left translation invariant. For an abelian G, we describe the
spectrum (maximal ideal space) of the weighted Orlicz algebra and show that weighted Orlicz algebras
are semisimple.
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1. Introduction

Let G be a locally compact group and L'(G) be its group algebra. The properties of
L'(G) have been well studied over the last several decades. Important generalizations
of L'(G) are the L”(G) spaces for 1 < p < co. The space L”(G) is a Banach space, even
a Banach module over L'(G) with respect to convolution, but it is a Banach algebra
only when G is compact for 1 < p < co [11].

One very natural phenomenon occurring in harmonic analysis is the appearance
of a ‘weight’ on the group or a ‘weighted norm’ on the algebra in computations. A
weight w on G is usually a continuous function from G into the positive reals. But, in
almost all cases, the weights satisfy an extra condition, the submultiplicativity; that is,
w(xy) < w(x)w(y) for all x,y € G. For such a weight, one can extend the construction
of LP(G) to the ‘weighted’ L% (G) spaces, which are nothing but the usual L” spaces on
G defined as

Ly(G) ={f: fw e L”(G) and || fllp = lfwll,}.
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These spaces have interesting properties and numerous applications in harmonic
analysis. One particular aspect of their behaviour is that they can form a Banach
algebra with respect to the convolution. More precisely, when p =1, it follows
routinely that L!(G) is a Banach algebra, namely the weighted group algebra, which
plays an important role in different areas of harmonic analysis; for more detail, see two
excellent books [5, 10].

However, this is not true in general if p > 1. Kuznetsova [7, 8] studied certain
properties of L/ (G) and, in particular, she found conditions under which L(G) is a
Banach algebra with respect to the convolution. She also investigated some important
properties of these spaces such as the existence of an approximate identity and, for
abelian G, a description of the maximal ideal space of L% (G).

In mathematical analysis, an Orlicz space is a type of function space generalizing
the L? spaces. On the other hand, for a locally compact abelian group G and an Orlicz
function ®, Hudzik et al. [4, Theorem 2] gave necessary and sufficient conditions for
an Orlicz space L*(G) to be a Banach algebra with respect to the convolution. Thus,
the Orlicz space generalization is significant as it allows a wide area of applications
without restricting G to be compact. Similar to L? spaces, it is natural to consider
weighted Orlicz spaces and study their properties.

In the present paper, for an arbitrary locally compact group G and a Young function
®, we define weighted Orlicz spaces LE(G) and view them as Banach algebras with
respect to the convolution multiplication. We find sufficient conditions for which
the corresponding space becomes an algebra and study some properties such as the
existence of an approximate identity, characterization of closed left ideals and the
spectrum of the algebra when the underlying group is abelian. Let us note that in
comparison, the weighted Orlicz algebra L2(G) has no bounded left approximate
identity for nondiscrete G, while the Banach algebra L!(G) always has a bounded
left approximate identity. It should be noted that for w = 1, the existence of a bounded
approximate identity and the semisimplicity of the Orlicz algebra L?(G) were studied
independently by using different techniques in [1] for an N-function ®@. Note also that
every N-function is a Young function.

The structure of the paper is as follows. In Section 2, we provide necessary
definitions and some technical results. In Section 3, we give the conditions under
which an Orlicz space related to a locally compact group is a Banach algebra under the
convolution multiplication, which we call the weighted Orlicz algebra. In Section 4,
we show that the weighted Orlicz algebra LE(G) has a left approximate identity, but has
no bounded left approximate identity when G is nondiscrete. We give necessary and
sufficient conditions for a weighted Orlicz algebra to have an identity. Further, similar
to that of the Banach algebra L!(G), the closed left ideals of the weighted Orlicz
algebra L2(G) turn out to be nothing but the closed left translation invariant subspaces
of LY(G). In the last section, we study the weighted Orlicz algebra in the commutative
case. We describe the spectrum (the maximal ideal space) of the weighted Orlicz
algebra and show that these algebras are semisimple. Some results are also new for
the unweighted Orlicz space.
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2. Preliminaries

In this section, we give some definitions and state some technical results that will
be crucial in the rest of this paper. In the paper, G denotes a locally compact group
with a fixed left Haar measure u.

A nonzero function @ : R — [0, oo] is called a Young function if @ is convex, even
and ®(0) = 0. By this definition, a Young function can have the value co at a point
and hence be discontinuous at such a point. However, unless otherwise specified, we
consider only real-valued Young functions. Hence, @ is necessarily continuous and
lim,_,co P(x) = co.

For a Young function @, the complementary function ¥ of @ is given by

Y(y) = sup{xly| - P(x) : x >0} (y€R).

