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Abstract Since Faltings proved Mordell’s conjecture in [16] in 1983, we have known that the sets of
rational points on curves of genus at least 2 are finite. Determining these sets in individual cases is
still an unsolved problem. Chabauty’s method (1941) [10] is to intersect, for a prime number p, in the
p-adic Lie group of p-adic points of the Jacobian, the closure of the Mordell-Weil group with the p-adic
points of the curve. Under the condition that the Mordell-Weil rank is less than the genus, Chabauty’s
method, in combination with other methods such as the Mordell-Weil sieve, has been applied successfully
to determine all rational points in many cases.

Minhyong Kim’s nonabelian Chabauty programme aims to remove the condition on the rank. The
simplest case, called quadratic Chabauty, was developed by Balakrishnan, Besser, Dogra, Miiller, Tuitman
and Vonk, and applied in a tour de force to the so-called cursed curve (rank and genus both 3).

This article aims to make the quadratic Chabauty method small and geometric again, by describing it
in terms of only ‘simple algebraic geometry’ (line bundles over the Jacobian and models over the integers).
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1. Introduction

Faltings proved in 1983 [16] that for every number field K and every curve C over K of
genus at least 2, the set of K-rational points C(K) is finite. However, determining C(K)
in individual cases is still an unsolved problem. For simplicity, we restrict ourselves in
this article to the case K = Q.

Chabauty’s method (1941) for determining C(Q) is to intersect, for a prime number p,
in the p-adic Lie group of p-adic points of the Jacobian, the closure of the Mordell-Weil
group with the p-adic points of the curve. There is a fair amount of evidence (mainly
hyperelliptic curves of small genus [3]) that Chabauty’s method, in combination with
other methods such as the Mordell-Weil sieve, does determine all rational points when
r < g, with r the Mordell-Weil rank and ¢ the genus of C.

For a general introduction to Chabauty’s method and Coleman’s effective version of
it, we highly recommend [24] and, for an implementation of it that is ‘geometric’ in the
sense of this article, [17], in which equations for the curve embedded in the Jacobian are
pulled back via local parametrisations of the closure of the Mordell-Weil group.

Minhyong Kim’s nonabelian Chabauty programme aims to remove the condition that
r < g. ‘Nonabelian’ here refers to fundamental groups; the fundamental group of the
Jacobian of a curve is the abelianised fundamental group of the curve. The most striking
result in this direction is the so-called quadratic Chabauty method, applied in [5] — a
technical tour de force — to the so-called cursed curve (r = g = 3). For more details, we
recommend the introduction to [5].

This article aims to make the quadratic Chabauty method small and geometric again,
by describing it in terms of only ‘simple algebraic geometry’ (line bundles over the
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Jacobian, models over the integers and biextension structures). The main result is
Theorem 4.12. It gives a criterion for a given list of rational points to be complete,
in terms of points with values in Z/p?Z only. In §2 we describe the geometric method
in fewer than three pages, §§3—5 give the necessary theory, §§6 and 7 give descriptions
that are suitable for computer calculations and §8 treats an example with r = ¢ =2 and
14 rational points. As explained in the remarks following Theorem 4.12, we expect that
this approach will make it possible to treat many more curves. In §9.1 we give some
remarks on the fundamental groups of the objects we use. They are subgroups of higher-
dimensional Heisenberg groups, where the commutator pairing is the intersection pairing
of the first homology group of the curve. In §9.2 we re-prove the finiteness of C'(Q), for
C with r < g+ p—1, where p is the rank of the Z-module of symmetric endomorphisms
of the Jacobian of C. It also shows that a version of Theorem 4.12 that uses higher p-
adic precision will always give a finite upper bound for C(Q). In §9.3 we give, through an
appropriate choice of coordinates that split the Poincaré biextension, the relation between
our geometric approach and the p-adic heights used in the cohomological approach.

Already for the case of classical Chabauty (working with .J instead of T', and under the
assumption that r < g), where everything is linear, the criterion of Theorem 4.12 can be
useful; this has been worked out and implemented in [30]. We recommend this work as a
gentle introduction to the geometric approach taken in this article. A generalisation from
Q to number fields is given in [13]. For a generalisation of the cohomological approach,
see [2] (quadratic Chabauty) and [14] (nonabelian Chabauty).

Although this article is about geometry, it contains no pictures. Fortunately, many
pictures can be found in [19], and some in [15].

2. Algebraic geometry

Let C' be a scheme over Z, proper, flat, regular, with Cgy of dimension 1 and geometrically
connected. Let n be in Z>; such that the restriction of C' to Z[1/n] is smooth. Let g be
the genus of Cp. We assume that g > 2 and that we have a rational point b € C(Q);
it extends uniquely to a b € C(Z). We let J be the Néron model over Z of the Jacobian
Pic%@/(@. We denote by J¥ the Néron model over Z of the dual Jg of Jg, and by A: J — J"
the isomorphism extending the canonical principal polarisation of Jg. We let Py be the
Poincaré line bundle on Jg x Jg, trivialised on the union of {0} x Jg and Jg x {0}. Then
the Poincaré torsor is the Gy,-torsor on Jg x Jg defined as

Pé; :ISOIIIJ@XJ@/ <OJQ><.](5/,P@). (21)

For every scheme S over Jg x Jgy, Py () is the set of isomorphisms from Os to (Py)s,
with a free and transitive action of Og(S)*. Locally on S for the Zariski topology, (P(S)S
is trivial, and Py is represented by a scheme over Jg x Jg.

The theorem of the cube gives Py the structure of a biextension of Jo and Jg by Gum;
for the details of this notion, we recommend [26, §I.2.5], Grothendieck’s Exposés VII
and VIII [29] and references therein. This means the following. For S a Q-scheme, z; and
z2 in Jo(S) and y in Jg(S), the theorem of the cube gives a canonical isomorphism of
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Og-modules

(1,9)" Po ©@05 (72,y)" Po = (21 +22,y)" Po. (2.2)
This induces a morphism of schemes

(21,9)" Py x5 (x2,y)" Py — (21 +22,y)" Py (2.3)

as follows. For any S-scheme T', and z; in ((z1,9)*Pg) (T) and 2 in ((x2,9)* Py ) (T), we
view z1 and z2 as nowhere-vanishing sections of the invertible Op-modules (z1,y)* Py and
(z2,y)* Pg. The tensor product of these two then gives an element of ((z1 + xz,y)*Pé() (T).
This gives P@j — J(é{ the structure of a commutative group scheme, which is an extension
of Jg by Gy, over the base Jé. We denote this group law, and the one on Jg x J&f, as

(21,22) ——————— 21 +1 %2

I I (2.4)

((xl,y),(xg,y)) — (‘rlay) +1 (any) E— (xl +1'27y)'

In the same way, P@ — Jg has a group law 43 that makes it an extension of Jq\){ by Gpn,
over the base Jg. Therefore, P@ is both the universal extension of Jg by Gy, and the
universal extension of Jé by Gy,. The final ingredient of the notion of biextension is that
the two partial group laws are compatible in the following sense. For any Q-scheme S, for
1 and xy in Jg(S), y1 and yy in J(S) and all 4 and j in {1,2}, z; j in ((23,9;)" Pg) (5),

we have
(71,1 +122,1) +2 (21,2 +1 22,2) == (21,1 +221,2) +1 (22,1 +222,2)
I I (2.5)
(z1+22,y1) +2 (21 + 22,y2) === (T1,y1 +Yy2) +1 (T2,y1 +¥2),

with the equality in the upper line taking place in ((xl + T9,y1 +y2)*P6) (S).

Now we extend this geometry over Z. We denote by J® the fibrewise connected
component of 0 in .J, which is an open subgroup scheme of .J, and by ® the quotient .J/J°,
which is an étale (not necessarily separated) group scheme over Z, with finite fibres,
supported on Z/nZ. Similarly, we let JV° be the fibrewise connected component of JV.
[29, Exposé VIII, Theorem 7.1] gives that P@ extends uniquely to a Gp,-biextension

P* — JxJY° (2.6)

(Grothendieck’s pairing on component groups is the obstruction to the existence of such
an extension). Note that in this case, the existence and uniqueness follow directly from
the requirement of extending the rigidification on Jg x {0} (for details, see §6.7).

Our base point b € C(Z) gives an embedding ji: Cy — Jgp which sends, functorially in
Q-schemes S, an element ¢ € Cg(.S) to the class of the invertible O¢,-module O¢, (c—b).
Then j;, extends uniquely to a morphism

Jp: O™ — J, (2.7)
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where C*™ is the open subscheme of C consisting of points at which C' is smooth over Z.
Note that Cp(Q) = C(Z) = C*™(Z).

Our next step is to lift jj, at least on certain opens of C*™, to a morphism to a G#, 1-
torsor over J, where p is the rank of the free Z-module Hom (J@,J&f )+, the Z-module of
self-dual morphisms from Jg to J(\f. This torsor will be the product of pullbacks of P*
via morphisms

(id,m-otreo f): J — J x JVO, (2.8)

with f: J— JY a morphism of group schemes, ¢ € JY(Z), tr. the translation by ¢, m the
least common multiple of the exponents of all ¢ (Fp) with p ranging over all primes and
m- the map of multiplication by m on JV. For such a map m-otr.o f, j,: Cg — Jg can
be lifted to (id,m-otrco f)* Py if and only if j;(id,m-otrco f)* Py is trivial. The degree
of this Gy, -torsor on Cq is minus the trace of A= om-o (f + fV) acting on Hy(J(C),Z).
For example, for f = A the degree is —4mg. Note that j,: Cg — Jg induces

ji=-X"'1Jg = Jo, (2.9)

(see [25, Propositions 2.7.9 and 2.7.10]). This implies that for f such that this degree is
0, there is a unique ¢ such that j; (id,tr. of)*P(S is trivial on Cgp, and hence also its mth
power j; (id,m-otr.o f)* Py

The map

Hom (Jg,Jg§ ) — Pic(Jg) — NS, /0(Q) = Hom (JQ,J&)+ (2.10)

sending f to the class of (id,f)*Pyp sends f to f+ fY, and hence its kernel is
Hom (JQ, JQY ) ", the group of antisymmetric morphisms. But actually, for f antisymmetric,
its image in Pic(Jg) is already zero (see, e.g., example [6] and the references therein).
Hence the image of Hom (Jg, J§) in Pic(Jg) is free of rank p, and its subgroup of classes
with degree 0 on Cj is free of rank p—1. Let fi,..., f,—1 be elements of Hom (JQ, J&) whose
images in Pic (Jg) form a basis of this subgroup, and let ¢1,...,c,—1 be the corresponding
elements of JY(Z).

By construction, for each ¢ the morphism j,: Cg — Jg lifts to (id,m- otr,, Ofi)*P(;,
unique up to Q*. Now we spread this out over Z, to open subschemes U of C*™ obtained
by removing, for each ¢ dividing n, all but one irreducible components of Cf{‘, with the
remaining irreducible component geometrically irreducible. For such a U, the morphism
Pic(U) — Pic(Cg) is an isomorphism and O¢(U) = Z; thus for each i there is a lift

(id,m-otr,, o f;)* P>
7o l (2.11)

e N §

unique up to Z* ={1, —1}.
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At this point we can explain the strategy of our approach to the quadratic Chabauty
method. Let T be the Gf!-torsor on J obtained by taking the product of all T} :=
(id,m-otr., o f;)* P*:

T pxr-l

J | (2.12)
U Jb J (id’m'otr%oﬁ)i T % (J\/o)p—l .

Then each ¢ € Cg(Q) = C*™(Z) lies in one of the finitely many U(Z)s. For each U, we have
a lift j’;,: U — T, and for each prime number p, j’;(U(Z)) is contained in the intersection, in
T(Zy), of j, (U (Z,)) and the closure T(Z) of T(Z) in T (Z,,) with the p-adic topology. Of
course, one expects this closure to be of dimension at most r :=rank(J(Q)), and therefore
one expects this method to be successful if » < g+ p—1, the dimension of T(Z,). The
next two sections make this strategy precise, giving first the necessary p-adic formal and
analytic geometry and then the description of T'(Z) as a finite disjoint union of images of
Zy, under maps constructed from the biextension structure.

3. From algebraic geometry to formal geometry

Let p be a prime number. Given X a smooth scheme of relative dimension d over Z,
and x € X (IF,), let us describe the set X (Z,), of elements of X (Z,) whose image in
X (Fp) is «. The smoothness implies that the maximal ideal of Ox , is generated by p
together with d other elements t1,...,t4. In this case we call p,t1,...,tq parameters at x; if,
moreover, x; € X (Zy),, is a lift of x such that t;(z;) =...tq(2;) = 0, then we say that the
t;s are parameters at x;. The t; can be evaluated on all the points in X (Z,),, inducing a
bijection t := (t1,...,ta): X (Zp), — (pr)d. We get a bijection

- - - t t ~
f:=(f1,...,ld) = (;;) L X (2,), 5 72 (3.1)

This bijection can be interpreted geometrically as follows. Let 7: )?1 — X denote the
blowup of X in z. By shrinking X, X is affine and the t; are regular on X, ¢t: X — A%p is

étale and ¢t~' {0, } = {«}. Then =: X, — X is the pullback of the blowup of A%p at the

origin over F,,. The affine open part f(g of X, where p generates the image of the ideal
my, of x is the pullback of the corresponding open part of the blow up of A%p, which is the

multiplication-by-p morphism A%p — A%p that corresponds to Zylt1,...,tq] = Z, [t~17 . ,fd]
- ~ \A ~

with t; — pt;. It follows that the p-adic completion O (ng) " of O (ng) is the p-adic

completion Zj, <fl, e ,t~d> of Zy, [51, e ,t~d]. Explicitly, we have
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Ly, <fl,...,td> = Z art! € Ly [[fl,...,fdﬂ :Vn >0, yalmosty vplar) >np. (3.2)
IeNd

With these definitions, we have

X (Zp)z = ngg) (Zp) = Hom (Zp <t~1, ... ,£d>,Zp) — Ad (Zp),
()?g)]y‘ = Spec (FZD [Elv e 7{d]) . (33)

P

The affine space ()?f) is canonically a torsor under the tangent space of Xr, at z.
FP
This construction is functorial. Let Y be a smooth Z,-scheme and f: X — Y be a

morphism over Z,, and define y := f(x) € Y (F,). Then the ideal in Og, generated by
the image of my(,) is generated by p. That gives us a morphism )?5 — f’f(x), and then

a morphism from O (f/fp(w)

(f(g)F — (?ﬁz))m , the tangent map of f at x, up to a translation.
P P

A ~ A
) "t00 (ng) " Reduction mod p then gives a morphism

If this tangent map is injective and d, and d, denote the dimensions of X, at x
and of Yg, at y, then there are t1,...,t4, in Oy, such that p,ti,...,t4, are parameters
at y and such that f4,41,...,tq, generate the kernel of Oy, — Ox .. Then the

~ Np ~ \"\p
are parameters at x, and O (Yfp(m)) -0 (Xg) is

images in Ox , of p,t1,...,tq

2

Ly, <fl,...,t~dy> — Ly <t~1,...,fdm>, with kernel generated by t~d$+1,...,tdy.

4. Integral points, closure and finiteness

Let us now return to our original problem. The notation U, J, T, jp, ﬁ,, r, p, etc., is as
at the end of §2. We assume moreover that p does not divide n (n as in the start of §2)
and that p > 2 (for p =2, everything that follows can probably be adapted by working
with residue polydisks mod 4).