If ¥ is the complementary function of @, then @ is the complementary function of ¥
and (@, P) is called a complementary pair. We have the Young inequality

xy<dx)+¥Y(Qy) (x,y=0)

for complementary functions ® and ¥. Note that even if a Young function @ is
continuous, it may happen that ¥ is not a continuous function, but is still a Young
function as in the above definition.

A Young function ® satisfies the A, condition if there exist a constant K > 0 and
Xo > 0 such that ®(2x) < KO(x) for all x > xy when G is compact and ®(2x) < K®(x)
for all x > 0 when G is noncompact. In this case, we write O € A,.

Let us recall some facts concerning Orlicz spaces.

Given a Young function @, the Orlicz space L?(G) is defined by

1°G) = {f:G—>C : fd)(alf|)dy< ooforsomea'>0},
G

where f indicates the p-equivalence classes of measurable functions. Then the Orlicz
space is a Banach space under the (Orlicz) norm || - || defined for f € L?(G) by

I fllo = sup{fG |fvldu : L‘I’(Ivl)dgg 1},

where WV is the complementary function to ®. One can also define the (Luxemburg)
norm || - I3, on L®(G) by

||f||g:inf{k>0:j;®(%)dus1}.

It is known that these two norms are equivalent; that is, || - [l < || - llo < 2|| - [I3,) and
If1lg < 1if and only if fG O(f)du < 1. If (D, V) is a complementary pair of Young
functions and @ € A,, then the dual space of (L2(G), || - llo) is (LY (G), || - ll) and, if
also W € A,, then the Orlicz space L®(G) is reflexive. Note that a measurable function
f is in L®(G) if and only if ||f]lp < 0. Denote by C.(G) the space of all continuous
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functions on G with compact support and let M®(G) be the closure of C.(G) in L*(G).
If ® € Ay, then L®(G) = M®(G). Hence, C.(G) is dense in L*(G). For more detail,
see [6, 9].

Let G be a locally compact group. A weight on G is a Borel measurable function
w: G — (0, 00) such that

w(xy) <wxw(®) (x,y€qG).

There is no loss of generality in assuming that w is continuous (see [5, Section 1.3]
and [10, Section 3.7]).
For a weight w and a Young function ®, we define the weighted Orlicz space as

LY(G) :={f : fwe L*(G)).

We also set

Ifllow := lfwllo  (f € Lp(G));

then the function || - ||, defines a norm on L$(G) called a weighted Orlicz norm. With
this norm, all weighted Orlicz spaces L$(G) are Banach spaces. Moreover, if ® € A,,
then the dual space of (L$(G), | llo.w) 1S

f

“w

LG ={fr:Lerto)

where ¥ is the complementary function of @ and the space L:,l (G) is endowed with
the norm ||f||(},’w_1 = |lf/wllg. So, if ®,¥ € A,, then the weighted Orlicz space L$(G)
is a reflexive Banach space.

Let us note that when w = 1, the weighted Orlicz space (L?v) (G), | * ll@,w) reduces to
the usual Orlicz space (L®(G), || - ||o).

For 1 < p < oo and the Young function ®(x) = |x|”/p, the space Lfv’ (G) becomes the
weighted Lebesgue space L!(G) and the norm || - ||p,, is equivalent to the classical

norm | - ||,,. In particular, if p =1, then the complementary Young function of
D(x) = |x| is
0 if0<|x<1,
¥(x) ={ o=k @.1)
oo otherwise

and [|fllo, = [[flly,v for all £ € LL(G), since [, ¥(W))d < 1 if and only if [v(x)| < 1
almost everywhere on G. Note that the function ¥ defined in (2.1) is still a Young
function as in the first definition of the Young function. If p = co, then for the Young
function @ given in (2.1), the space L2(G) is equal to the space L>(G) = {f : G — C:
fw e L*(G)} and we have ||fllow = ||fllc.w for all f e L3 (G).

Recall that a net (e, )qea in the Banach algebra (A, || - ||4) is called a left approximate
identity for A if lim,, |leqa — all4 = O for all a € A, and a right approximate identity is
defined similarly. If there exists a K > 0 such that |le,||4 < K for all @ € A, then (e,)qen
is called a bounded approximate identity for A.

Now we give some technical lemmas.
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Levma 2.1. Let G be a locally compact group. If ® € Ay, then C(G) is dense in L2(G).