Let u be in U (F,) and define ¢ := jp(u). We want a description of the closure T(Z),
of T(Z); in T'(Zy),. Using the biextension structure of P*, we will produce, for each
element of J(Z);, (), an element of T'(Z) over it. Not all of these points are in T'(Z);, but
we will then produce a subset of T'(Z); whose closure is T(Z);.

If T(Z); is empty, then T(Z), is empty too. So we assume that we have an element ¢ €
T(Z); and we define z; € J(Z) to be the projection of t. Let f=(fu,... Joo1) s J = JVorTt
and let ¢ = (c1,...,¢p-1) € JVP7YZ). We denote by P**~1 the product over
J x (Jvo)p_1 of the p—1 Gp-torsors obtained by pullback of P* via the pro-

jections to J x JYO; it is a biextension of J and (Jvo)fk1 by Gf71, and T =

(id,m-otr.o f)* P**=1. We choose a basis z1,...,7, of the free Z-module J(Z)q, the

kernel of J(Z) — J(Fp). For each 4,j € {1,...,r}, we choose P;;, R,y and S;, in
- : . -1

P*p=Y(Z) whose images in (Jx (JV0)? )(Z) are (z;,f (mx;)), (z;,(m-otrco f)(x3))

and (xp, f (ma)):
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P R,z S pxp=1
| | P
(@i, f (may)), (@i, (m-otreo f) (z7)), (x5 f (ma;)), T x (JVO)P .
(4.1)

For each such choice there are 2°~! possibilities. .
For each n € Z", we use the biextension structure on P**~1 — J x (J\/O)P— to define

the following points in P**~1(Z), with specified images in (J X (Jvo)pfl) (Z):

Az(n) = ZQ nj -2 53 ; Bi(n) = Zl ni1 R,y
j=1 i=1

I l (4.2)
(m{’ zr:nzf(mxz)> ) <§T: n; i, (m-otreo f) (‘W)) )
i=1 i=1

T T

C(n) = Z:lni'l Z:an ) Pi,j
I (4.3)

(i n;;, 27: nif(””i)) ;
=1 i=1

where )", and -1 denote iterations of the first partial group law +; as in formula (2.4),
and analogously for the second group law. We define, for all n € Z",

Dg(n) := (C(n) +2 By(n)) +1 (Az(n) +=21) € P**~1(Z), (4.4)

which is mapped to

<xt~+2nix¢,(m'otrcof) <$?+ Zma)) € (J X (Jv())p—l) (Z). (4.5)

i=1
Hence Dy(n) is in T'(Z), and its image in J(Fp) is jy(u). We do not know its image
in T'(Fp).
We claim that for n in (p—1)Z", Dy(n) is in T(Z);. Let n’ be in Z" and let n = (p—1)n’.
Then in the trivial F)#~!-torsor P**#~!(j3(u),0), on which + is the group law, we have
Ai(n) = (p—1)2A;(n')=11in F;’p_l. (4.6)
Similarly, in P*#=1(0,(m-otrco f)(js(u))) =F;#~", we have By(n) =1, and, similarly in
P*P=1(0,0) = F>*~!, we have C(n) = 1. So, with apologies for the mix of additive and
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multiplicative notations, in P*>*~1 (FF,) we have
Dg(n) =(1421)+1 (142t) =t (4.7)

mapping to the following element in (J x JY%=1) (F,,):
((0,0) +2 ((0,(m- o tre o £) (s (w))))) +1 (s (1), 0) +2 (b (w), (m- o tre 0 £) (fu(w))))

: : (4.8)
= (Jo(u), (m-otre o f)(jo(w))).
We have proved our claim that Dy(n) € T(Z);.
So we now have the map
kz: Z" = T(Z)y, n— Dy((p—1)n). (4.9)

The following theorem will be proved in Section 5:

Theorem 4.10. Let x1,...,24 be in Oy j, () such that together with p they form a system

of parameters of O j, ), and let v1,...,v,-1 be in Or ¢ such that p,x1,...,24,v1,...,0p-1
are parameters of Or . As in §3, these parameters, divided by p, give a bijection
T(Zy), — L5~ (4.10.1)
The composition of kz with the map (4.10.1) is given by uniquely determined
KlyeooyRgtp—1 N O(A%p) "= Zp(z1,...,2r). The images in Fplzi,...,2;] of K1,...,Kq
are of degree at most 1, and the images of Kg41,...,kg+p—1 are of degree at most 2. The
map Kz extends uniquely to the continuous map
K= (K1, Kgrp-1): A" (Zy) =2y, — T (Zyp),, (4.10.2)

and the image of k is T(Z);.

Now the moment has come to confront U (Z,), with T'(Z);. We have jp: U — T, whose
tangent map (mod p) at u is injective (here we use that Cg, is smooth over [F,). Then,

as at the end of §3, ﬂ,: [75 — ftp is, after reduction mod p, an affine linear embedding of
codimension g+p—2, j~b* : 0 (ftp) " -0 ([75) " is surjective and its kernel is generated
by elements fi,...,fq+p,—2 (we apologise for using the same letter as for the components
of f: J— JY*~1) whose images in F,®0 (ip) are of degree at most 1 and such that

~ Ap
fi,.o fg—1 arein O (ijb(u)) . The pullbacks £* f; are in Z,(z1,...,2); let I be the ideal

in Z,(z1,...,% ) generated by them, and define
A:=Zp(z1,...,2r) /1. (4.11)

Then the elements of Z; whose image is in U (Zy),, are zeros of I, hence morphisms of
rings from A to Z, and hence from the reduced quotient A;eq to Z,.

Theorem 4.12. For i€ {1,...,g+p—2}, let K*f; be the image of K* fi in Fplz,... 2],
and let I be the ideal of Fplz1,...,2,] generated by them. Then k*fi,...,k*fy_1 are

of degree at most 1, and K*fg,...,K* fo1p—2 are of degree at most 2. Assume that
A:=A/pA=Tplz,...,2.]/1 is finite. Then A is the product of its localisations A, at

its finitely many mazximal ideals m. The sum of the dimg, A,, over the m such that
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A/m =T, is an upper bound for the number of elements of Z,, whose image under k is
in U(Zyp),, and also an upper bound for the number of elements of U(Z) with image u

in U (F,).

Proof. As every f; is of degree at most 1 in T1,...,Tg,V1,...,Vp_1, EVErY K*f; is an Fp-
linear combination of k1,...,kg4p—1, and hence of degree at most 2. For i < g, f; is a
linear combination of x1,...,24, and therefore x* f; is of degree at most 1.

We claim that A is p-adically complete. More generally, let R be a noetherian ring that
is J-adically complete for an ideal J, and let I be an ideal in R. The map from R/I to
its J-adic completion (R/I)" is injective [1, Thm.10.17]. As J-adic completion is exact
on finitely generated R-modules [1, Prop.10.12], it sends the surjection R — R/I to a
surjection R = R" — (R/I)" (see [1, Prop.10.5] for the equality R = R"). It follows that
R/I— (R/I)" is surjective.

Now we assume that A is finite. As A is p-adically complete, A is the limit of the system
of its quotients by powers of p. These quotients are finite: for every m € Z>1, A/p™ T A is,
as an abelian group, an extension of A/pA by a quotient of A/p™A. As a Z,-module, A
is generated by any lift of an IF,,-basis of A. Hence A is finitely generated as a Z,-module.

The set of elements of Z; whose image under « is in U(Z,) is in bijection with the
set of Z,-algebra morphisms Hom (A,Z,). As A is the product of its localisations A,, at
its maximal ideals, Hom (A,Z,) is the disjoint union of the Hom (4,,,Z,). For each m,
Hom (A,,,Z,) has at most rankz, (A,,) elements, and is empty if F, — A/m is not an
isomorphism. This establishes the upper bound for the number of elements of Z;, whose
image under « is in U (Z,). By Theorem 4.10, the elements of U(Z) with image uw in U (F))
are in T'(Z);, and therefore of the form x(z) with = € Zj, such that x(z) is in U(Zp),.
This establishes the upper bound for the number of elements of U(Z) with image u
in U(F,). O

We include some remarks to explain how Theorem 4.12 can be used, and what we hope
it can do.