Proor. Let f € LY(G). Then fw € L®(G). Since C.(G) is dense in L*(G) given & > 0,
there exists f, € C.(G) such that ||f. — fw|lp < &. Set g. = f./w. Then g. € C.(G) and
lige = fllow < €. m
Lemma 2.2. Let G be a locally compact group, w be a weight and ® be a Young

function. Then the inclusion LE(G) C L\ (G) is true if and only if there exists a ¢ > 0
such that ||fll1, < cllfllo.w for all f € L2(G).

Proor. The ‘if” part is trivial. Conversely, assume that L$(G) C Lvlv,(G). It is easy to
show that L‘EV’(G) is a Banach space with respect to the norm || f|| = || flli v + | fllo.- Let
I be the identity map from (L2(G), || - |) to (L2(G), || - llo.). Then I is continuous and
one-to-one. By a consequence of the open mapping theorem, there exists a ¢ > 0 such
that

WAl < el fllow
for all f € LY(G). m]
Lemma 2.3. Let G be a locally compact group, w be a weight, ® be a Young function
and f € LY(G) be given.
(i) ForallxeG, L,f € L$(G) and ||Lyfllow < wOIlfllo.w-
(i) If ® € Ay, then the mapping x = L, f from G into LY(G) is continuous.
Here L. f(y) = f(x"'y) forall x,y € G.
Proor. The proof of (i) follows from the definition of weight w easily. For the proof
of (ii), it is sufficient to show that the map x — L,f is continuous at the identity
element of the group G. Suppose first that f € C.(G) with support S, and choose a
compact neighbourhood K of e € G. Then supp(L,f) = xS for all x € K. If we define
K’ = KUS U (KS), then we have the inclusion L¥(K") € L'(K’) for a compact set

K’ € G, where V¥ is the complementary function of ®. By Lemma 2.2 with w = 1,
there exists a ¢ > 0 such that

vyl < clvyklly < 2clviklly < 2clvlly < 2¢ (2.2)

for all functions v € LY¥(G) for which fG Y(v(y)|) du(y) < 1. On the other hand, there
exists a B > 0 such that w(y) < B for all y € K’, since a weight is bounded on compact
sets. By (2.2), for all x € K,

Lo f =l = sup] fc (Lof = fywvldu fc W du< 1)

< BIL.f~ fll sup{ f vl dp: f W) du < 1}
K’ G
<2CBILf ~ flles

since supp(L,f — f) € K’. Then the last norm is less than € for any x in a sufficiently
small neighbourhood V € K of the identity.
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Now let the function f € LY(G) be arbitrary and let C be a compact neighbourhood
of the identity. Then there exists an A > 0 such that w(x) < A for all x € C. Since the
set C.(G) is dense in L$(G) for @ € A,, for any & > 0, there exists a function g € C.(G)
such that ||f — gllow < £/2(A + 1). Also, from the first part of the proof, there exists a
neighbourhood V C C such that ||L,g — gl < &/2 for all x € V and

ILsf = fllow < NLif — Liglloyw + ILx8 — gllow + g = fllow
<A+ DIf - gllow + 11Lcg — gllow < &. i

ReMARK 2.4. If w = 1, then ||L, fllo = ||fllo for all £ € L*(G) and for all x € G. So, the
translation operator L, is an isometry on L?(G).

3. Weighted Orlicz algebras

Hudzik et al. in [4, Theorem 2] proved that the Orlicz space L?(G) for an abelian
group G is a Banach algebra with respect to convolution if and only if L*(G) € L'(G).
We give a sufficient condition on a Young function @ for the weighted Orlicz space
L2(G) to become a Banach algebra with respect to convolution, and we show that this
condition is not necessary. We also study some properties of this Banach algebra,
which we call the weighted Orlicz algebra.

TueorREM 3.1. Let G be a locally compact group, w be a weight and ® be a Young
function. If L$(G) c LVIV(G), then the weighted Orlicz space L$(G) is a Banach algebra
with respect to the convolution. If also G is abelian, then this algebra is commutative.

Proor. Assume that LY(G) C L! (G) is true. Then, by Lemma 2.2, there exists a ¢ > 0
such that

111w < cllfllaw (3.1)
for all £ € L2(G). Given any f, g € L2(G), Fubini’s theorem implies that

I * gl < supf fG FOWO) fG 0 02 V0| dua(x) dia(y)

: f W0l du(x) < 1}
G
< IfwihlILy+ (gwllo
= fllllgllon.
By (3.1), we obtain [|f * gllo,w < cllfllowllgllo,. for all £, g € LE(G). O

Without loss of generality, we may assume that ¢ = 1 by renorming L(G).

Ogservation 3.2. If @ is a Young function with @’ (0) > 0 (where @/, is the right
derivative of @), then the inclusion L?V’(G) C LVIV(G) is true. So, by Theorem 3.1,

(L?V’(G), || - llow) becomes a weighted Orlicz algebra. If also G is noncompact and
abelian, then @/, (0) > 0 is equivalent to LE(G) C L} (G). So, we can give the following
corollary.
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CororLArY 3.3. If @ is a Young function such that ®’.(0) > 0, then L$(G) is Banach
algebra with respect to convolution.

To obtain a Banach algebra structure on L2(G), here we put a condition on ®.
On the other hand, without any assumption on the Young function ®, we can have
that the weighted Orlicz space LY(G) is a left Banach L} (G)-module with respect to
convolution. So, we obtain on L/(G) an L&v(G)—module structure.

REmARK 3.4. Note that the converse of Theorem 3.1 is not true in general. For example,
if 1 < p < oo and ®(x) = |x|"/p, then, for some weights w, L”(G) is a Banach algebra
with respect to convolution [7, Theorem 1]. But L!(G) ¢ LVIV(G) for a noncompact G
(for example, when G = R), since @, (0) = 0.

4. Approximate identities

It is known that the weighted Lebesgue algebra L (G), 1 < p < oo, always has a left
approximate identity and the algebra L!,(G) on a nondiscrete group G has no bounded
left approximate identity [8, Theorems 4.1 and 4.2]. In this section, we investigate
the existence of an approximate identity for the weighted Orlicz algebra LE(G). We
show that it has a left approximate identity if the Young function @ satisfies the A,
condition. If also the complementary function ¥ of ® satisfies the A, condition,
then, for a nondiscrete G, the weighted Orlicz algebra LL(G) admits no bounded left
approximate identity (Theorem 4.4). Similar assertions hold for right approximate
identities.

RemaRrk 4.1. Note that, for p = 1, the Banach algebra L!(G) always has a bounded
left approximate identity. But here we get L1(G) from the LE(G) for the Young
function ®(x) = |x|, and the complementary function of ®(x) = |x| does not satisfy
the A, condition. So, there is no contradiction with Theorem 4.4. In particular, for
w = 1 and nondiscrete G, the Orlicz algebra L?(G) has no bounded left approximate
identity if the complementary function ¥ of the Young function @ satisfies the A,
condition. This result does not contradict the assertion mentioned in [2] that L?(G)
has no bounded left approximate identity for a Young function ®.

From now on, we assume that ® is a Young function with ® € A,. Firstly, by
using classical techniques in harmonic analysis, we show the existence of the left
approximate identity of the weighted Orlicz algebra L2(G).

THEOREM 4.2. Let L$(G) be a weighted Orlicz algebra. Then Lfv)(G) has a left
approximate identity consisting of compactly supported functions.

Proor. Let K be a compact neighbourhood of the identity element e of G and denote
by V the family of all neighbourhoods V C K of the identity element ordered by
inclusion so that V is a directed set. Defining ey = yy/u(V) for all V € V, by the
continuity of the weight w, there exists a B > 0 such that |ley]|;,, < B for all V € V.
So, (ey)yey becomes a left approximate identity of the weighted Orlicz algebra L$(G).
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Indeed, given f € LY(G) and & > 0, by Lemma 2.3, we can find a neighbourhood
W e V such that |L,f — fllow < € for all x € W. Then, for all V > W with V € V,
by using Fubini’s theorem,

1
u(v)
for all v € LY(G) satisfying fG Y(v(y)|) du(y) < 1. If we take the supremum over such
functions v,

fG ey * f — ywvldu < fv ILof = Fllow du() <

”eV * f - f”ll),w <e.
Consequently, (ey) is a left approximate identity for L2(G). O

Now we prove that the left approximate identity of the weighted Orlicz algebra
L2(G) is not bounded if G is nondiscrete. For this purpose, we need the following
lemma.

Lemmva 4.3. Let G be a locally compact group, w be a weight and ® be a Young
function. Then L$(G) C L (G) if and only if G is discrete.

Proor. Let L$(G) C L3 (G). Suppose that G is not discrete. Then there exist a relatively
compact subset K of G and a sequence (U,,) of pairwise disjoint open subsets of K such
that 0 < u(U,) < u(K)®(1)/2"®(2") for all n € N. If we define the function f on G by

f= i 2"xu,»

n=1

then f € L2(G), since supp(f) C K, and the weight w is continuous on compact sets.
Moreover, there exists an A > 0 such that [f(x)w(x)| > A2" for all x € U,. This says
that fw ¢ L*(G) or equivalently f ¢ L;(G). But this contradicts the assumption.