Remark 4.13. The x*f; as in Theorem 4.12 can be computed from their reductions
F, — T(Z/p*Z) of rz and (to get the f;) from jj: U(Z/p*Z), — T (Z/p*Z),. For this,
one does not need to treat T and J as schemes, one just computes with Z/p?Z-valued
points. Now assume that r < g+ p— 2. If, for some prime p, the criterion in Theorem 4.12
fails (that is, A is not finite), then one can try the next prime. We hope (but also expect)
that one quickly finds a prime p such that A is finite for every U and for every u in U (F,)
such that j,(u) is in the image of T'(Z) — T (F,). By the way, note that our notation in
Theorem 4.12 does not show the dependence on U and u ofﬂ, rkz, & and the f;. Instead of
varying p, one could also increase the p-adic precision, and then the result of §9.2 proves
that one gets an upper bound for the number of elements of U(Z).

Remark 4.14. If r < g+ p—2, then we think that it is likely (when varying p), for
dimension reasons — unless something special happens as in [3] or [4, Remark 8.9] — that
for all uw € U (Fp), the upper bound in Theorem 4.12 for the number of elements of U(Z)
with image w in U (F,) is sharp. For a precise conjecture in the context of Chabauty’s
method, see the ‘Strong Chabauty’ conjecture in [31].
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Remark 4.15. Suppose that r = g+ p— 2. Then we expect, for dimension reasons, that
it is likely (when varying p) that, for some u € U (F,), the upper bound in Theorem 4.12
for the number of elements of U(Z) with image w in U (F,) is not sharp. Then, as in
the classical Chabauty method, one must combine the information gotten from several
primes, analogous to Mordell-Weil sieving [27]. In our situation, this amounts to the
following. Suppose that we are given a subset B of U(Z) that we want to prove to be
equal to U(Z). Let B’ be the complement in U(Z) of B. For every prime p > 2 not
dividing n, Theorem 4.12 gives (interpreting A as in the end of the proof of the theorem)
a subset O, of J(Z), with O, a union of cosets for the subgroup p-ker(J(Z) — J(F})),
that contains j,(B’) Then one hopes that, taking a large enough finite set S of primes,
the intersection of the O, for p in S is empty.

5. Parametrisation of integral points, and power series

In this section we give a proof of Theorem 4.10. The main tools here are the formal
logarithm and formal exponential of a commutative smooth group scheme over a Q-
algebra [20, Theorem 1]: they give us identities like n-g = exp(n-logg) that allow us to
extend the multiplication to elements n of Z,,.

The evaluation map from Zp,(z1,...,2,) to the set of maps Zj — Z, is injective
(induction on n; nonzero elements of Z,(z) have only finitely many zeros in Z,).

We say that a map f: Zy — Z;' is given by inlegral convergent power series if its

A
coordinate functions are in Z,(z1,...,2,) = O (A%p) " This property is stable under

composition: composition of polynomials over Z/p*Z gives polynomials.

5.1. Logarithm and exponential

Let p be a prime number, and let G be a commutative group scheme, smooth of relative
dimension d over a scheme S smooth over Z,, with unit section e in G(S). For any
s in S(F,), G(Zp)e(s) is a group fibred over S(Z,),. The fibres have a natural Z,-
module structure: G(Zp), ) is the limit of the G(Z/p"Z)e(s) (n = 1), S(Zp), is the
limit of the S(Z/p"Z), and for each n > 1, the fibres of G(Z/p"Z)¢(sy — S(Z/p"ZL)s
are commutative groups annihilated by p™~!. Let Tg/s be the relative (geometric)
tangent bundle of G' over S. Then its pullback T /g(e) by e is a vector bundle on S of
rank d.

Lemma 5.1.1. In this situation, and with n the relative dimension of S over Z,, the
formal logarithm and exponential of G base-changed to Q® Og, s converge to maps

log: éZ(s) (Zp) = G(Zp)e(s) - (TG/S(B)) (ZP)O(S)a
exp: TG/S(e)g(S) (Zp) = (Tys(€)) (Zp) o) — G(Zp>e(s)a
that are each other’s inverse and, after a choice of parameters for G — S at e(s) as

~ A
in definition (3.1), are given by n+d elements of O(Gp ) " and n+d elements of

e(s)
o (TG/S(e)g(s)) .
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we have a-g = exp(a-logg), and after a choice of
)= G(Zp)e(s) is given by n+d

For a in Z, and g in G(Zp)e(s),
parameters for G — S at e(s), this map Z, X G(Zp)e(s

Ap ~ ~
elements of O (A%p Xz, G’;(s)) . The induced morphism Ay x (Gi(s))F — (Gﬁ(s))F ,

where (éz(s))F is viewed as the product of Ts, (s) and Tgys(e(s)), is a morphism

over T, (s), bilinear in Alle and T s(e(s)).

Proof. Let t1,...,t, be in Og s such that p,ty,...,t, are parameters at s. Then we have
a bijection

t: S(Zy), — Ly, ap - (ti(a),... ta(a)). (5.1.2)

Similarly, let z1,...,x4 be generators for the ideal I.(5) of e in Og, (). Then p, the ¢; and
the x; together are parameters for Og (s and give the bijection

(t,x)~: G(Zy) —>Z;?+d, b p Lt (b),...,2q(D)). (5.1.3)

e(s)
The dz; form an Og ¢-basis of Qé / s(e)s and so give translation-invariant differentials w;

on Gog . As G is commutative, for all 4, dw; = 0 [20, Proposition 1.3]. We also have the
dual Og s-basis 9; of T/ g(e) and the bijection

(62)™: (Tays(€)) (Zp)ogsy — Z3H, (Za> o p (11 (@), (@)1 ).

(5.1.4)

Then log is given by elements log; in (Q® Og s)[[z1,...,z4]] whose constant term is 0,
uniquely determined [20, Proposition 1.1] by the equality

dlog, =w; in &; Og 4[[z1,...,24]]-dz;. (5.1.5)

Hence the formula from calculus, log;(z) —log,;(0) = fol (t — tz)*w;, gives us that with

log; = Zlogi7JxJ and log; ; € (Q®0ss), (5.1.6)
J#0

we have — for all 4 and J, with |.J| denoting the total degree of z7/ —
|J|'10gi,J€OS,s- (517)

The claim about convergence and definition of log: G (Zp)e(s) — (Tays(e)) (ZP)O(S)7 is now

equivalent to having an analytic bijection ZZ*d — ZZ*d given by
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G (Zp)e(s) (Tays(e)) (Zp)o(s)
l(f )™ l(tvf)w
Zntd ! Zn+d, (5.1.8)
(ab) ———— (ap~" (Xz0logis (@) (k0)”) )

We have, for each 1,

[7]-1
_ - b e
p~t> log ; (71 (@) (b)) =) g7 (10g:,5) (@) b, (5.1.9)
J#0 J#0
- - - Ap
For each ¢, this expression is an element of Z, <t1,...,tn,i1,...,5sd> =0 (GZ(S)> , even

when p = 2, because for each J, |J|log, ; is in O s, which is contained in Z, <fl, ... ,t~n>,

and the function Z>1 — Q,, 7+~ p" ! /r, has values in Z,, and converges to 0. The existence

and analyticity of log is now proved (even for p=2). As p > 2, the image of equation (5.1.9)
~ A

inlF,®0O (GZ(S)> "is Z;, and on the first n coordinates, log is the identity — so by applying

Hensel mod powers of p, log is invertible, and the inverse is also given by n+ d elements

of O (fg/g(e)g(s)> !
The function Z, x G (Zp)e(s) -G <Zp)e(s)7 (a,g9) — exp(a-logg), is a composition of maps
given by integral convergent power series, hence it is also of that form. O