Conversely, assume that G is a discrete group. Let f € LY(G); then there exists an
a > 0 such that

fG O(alf()wx))) du(x) = Z Ol f()w(x))) < 1.
xeG
Therefore, ®(a|f(x)w(x)|) <1 for all x e G. So, afw must be bounded on G,

since lim,_,o, ®(x) = co for a Young function ®. Thus, fw € L*(G) and we have
feLy(G). O

Tueorem 4.4. Let G be a nondiscrete group and LE(G) be a weighted Orlicz algebra
with w > 1. If the complementary function ¥ of ® is continuous and satisfies the A,
condition, then the weighted Orlicz algebra LY(G) has no bounded left approximate
identity.

Proor. Suppose that L2(G) is a weighted Orlicz algebra and has a bounded left
approximate identity. If ¥ is the complementary function of ®, then the space
Lx,,(G) is a left L2(G)-module: if h e Lﬁ,,(G) and f € LY(G), then their product
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fohe L:*V',,(G) is defined by the formula (g, f o h) = (g = f, h) for all g € L2(G) and
can be explicitly expressed via convolution as

v

foh=hxf, where f(x)= f(—x).

Moreover, it is known that L{(G) o LY (G) is a closed set in the space L}, (G) by
[3, Theorem 32.22].

On the other hand, the space L(G) o L}, (G) is dense in the space L! ,(G). For this,
it is sufficient to show that the closure of L$(G) o L:IV',I (G) contains the characteristic
functions of all compact sets, since the linear span of all characteristic functions of
compact sets is dense in the space L‘:_I(G). Let K € G be a compact set. Take
a relatively compact symmetric neighbourhood V of the identity element e of the
group G. Since V and KV are relatively compact sets,

Xv=xv1 €LJ(G) and xkv €Ly (G).

Hence, if we define
1 |
frv= m()(KV * Xv) = m()(v ° XKV)

then fy € LY(G) o L:_l (G). It is easy to see that

Xk < fv < xkvv

and, from it, we obtain |[yx — fvllfp’w,, <llxx —)(vall\"{,’w,,. By assumption, w > 1, so

Ik = xxvvily,, - < Ik = xxvvily.

Since ¥ is continuous, there exists an xp > 0 such that W is strictly increasing on
[xg, ©0). This shows that

o o 1
g — fV”\y’w—] <k —xxvvlly =

zvrm)

which tends to zero as u(V) — 0. Thus, yx is contained in the closure of L‘EVJ(G) o
L‘::,l (G). Therefore, LY(G) o L:*V',l (G) = L:lv‘,l (G), since LY(G) o L‘j,, (G) is closed.

Thus, for every h € L:*V',,(G), there exist f € LP(G) and g € L} ,(G) such that
h=fog=g= f. Using the Holder inequality,

()| = (g * HHX)] =

fG efo) dﬂ(y)‘

=| fG eFy) du(y)| < fG eOIL )] duy)

< 2{Lxfllowllglhe w1 < 2WEOIfllowllglhy, -

for all x € G. Thus, h/w € L™ (G). This implies that Lﬁ,, (G) C Lf;l (G) or equivalently
L¥(G) € L™(G), which is possible only for a discrete group G by Lemma 4.3 forw = 1.
This completes the proof. O
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Tueorem 4.5. A weighted Orlicz algebra LY(G) has an identity if and only if G is
discrete.

Proor. Assume that LE(G) is a weighted Orlicz algebra with an identity and that
g € L2(G) is an identity. So, f * g = g+ f = f for all f € LY(G). Let a neighbourhood
U of e € G and any & > 0 be given. Since C.(G) is dense in L2(G), there exists a
function f € C.(G) such that supp(f) € U and ||f * g — gllo,w < &. Since f * g = f, we
have ||f — gllo,w < &. Also, from the definition of || - [|@,,

s>||f—g||¢,wzfw|f—g||v|du+f wif — gl vl du
U G\U

> f wlgl vl du
G\U

for all v € LY(G) satisfying fG W(v]) du < 1. Then w(x)|g(x)||v(x)| should be zero for
all x e G\U. If we select v € LY(G) such that v(x) # 0 for all x ¢ U, then g(x) =0
for all x € G\U, since the weight w is positive. Since U is any neighbourhood of the
identity e, we have supp(g) C {e} and the measure of the singleton set {e} should be
positive. Because, if u({e}) = 0, then g must be zero almost everywhere on G, but this
contradicts that g is an identity of the algebra L®(G). So, G must be discrete.