5.2. Parametrisation by power series

The notation and assumptions are as in the beginning of §4; in particular, p > 2 and T
is as defined in diagram (2.12). We have a t in T (F,), with image j,(u) in J(F,), and
a t in T(Z) lifting t. For every Q in T(Z) mapping to j,(u) in J(F,), there are unique
e € Z>P~" and n € Z" such that Q = e-Dy(n): the image of Q in J(Z) is in J(Z);,(u), and
hence differs from the image x; in J(Z) of t by an element of J(Z) (with here 0 € J (F})),
>, nix; for a unique n € Z", and hence Dj(n) and @ are in T'(Z) and have the same image
in J(Z), which gives the unique . So we have a bijection

2P XL — T(Z) ) ={Q €T(Z) : Q  ju(u) € J(Fp)},
(e,n) — e -Di(n). (5.2.1)

But a problem that we are facing is that the map Z" — T (Fp)jb(u) sending n to the image
of Dj(n) depends on the (unknown) images of the P j, R, ; and S ; from formula (4.1)
in P*#~1(F,), and so we do not know for which n and ¢ the point e-Di(n) is in T(Z);.
Luckily, we have the ZX*~!-action on T'(Z,). Using the fact that ZX =F) x (1+pZ,),
we have F*#~! acting on T(Zp)jb(u) compatibly with the torsor structure on T' (Fp)jb(u)'

So for every n in Z" there is a unique £(n) in F)>*~! such that £(n)-Dy(n) is in T(Z,),.
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We define
D'(n) :=&(n)-Di(n). (5.2.2)
Then for all n in Z",

kz(n) = Di((p—1)n)=D'((p—1)-n), (5.2.3)
because Dj((p—1)-n) maps to ¢t in T'(FF,,). Moreover, for every @ in T(Z), there is a unique
n € Z" and a unique ¢ € Z*?~! such that Q = ¢-D;(n) = £(n)-D;(n) = D'(n). Hence

T(Z), c D'(Z"). (5.2.4)

The following lemma proves the existence and uniqueness of the ; of Theorem 4.10 and
the claims on the degrees of the %;:

Lemma 5.2.5. After any choice of parameters of Or , as in Theorem 4.10, D" is given

A
by elements K, ... 1 0fO (A%p) p, and then kz is given by K1,...,Kgyp,—1 With, for

’ng+p—
allie{l,....g+p—1} and all a € Zy,

ki(a) = ki((p—1)a).

For alli in {1,...,g+p—1}, we let ] be the reduction mod p of k. Then &y,...,K, are
of degree at most 1, and the remaining E;- are of degree at most 2.

Proof. In order to get a formula for D'(n), we introduce variants of the P; ;, R, ; and

St ; as follows. The images in (J X (Jvo)ﬂ 1) (F,) of these points are of the form (0,%),

(0,%) and (x,0), respectively. Hence the fibres over them of P*-?~1 are rigidified — that
is, equal to Iﬁ‘g’pfl. We define their variants P, R/ 7 and S/ in P*r~1(Z,) to be the

unique elements in their orbits under F-#~ ! Whose images in P>< P=1(F,) are equal to
the element 1 in F)>#~'. Replacing thebe P j, R; 7 and S7 ; in formulas (4.2) and (4.3) by
P ;, R, - and S’ gives variants A’, B’ and C’, and usmg these in definition (4.4) gives
a varlant Di(n) of definition (5.2.2).
Then for all n in Z", we have that D7(n) and D'(n)
because both are in P*>?~!(Z,), and in the same F)"
inZ",

17’

(as in definition (5.2.2)) are equal,
p=1_orbit. Hence we have, for all n

s I
— .. SL ! — R
= E LT QSM,, B'(n) = E i 1Ri,t7

r r (5.2.6)
/
= Zlni.l Zgnj 2 Pivj )
i=1 j=1
D'(n) = (C'(n) +2 B'(n)) +1 (4’ (n) +21) .
This shows how the map n+— D’(n) is built up from the two partial group laws +; and
+5 on P**~1 and the iterations -; and -5. Lemma 5.1.1 gives that the iterations are

given by integral convergent power series. The functoriality in §3 gives that the maps
induced by 47 and +2 on residue polydisks are given by integral convergent power series.
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Stability under composition then gives that n— D'(n) is given by elements ...,k , 4
of Zp(z1,...,2r).

We call the &} the coordinate functions of the extension D': Zj — T (Zy), = Z5T°71,
and their images E’l,...,ﬁg+p_1 in Fp[z1,...,2-| the mod p coordinate functions, viewed
as a morphism E],Fp: Af — A%:‘p -t

The mod p coordinate functions of A": Zj — P>~ (Z,) = Z£9+~ (after choosing the
necessary parameters) are all of degree at most 1. The same holds for B’. We define

Ch: "X 7" —s P*P~Y(Z,),  Ch(n,m) Z ni Z mi-o P . (5.2.7)

Then the mod p coordinate functions of C5, elements of Fp[z1,...,2,41,...,Yr), are linear
in the z; and in the y; — hence of degree at most 2 — and the same follows for the mod p
coordinate functions of C’. However, as the first pg parameters for P**~! come from
J x JVP~1 and the first and second partial group laws there act on different factors, the
first pg mod p coordinate functions of C’ are in fact linear. As D’ is obtained by summing

the results of A’, B and C’ using the partial group laws, we conclude that &y,...,, are
of degree at most 1, and the remaining %; are of degree at most 2. The same hO]db then
for all &;. U

5.3. The p-adic closure

We know from equation (5.2.3) that kz(Z") = D'((p—1)Z"). From formula (4.9) we know
that kz(Z") C T(Z)¢, and from formula (5.2.4) we know that T(Z); C D'(Z"). So together
we have

D'((p—1)Z") = kz(Z") C T(Z), C D'(Z7). (5.3.1)

We have extended D’ to a continuous map Ly = T (Zy),- As Z,, is compact, D’ (Z;) is
closed in T'(Zy),. As Z" and (p—1)Z" are dense in Z;, the closures of their images under
D' are both equal to D’ (Z;) and equal to k (Z;). This finishes the proof of Theorem 4.10.

6. Explicit description of the Poincaré torsor

The aim of this section is to give explicit descriptions of the Poincaré torsor P* on
J x JY-9 and its partial group laws, to be used for making computations when applying
Theorem 4.12. The main results are as follows. Proposition 6.3.2 describes the fibre of P
over a point of J x JY:0  say with values in Z/p?Z with p not dividing n or in Z[1/n],
when the corresponding points of J and JY' are given by a line bundle on C (over
Z/p*Z or Z[1/n], and rigidified at b) and an effective relative Cartier divisor on C' (over
Z/p*Z or Z[1/n]). It also translates the partial group laws of P> in terms of such data.
Lemma 6.4.8 shows how to deal with linear equivalence of divisors. Lemma 6.5.4 makes
the symmetry of P* explicit. Lemma 6.6.8 gives parametrisations of residue polydisks
of P* (Z/pzZ), and Lemma 6.6.13 gives partial group laws on these residue polydisks.
Proposition 6.8.7 describes the unique extension over J x JY:0 of the Poincaré torsor on
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(J X J V’O) YL in terms of line bundles and divisors on C. Finally, Proposition 6.9.3
describes the fibres of P over Z-points of J x JV-°.

In this article, we have chosen to use line bundles and divisors on curves for describing
the Jacobian and the Poincaré torsor. Another option is to use line bundles on curves
and the determinant of coherent cohomology, as in [25, §2]. We note that there only the
restriction of P to J% x JV0 is treated, and moreover, under the assumption that C is
nodal (that is, all fibres Cy, are reduced and have only the mildest possible singularities).
Another choice we have made is to develop the basic theory of norms of Gy,-torsors under
finite locally free morphisms in this article (§§6.1 and 6.2) and not to refer, for example,
to EGA or SGA, because we think this is easier for the reader and because this way we
can adapt the definition directly to our use of it.