Conversely, assume that G is a discrete group. In this case, u is the counting measure
on G. If we denote the characteristic function of the singleton set {e} by y., then
Xe € L2(G) and

(e * F)(x) = f XeWDFO duO) = 3 xelWFO) = f()
G yeG
for all f € LSj(G) and all x € G. Thus, the function y, is an identity of the algebra
ng(G). |

CoRoOLLARY 4.6 ([7, Theorem 4(iii)] and [8, Theorems 4.1 and 4.2]). Let 1 < p < oo and
L2(G) be a Banach algebra. If we take ®(x) = |x|P /p in the above theorems, then the
following hold.

(i)  LY(G) has an approximate identity consisting of compactly supported functions.

(i) If G is nondiscrete, then LL(G) admits no bounded approximate identity with
respect to || - ||, since ¥(x) = |x|7/q € A,.

(iii) LE(G) has an identity if and only if G is discrete.

CororLary 4.7 [1, Proposition 4.2 and Theorem 4.3]. Let ® be an N-function and

L®(G) be an Orlicz algebra. If we take w = 1 in the above theorems, then the following
hold.

(i)  L®(G) has an approximate identity consisting of compactly supported functions.

(1) If the complementary function ¥ of @ satisfies the A, condition, then, for
nondiscrete G, the Orlicz algebra L*(G) admits no bounded left approximate
identity with respect || - ||o-
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(iii) L®(G) has an identity if and only if G is discrete.

Note that Corollary 4.7 is still true if we take ® as a Young function.

Let L2(G) be a weighted Orlicz algebra. Similar to the Banach algebra L (G),
by using the existence of a left approximate identity, we observe that the closed left
ideals of the weighted Orlicz algebra L(G) turn out to be nothing but the closed left
translation invariant subspaces of L$(G).

Tueorem 4.8. Let LE(G) be a weighted Orlicz algebra and I be a closed linear
subspace of L2(G). Then I is a left ideal in L2(G) if and only if I is a left translation
invariant subspace, that is, L,(I) C I for all x € G.

Proor. Suppose that I € L2(G) is a left ideal. Given any x € G and f € I, for any
£ > 0, by Theorem 4.2, there exists a neighbourhood V of the identity element of G
such that [ley * f — fllp, < &/w(x). On the other hand, (Lyey) * f € I, since L$(G) is
left translation invariant and 7 is a left ideal in L?v) (G). So,

ILxey * f = Lyfllo, < wX)lley * f = fllo, <&

Thus, L, f € I, since [ is closed.

Conversely, let I be a left translation invariant subspace of L?f,(G). We have to
show that g * f € I for each f €I and g € L2(G). To show this, take f € I and
g € L®(G) and suppose that g * f ¢ I. Then, from the consequences of the Hahn—
Banach theorem, there exists a continuous linear functional F on L?V)(G) such that
F|; ={0} and F(g = f) # 0. On the other hand, since ® € A;, the dual space of L$(G)
is Li,,(G), where W is the complementary function of ®. So, the continuous linear
functional F € (L{)(G))" is uniquely determined by ¢ € L}, (G), such as

F = [ hedut) (e LG,
G

Hence,
Fge )= [ o [ 60070 durn)ducr)
G G

=Lg@)F(Ly—1f)d#(y)=0,

since L, f € I and F|; = {0}. This contradicts the assumption that F(f « g) # 0. O

From Theorem 4.8, we obtain the following new results related to the weighted
Lebesgue algebra L!(G) for ®(x) = [x|’/p, 1 < p < oo, and the Orlicz algebra L®(G)
forw = 1.

COROLLARY 4.9.

(i)  The closed left ideals of the unweighted Orlicz algebra L®(G) coincide with its
closed left translation invariant subspaces.
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(i) If LE(G), 1 < p < oo, is a Banach algebra, then the closed left ideals of the
algebra LL(G) coincide with the closed left translation invariant subspaces of
LY(G).

ProrosiTioN 4.10. Let @ be a Young function such that ®',(0) > 0. Then the weighted
Orlicz algebra L$ (G) is a left ideal in L}V(G).

5. Weighted Orlicz algebras in the commutative case

Let G be a locally compact abelian group, w be a weight and @ be a Young function.
We now describe the maximal ideal space (spectrum) A(L2(G)) of the commutative
weighted Orlicz algebra L2(G) in terms of so-called generalized characters of G
determined by the complementary function ¥ of @ and the weight w (Theorem 5.2).
We also show that the algebras L$(G) are semisimple (Theorem 5.8).

First we make the following definition.