6.1. Norms

Let S be a scheme, and let f: S’ — S be finite and locally free, say of rank n. Then
Og = f.Og (we view Og: as a sheaf on S) is an Og-algebra, locally free as an Og-module
of rank n, and OF, is a subsheaf of groups of GLo4(Os/). Then the norm morphism is
the composition

Norms//s

0%, —— GLo,(0g) —2% 0. (6.1.1)

Our viewing of Og as a sheaf on S does not change the notion of OF,-torsor, because
of the equivalence with invertible Og/-modules: triviality locally on S’ implies triviality
locally on S.

For T' an Og,-torsor, we let Normg: /g(T") be the Og-torsor

Normg 5(T) := O3 Dox T = (03 xT) /0%, (6.1.2)

with — for every open U of S and every u € OF(U) — u acting as (v,t) —
(U-Norms//s(u),u_l-t). This is functorial in T: a morphism ¢: T3 — T5 induces an
isomorphism Normg:,g(¢). It is also functorial for cartesian diagrams (S5 — Sz) —
For U C S open, T an Og-torsor and ¢ € T(U), we have the isomorphism of
0% |, ~torsors  OF |, = T|y sending 1 to t. Functoriality gives Normg g(t) in
(Normg:,5(T))(U), also denoted 1®¢*.
The norm functor (6.1.2) is multiplicative:

NOI‘mS//S (T1 R0y Tz) = NOI‘mS//S(Tl) Rog Norms//S(Tg) (613)
such that if U C S is open and ¢; and ¢y are in T3 (U) and T>(U), then
Normg /g(t1 @ t2) = Normg: /g(t1) ® Normg, g (t2). (6.1.4)

Let £ be an invertible Og/-module; locally on S, it is free of rank 1 as an Og:-
module. This gives us the Og -torsor (on S) Isomp, (Os/,L), which gives back L as
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L=0g ®O;/ Isomo,, (Og/,L). The norm of £ via f: S" — S is then defined as

Normg/5(£) := Os Rojx Normg: /g (Isomo, (Og/,L)) . (6.1.5)

This construction is functorial for isomorphisms of invertible Qg ,-modules.

6.2. Norms along finite relative Cartier divisors

This part is inspired by [21, §1.1]. Let S be a scheme and f: X — S be an S-scheme
of finite presentation. A finite effective relative Cartier divisor on f: X — S is a closed
subscheme D of X that is finite and locally free over S, and whose ideal sheaf Ip is
locally generated by a nonzero divisor (equivalently, Ip is locally free of rank 1 as an
Ox-module). For such a D and an invertible Ox-module £, the norm of £ along D is
defined, using definition (6.1.5), as

Normp/g(L) := Normp,s(L|p). (6.2.1)
Then Normp,5(£) is functorial for cartesian diagrams (X’ — S5",L") — (X — S,L).

Lemma 6.2.2. Let f: X — S be a morphism of schemes that is of finite presentation.
For D a finite effective relative Cartier divisor on f, the norm functor Normp,g in
definition (6.2.1) is multiplicative in L:

NormD/S(£1 ®E2) = NormD/S(ﬁl) Rog NOrmD/S(LQ), (623)
with — for U C S open, V.C X open, containing f~*UND and l; € L;(V) generating
Lily -

NOI‘IHD/S(ll ®12) = NOI‘IIlD/S(ll) ®NOI‘H1D/S(12). (624)

Let Dy and Dy be finite effective relative Cartier divisors on f. Then the ideal sheaf
Ip,Ip, C Ox is locally free of rank 1 and the closed subscheme D1+ Do defined by it is
a finite effective relative Cartier divisor on f. The norm functor in definition (6.2.1) is
additive in D:

Normp, 4+ p,)/s(£) = Normp, /5(L) ®ogs Normp, /5(L), (6.2.5)

with — for U C S open, V C X open, containing f~*UN(D1+ D) andl € L(V) generating
‘C|D1+D2 -

Norm(p, 4+ p,)/s(l) = Normp, ,5(I) ® Normp, /5(1). (6.2.6)

Proof. Let D; and D, be as stated. If V C X is open and f; generates Ip, |V, then ffo
generates (Ip,Ip,)|y,, and this element of Ox (V) is not a zero-divisor because f; and f>
are not. To show that Dy + D5 is finite over S, we replace S by an affine open of it and
then reduce to the noetherian case, using the assumption that f is of finite presentation.
Then (Dj + D2)req is the image of D1 yea [ D2,rea — X, and therefore is proper. Hence
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D1 + D4 is proper over S and quasi-finite over S, hence finite over S. The short exact
sequence

ID2/1D1+D2 E— OD1+D2 — ODZ
H (6.2.7)

(ID2)|D1

shows that Op,+p, is locally free as an Og-module, whose rank is the sum of the ranks
of the Op,. So D1+ Dy is a finite effective relative Cartier divisor on X — 5.

We prove equation (6.2.5) by proving the required statement about sheaves of groups.
The diagram

Norm(p, +p,)/s

Normp. /s XNorm 5

X X X 1/8 D3 /S ~x % . %
_—

Op,+p, — Op, xOp, —éosxos 0g,

U Normp, /s (u)NormDQ/s (u),
(6.2.8)

commutes, because multiplication by w on Op,y+p, preserves the short exact
sequence (6.2.7), multiplying on the sub and quotient by its images in Ogl and in
Op,; note that the sub is an invertible Op,-module. O

6.3. Explicit description of the Poincaré torsor of a smooth curve

Let g be in Z>,, S be a scheme and 7: C — S be a proper smooth curve, with
geometrically connected fibres of genus g, with a section b € C(S). Let J — S be its
Jacobian. On C x g J we have £V the universal invertible O-module of degree 0 on C,
rigidified at b.

Let d >0 and C¥ be the dth symmetric power of C' — S (we note that the quotient
C? — C@ is finite and locally free of rank d!, and commutes with base change on S).
Then on C xg C@ we have D, the universal effective relative Cartier divisor on C' of

degree d. Hence on C x g.J x g C(® we have their pullbacks D; and Lg}id‘g, giving

Ny := NormDJ/(stC(d>) (LEey) - (6.3.1)

This invertible @-module Ny on J xg C(®| rigidified at the zero-section of J, gives a
morphism of S-schemes C4) to Pic, /s- The point db (the divisor d times the base point b)
in C(4(8) is mapped to 0, precisely because £V is rigidified at b, and equation (6.2.5).
Hence there is a unique morphism O: C(4) — JY = Pic /s such that the pullback of the
Poincaré bundle P on .J x J by (id,0): J x C¥ — J x JV, with its rigidifications, is the
same as Ny. The following proposition tells us what the morphism O is, and the next
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section tells us what the induced isomorphism is between the fibres of Ny at points of
J x C4) with the same image in J xg J:

Proposition 6.3.2. The pullback of P by (jb,j;’fl) :Cxsd— JxgJV together with

its rigidifications at b and 0 is equal to L™V,

Let d be in Zso. The morphism O: C(4) — JV = Pic(}/s is the composition of first
¥: 0@ — J, sending, for every S-scheme T, each point D € CD(T) to the class
of Oc, (D — db) twisted by the pullback from T that makes it rigidified at b, followed

*
by jlf’_lz J — JV. Summarised in a diagram, with M := (id xjg’_1> P, this is:

Luniv P M idx% Nd’

(6.3.3)

idx gyt idxs

. ok, —1
cidacl} IxgJV P gxeJ 2 g0,

CXSJ

Then M, with its rigidifications at {0} xg J and J xg {0}, is symmetric. For T — S, x
in J(T) given by an invertible O-module £ on Cr rigidified at b and y =X(D) in J(T)
given by an effective relative divisor D of degree d on Cr, we have