Dermition 5.1. Let G be a locally compact abelian group, w be a weight function
and (®,¥) be a complementary pair of Young functions. A generalized character
determined by the Young function ¥ and a weight function w on G is a continuous
function y : G — C\{0} satisfying the conditions:

i)  y(x+y) =yXx)y@) forall x,y € G;
(i) y/weL¥G).

Let Gy(w) denote the set of all generalized characters on G equipped with the
topology of uniform convergence on compact subsets of G.

Now we describe the maximal ideal space (spectrum) of the weighted Orlicz algebra
L2(G).

Tueorem 5.2. Let G be a locally compact abelian group and LE(G) be a weighted
Orlicz algebra. If y € Gy(w), then the map ¢, defined by

0, (f) = fG Frdu (f € L2(G))

is a complex homomorphism of LY(G). Conversely, every complex homomorphism
of LY(G) is obtained in this way, and distinct generalized characters induce distinct
homomorphisms.

Proor. Let y € (/?\\y(w). It is straightforward to show that ¢, € (L$(G))*, since y/w €
LY¥(G). Also, ¢, is a homomorphism, since y satisfies y(x +y) = y(x)y(y) for all
x,yeG.

Conversely, suppose that ¢ is a complex homomorphism of L2(G); then ¢ is a
bounded linear functional on L‘VIV’(G) with |||l < 1. Since ¢ € (L?V’(G))*, there exists a
y € LY (G) such that

p(g) = fG gydu (geLl(G)).

https://doi.org/10.1017/51446788715000257 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788715000257

[13] Weighted Orlicz algebras on locally compact groups 411

Choose f € L$(G) such that ¢(f) = 1. We have

o(g) = p(f * g) = fG (f * gy du = fG ¢Oe(Ly f) du(y)

for all g € LY(G); or, take y(y) = ¢(L,f) for y € G. Then y is continuous because the
map y — L, f from G into LY(G) is continuous by Lemma 2.3 and

() =yl = lp(Laf = Ly Ol < NLif = Ly fllo -
Moreover, since ¢ is linear and (L, f/¢o(L, f)) = 1,

Y(x +Y) = @(Lesy(f) = 90( ( o Ly];) ))tp( Lyf) =y(x)y(»)

for all x,y € G. This shows thaty € f}Ty(w) and thus ¢ = ¢,.
Finally, if ¢, = ¢,,, then y; = y,, since (LY(G))* = L} (G). O

As a consequence of this theorem, the maximal ideal space A(L$(G)) of the
weighted Orlicz algebra LE(G) can be identified with the space of all generalized
characters y determined by the Young function ¥ and the weight w.

As another consequence, the maximal ideal spaces of the Orlicz algebra L?(G) and
the weighted Lebesgue algebra L!(G), 1 < p < oo, can be similarly identified.

CoroLLary 5.3. If w =1, then, for the Orlicz algebra L*(G), A(L*(G)) can be
identified with Gy, where ¥ is the complementary function of ®.

CoroLLARY 5.4 [7, Theorem 2]. Let 1 < p<oo, 1/p+1/g=1and L@(Gl@e a Banach
algebra. Then, for ®(x) = |x|P/p, ALL(G)) can be identified with Gy(w), where
Y(x) = |x|7/q for all x e R.

Note that in the case p = 1, for ®(x) = |3£|, we obtain that the maximal ideal space
of the weighted Banach algebra Lvlv(G) is G(w). Also, if w > 1, then L (G) € LY(G)

and we know that G C a(w) [5, Section 2.8]. So, we have a similar inclusion for the
weighted Orlicz algebra case.

Ogservation 5.5. If w(x) > 1 for all x € G, between the weighted Orlicz algebra L‘D(G)
and the Orlicz algebra L®(G), we have the containment LE(G) € L*(G). So, we obtain

(’;Tp - éTy(w).

In the case G = R, we are able to characterize a part of A(L?(R)). To do this, let us
define the subset A of complex numbers by requiring that z € A if and only if there
exists a g € L'(R) such that

lgI<1 and —In(w(x)lg)'™* < Rez < ~In(w(-x)lg(-x))~"* (.1

for all x € R. We observe that there is an embedding of A into 7R§xy(W) which describes
certain elements of Rg(w).
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ProrosiTion 5.6. Let w be a weight on R and let (®,Y) be a complementary pair
of Young functions with ¥ continuous. Then every z € A defines an element ¢, of
A(LY(R)) by

6.(f) = fR FOe = du(n (f € LER)).