P (;1;7]';‘7—1@)) = M(z,y) = Normp 7p(L). (6.3.4)
For ¢y and co in C(S), we have
M (Gb(c1),dv(c2)) = 5 (Oc(c1 = b)) @0" (O (b—c1)), (6.3.5)

and as invertible O-modules on C xgC, with A the diagonal and pry: C xgC — S the
structure morphism, we have

(Jo % jb)" M = O(A) @ priO(=b) @ pryO(—b) @ pryb™Tcs- (6.3.6)

Ford>2g—2, @i gives Ny a descent datum along id x ¥ that gives M on J xgJ. For
T an S-scheme, x € J(S) given by L on Cr (rigidified at b) and Dy and Dy in C(@)(S)
and C(%)(S), the isomorphism

M(2,5(Dy + Ds)) = M(2,5(D1)) @ M(2,5(D5)) (6.3.7)

corresponds via id X ¥ to

N, +d, (%,D1+ D2) = Normp, 4 p,y/r(£) = Normp, ;7(L) ® Normp, (L)

6.3.8
:Nd1($7Dl)®Nd2(an2)> ( )

using Lemma 6.2.2.
For T an S-scheme and x1 and x5 in J(T) given by O-modules L1 and Lo on Cr,
rigidified at b, and D in C9(T), the isomorphism

M(z1 +22,5(D)) = M(21,5(D)) @ M(a2,5(D)) (6.3.9)
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corresponds via id X ¥ to

Na(z1 +29,D) = Normp (L1 ® L3) = Normp 7 (£1) @ Normp 7 (L)

6.3.10
:Nd(ﬂfl,D)®Nd(x2,D)7 ( )

using Lemma 6.2.2.

Proof. Let T be an S-scheme and x be in J(T'). Then z corresponds to the invertible O-
module (id x z)* £ on Cy, rigidified at b. Define z ::j;’_l(x) in JY(T'). Then j; (z) ==z,
meaning that the pullback of (id x z)*P on Jp rigidified at 0 by j; equals (id x z)* £V
on Cr rigidified at b. Taking T":= J and x the tautological point gives the first claim of
the proposition.

The symmetry of M with its rigidifications follows from [25, Equation 2.7.1,
Lemma 2.7.5 and Equation 2.7.7], using equation (2.9).

Now we prove equation (6.3.4). Let T and z be as before, and y = 3(D) in J(T) given
by a relative divisor D of degree d on Cp. As C% — C'4) is finite and locally free of rank d!,
we may and do suppose that D is a sum of sections, say D = ijl(ci), with ¢; € C(T).
Then we have, functorially,

P (77 W) = P (viy @) = P (2(D)g; ™ (@)
=P (Zjb(ci),j;’l(x)> = ®P (jb(ci),jZ’*l(fv)) (6.3.11)
= ®L”ni"(ci,m) = ®£(Ci) = Normp 7 (£).

Identities (6.3.5) and (6.3.6) follow directly from equation (6.3.4).

Now we prove the claimed compatibility between the isomorphisms in equations (6.3.9)
and (6.3.10). We do this by considering the case where £ is universal — that is, base-
changing to Jr and = the universal point. Then on Jp we have two isomorphisms from
Norm(p, 4+ p,)/J,(£) to Normp, ;;,(£) ® Normp, s, (£). These differ by an element of
O(Jr)* =O(T)*. Hence it suffices to check that this element equals 1 at 0 € J(T'). This
amounts to checking that the two isomorphisms are equal for £ = O¢,. with the standard
rigidification at b. Then both isomorphisms are the multiplication map Or ®o, Or — Or.

The compatibility between the isomorphisms in equations (6.3.7) and (6.3.8) is proved
analogously. O

Remark 6.3.12. From Proposition 6.3.2 one easily deduces in that situation — for 7" an
S-scheme, z in J(T) given by an invertible O-module £ on Cr and D; and Dy effective
relative Cartier divisors on Cp, of the same degree — a canonical isomorphism

M(z,2(D1) — B(D5)) = Normp, ;7(L) ® Normp, ;7 (L) ", (6.3.13)

satisfying the analogous compatibilities as in Proposition 6.3.2. No rigidification of £ at b
is needed. In fact, for £y an invertible Or-module, we have Normp, /7 (7 Lo) = E? d, where
m: Cp — T is the structure morphism and d is the degree of D;. Hence the right-hand
side of equation (6.3.13) is independent of the choice of L, given z.
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6.4. Explicit isomorphism for norms along equivalent divisors

Let g bein Z>1, S be a scheme and p: C — S be a proper smooth curve, with geometrically
connected fibres of genus g, with a section b € C(S). Let Dq,Dy be effective relative
Cartier divisors of degree d on C, which we also view as elements of C(?(S). Recall
from Proposition 6.3.2 the morphism X: C@ — J. Then ¥(D;) = X(Dy) if and only if
D1,D5 are linearly equivalent in the following sense: locally on S, there exists an f in
Oc(U)*, with U := C\ (D1 U Ds), such that f-: Oy = Oy extends to an isomorphism
f: Oc(D1) = Oc(Ds2). In this case, we define div(f) = Dy — D;. Proposition 6.3.2 gives
us, for each invertible O-module £ of degree 0 on C rigidified at b (viewed as an element
of J(S)), specific isomorphisms

NOI’le/S(C) :Nd(ﬁ,Dl) = M(£7E(D1)) = M(£7E(D2)) :Nd(ﬁ,Dg)

6.4.1
= Normp, /s(L). ( )

Now we describe explicitly this isomorphism Normp, /g(£) — Normp, ;s(L). To do so we
first describe an isomorphism

OrL. D1, Dyt Norle/S(ﬁ) — Norsz/S(ﬁ) (6.4.2)

that is functorial for cartesian diagrams (C’ — S’,L',.D},D}) — (C' — S,L£,D1,D5), and
then we prove that this isomorphism is the one in equation (6.4.1).

We construct ¢, p, p, locally on S, and the functoriality of the construction takes
care of making it global. So suppose that f is as before: f € Oc(U)* and f-: Oy — Oy
extends to an isomorphism f-: Oc(D1) = Oc(Dz2). Set n € Z with n > 2g —2+2d. Then
P« (L(nb)) = pL(nb)|p,+p, and p.(Oc(nb)) = p.Oc(nb)|p,+p, are surjective, and (still
localising on S) p.(L£(nb)) and p.(Oc(nd)) are free Og-modules and L(nb)|p,+p, and
Oc¢(nb)|p,+p, are free Op, + p,-modules of rank 1. Then we have Iy in (£(nb))(C) and I;
in (Oc(nb))(C) restricting to generators on Dy + Dg. Define D~ :=div(ly), Dt :=div(ly)
and V :=C\ (DT + D7). Note that V contains D; + Dy and that U contains Dt + D~.
Then on V, 1 :=1y/ly is in £(V) and generates L|p, +p,, and multiplication by [ is an
isomorphism I: O¢ (Dt —D~) — L — that is, div(l) = DT — D~. Let

f(div(l)) = f (D" = D7) :=Normp+ /5 (f|p+)-Normp- ;5 (f|p-) " € Os(S)*, (6.4.3)
and let ¢, ; ¢ be the isomorphism

@r,p: Normp, /5(L) — Normp, ,5(L), (6.4.4)
Normp, /5(1) — f(div(l))_1 ‘Normp, /5(1),

given in terms of generators. Now suppose that we made other choices n’, I, I{. Then
we get D=/, D' V' I’ and @r 1, f, and there is a unique function g € Oc(V NV’)* such
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that I’ =gl in L(VNV"). Then
or,v,f(Normp, /s(1)) = ¢z, ¢ (Normp, /s (97 '1'))
=wcv,s (97 (D1)Normp, ,5(1))

g (D1)per, s (Normp, /5(1"))
=g~ '(Dy)-f(div(l")) " -Normp, 5(I')
=g 1(Dy) f(dlv(gl))_l-NormDZ/S(gl) (6.4.5)
=g 1(Dy)-f(div(g )+d1v(l)) -9(D2)-Normp, /(1)
=g "(Dy)-f(div(g)) " -g(D2)-f(div(l))~"Normp,,s(l)