Proor. Let z € A and obtain the g satisfying (5.1) for x € R. It is clear that an arbitrary
z € C gives a nonzero continuous homomorphism y,(x) = e7** on R. We show that if
7€ A, then y./w € LY(R). Firstly, by the continuity and the convexity of P,

e—Re(zx)

e—Re(zx)
( (xeR),

w(x)

)S (1)

w(x)

since 0 < "R /y(x) < 1 for all x € R. Consequently,

—Re(zx)
f\y(_lyz(x)|)dﬂ(x)g\ll(l)fe du(x)ﬁqf(l)f|g|d/~l<°°-
N X r w(x) R

w(x) w

Thus, y./w € LY(R), that is, y. belongs to @W(w). By Theorem 5.2, this vy, yields the
¢, € A(L2(R)) mentioned in the statement of the proposition. O

By using the characterization of the maximal ideal space A(L®(G)), we now show
that the weighted Orlicz algebras L(G) are semisimple, but first we must prove that
they are not radical algebras.

ProrosiTION 5.7. The weighted Orlicz algebra L2(G) is not a radical algebra.

Proor. Suppose that L2(G) is a weighted Orlicz algebra. It suffices to show that there
exists a function f € LE(G) such that

lim || 7)Y >0
Tim 1/, > 0.

where f" denotes the n times convolution product of f. To show this, choose a
relatively compact symmetric neighbourhood U of the identity e of G and let f = yy.
Then

0 <M =sup{w(x): xe U} < oo,

since w is continuous. Moreover, if we define U" = UU --- U (n times) for all n € N,
then, for all x € U", there exist x;, X2, ..., X, € U such that x = x; x5 - - - x,, and

w(x) = w(xixz -+ x,) S wlxp)w(x) - -w(x,) < MM---M = M"

for all x € U". Also, it is clear that w(x) > w(e)/w(x~") for all x € G. For f = yy and
for all v € L*(G) with [ W(v))du <1,

n n W(e n
1" o = f wf"vidu > Mn) f (w)" vl dp,
G un
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since supp(f™) = supp((xyy)") C U". If we take the supremum over all v € LY(G)
satisfying [, W(v)du <1,

v;;‘f,)n(m)"n@.

Also, there exists a ¢ > 0 such that [|(x¢)"|lo = cll(yz)"|l1- This inequality implies that

"l >

1
. npl/n : nl/n
Jim 7187 2 - Tim L > 0

since f = yy € L'(G). Thus, f ¢ rad(LE(G)). o
Tueorem 5.8. If LY(G) is a weighted Orlicz algebra, then it is semisimple.

Proor. Since LE(G) is not radical, there exists a ¢ € A(LE(G)) and this ¢ is determined
by ay € Gy(w) uniquely. For each a € G, define ¢, € (Lff,(G))* by

¢o(f) = fcfﬁdﬂ-

Then ¢, € A(L$(G)), since ay € (’}Tp(w) foralla € G. Let f be an element of the radical
of L(G). Then fy € L'(G) and

y(@) = ¢ (f)=0

for all @ € G. From the uniqueness of the Fourier transform in L' (G), we obtain fy = 0
and so f =0. O

COROLLARY 5.9.

() IfLE(G), 1 < p < o, is a Banach algebra, then, for ®(x) = x”/p, we conclude
that LY(G) is semisimple.
(i) In particular, if w = 1, then the Orlicz algebra L*(G) is semisimple.

We use different techniques from those of [7] and [1] to obtain the semisimplicity.

On the other hand, if LE(G) € L!(G), then we know from Theorem 3.1 that
L2(G) is a Banach algebra with respect to convolution and the converse is not true
in general. But the next theorem shows that if LY(G) is a Banach algebra with
respect to convolution, then one can always assume that the inclusion L2(G) € L'(G)
is true. Hence, we can use the similar method used in [7, Theorem 4] to show
the semisimplicity of the weighted Orlicz algebra LE(G). Before this, we give the
following easy lemma by considering the dual spaces.

LemmA 5.10. Let w be a weight function and (D,¥) be a pair of complementary Young
functions such that ® € A,. The following conditions are equivalent:

i) 1/welL¥G);

(i) LY(G) S L'G);

(iii) L=(G)<S L' (G).
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Tueorem 5.11. Each weighted Orlicz algebra LE(G) is isometrically isomorphic to an
algebra Lg(G) with weight w satisfying 1/w € LY(G).

Proor. If we fix y € éTy(W) and set w = w/|y|, then the mapping f + f|y| from ng(G)
to L$ (G) is obviously an isometric isomorphism. O

Remark 5.12. Let LE(G) be a weighted Orlicz algebra. Then we can assume
that LE(G) € L'(G) and this again implies that L2(G) is semisimple, following the
argument in [7].
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