)~
= g(div(f))-f(div(9)) " oza,r (Normp, /(1))
=@r.1.5 (Normp, ;5(1)),
where in the last step we used Weil reciprocity, in a generality for which we do not know
a reference. The truth in this generality is clear from the classical case by reduction to
the universal case, in which the base scheme is integral: take a suitable level structure
on J, then consider the universal curve with this level structure and the universal 4-tuple
of effective divisors with the necessary conditions. We conclude that ¢, ¢ = @r 1 5.
Now suppose that f’ is in O¢(U)* with div(f’) = div(f). Then there is a unique
u € Og(S)* such that f' =w-f, and since £ has degree 0 on C,
oL (Norle/S(l)) = (Uof)(div(l))*1~NormD2/S(l)
u~ 4eedv0) £(div(1)) = -Normp, /5 (1) (6.4.6)
= f(div(l))_l-NormD2/s(l) =@L,lf (NOI‘le/S(l)) .
Hence @1y = ¢r,1, . We define
©D1, Dy, L Norle/S(,C) — Normp, /5(£) (6.4.7)

as the isomorphism ¢, ; ; in formula (6.4.4) for any local choice of f and .

Lemma 6.4.8. With the assumptions as in the beginning of §6.4, the isomorphism
@r, Dy, Dy M formula (6.4.7) is equal to the isomorphism in equation (6.4.1).

Proof. We do this, as in the proof of Proposition 6.3.2, by considering the case of the
universal £ — that is, we base-change via J — S — and then restricting to 0 € J(5).
This amounts to checking that the two isomorphisms are equal for £L = O¢ with the
standard rigidification at b. In this case, Normp, ,s(Oc) = Og, with Normp, ,s(1) = 1.
Hence ¢p, p,,0c = ¢0c,1,f is the identity on Og (use definition (6.4.4)). The other
isomorphism is the identity on Qg because of the rigidifications of M and Ny on 0 x J
and 0 x C(4. O

6.5. Symmetry of the norm for divisors on smooth curves

Let C — S be a proper and smooth curve with geometrically connected fibres. For D,
D, effective relative Cartier divisors on C we define an isomorphism

©Dy, Dy NOI‘le/S(OC(Dg)) — NormD2/S((’)C(D1)) (6.5.1)
that is functorial for cartesian diagrams (C'/S’,D7,D4) — (C/S,D1,Ds).
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If suffices to define this isomorphism in the universal case — that is, over the scheme
that parametrises all D; and D,. Let d; and dy be in Z>(, define U := Cld1) x o Cd2)
and let Dy and Dy be the universal divisors on Cp;. Then we have the invertible O -
modules Normp, ,;(Oc(D2)) and Normp, ;;(Oc(D1)). The image of D1 N Dy in U is
closed; let U° be its complement. Then over U?, D; and D, are disjoint, the restrictions
of Normp, /i7(Oc(D2)) and Normp, ;;(Oc(D1)) are generated by Normp, (1) and
Normp, 7(1) and there is a unique isomorphism (¢p,,p,); o that sends Normp, ,7(1)
to Normp, /7 (1).

We claim that this isomorphism extends to an isomorphism over U. To see it, we
base-change by U’ — U, where U’ = C% x g C%; then U’ — U is finite and locally free
of rank di!-ds!. Then Dy = Py +---+ Py, and Dy = Q1 +--- 4+ Qq,, with the P; and Q;
in C(U’). The complement of the inverse image U’® in U’ of U° is the union of the
pullbacks D; j under pr; ;: U’ — C x gC of the diagonal — that is, the locus where P; = Q;.
Each D, ; is an effective relative Cartier divisor on U’, isomorphic as an S-scheme to
C%+d2=1 and hence smooth over S. Now

Norle/U/(O(Dg)):®P;O(Qj), Norsz/U/((’)(Dl)):®Q;(’)(Pi), (6.5.2)

and on U0,

Normp, /(1) = ®1, Normp, /(1) = ® 1, inO (U'O). (6.5.3)
2% 2y

The divisor on U’ of the tensor-factor 1 at (4,7), both in Normp,,y/(1) and in
Normp, /7 (1), is D; ;. Therefore the isomorphism (¢p, p,);0 extends uniquely to an
isomorphism ¢p, p, over U’, which descends uniquely to U.

Our description of ¢p,, p, allows us to compute it in the trivial case where D; and Ds
are disjoint. One should be a bit careful in other cases. For example, when d; =dy =1
and P = @, we have that P*O¢(Q) = P*O¢(P) is the tangent space of C — S at P, and
hence also at @, but ¢p, ¢ is multiplication by —1 on that tangent space. The reason for
that is that the switch automorphism on C' x g C induces —1 on the normal bundle of the
diagonal.

Lemma 6.5.4. Let b be an S-point on C. Because of the symmetry in Proposition 6.5.2,
using equation (6.3.13)), we have for Dy, Dsy relative effective divisors on C of degree
dy,do over S the following diagram of isomorphisms defining ¥p, p,:

M(2(D2),5(D1)) === Normp, ;5(Oc(D2 —dsd)) ©0*Oc (D3 — d2b) ="
\ [oeue
M(X(D1),5(D3)) == Normp, /s5(Oc(D1 —d1b)) @b*Oc (D1 — dib)~%.
Then
YDy, Dy = ¥Dy,Dy @ @B},dﬂ, ® 80211@1)2 ® Pdyb,dab- (6.5.5)
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Moreover, the isomorphisms ¢p, p, and consequently Yp, p, are compatible with addition
of dwisors — that is, under equations (6.3.10) and (6.3.8), we have for every triple
D1,D5, D3 of relative Cartier divisors on C

¥D14D3,D3 = ¥Dy,D3 @ P Dy, Dy, $D1,Dy4+D3 = ¥Dy,Ds @YDy, Dy- (656)

Proof. It is enough to prove the lemma in the universal case — that is, when Dy and D,
are the universal divisors on Cy — and there we know that there exists a u in Oy (U)* =
Og(5)* such that

WD, Dy = D1, DsBPDr 4@, Dy @ P brdb- (6.5.7)

Since the symmetry in Proposition 6.3.2 is compatible with the rigidification at
(0,0) € (J x J)(S), ¥ayp.dop is the identity on Oy, as well as the right-hand side of
equation (6.5.5) when D; = d;b. Hence u = u(d1b,d2b) = 1, proving equation (6.5.5).
Now we prove equation (6.5.6). As with equation (6.5.5), it is enough to prove it in
the universal case, and then we can reduce to the case where D; = db, Dy = d2b and

D3 = d3b for d; positive integers, where we have

)

Od1bt-dab,dzb = Pdyb,dsb @ Pdob,dsb = (*1)(d1+d2)d3 (65.8)
Pd1b,dab+dzb = Pdib,deb @ Pdib,dsb = (*1)d1(d2+d3).

O

6.6. Explicit residue disks and partial group laws

Let C be a smooth, proper, geometrically connected curve over Z/p?, with a b € C(Z/p?),
g the genus and M be as in Proposition 6.3.2. Let D =Dt - D~ and E= Et — E~
be relative Cartier divisors of degree 0 on C. For each a in M* (F,) whose image in
(J x J)(Fp) is given by (D,E), we parametrise M* (Z/p?) _, under the assumption that
there exists a nonspecial split reduced divisor of degree g on Cf, .

Let by,...,b4 in C (Z/pz) have distinct images b; in C(F,) such that hO(C’]Fp,
by+---+by) =1 and let byi1,...,byy in C(Z/p?) be such that the by, are distinct and
hO(CFP,BgJ,.l —+ —|—Ezg) = 1. Then the maps

fi: C9— J, (c1,..y¢9) > [Oc (14 +cg— (b1 +---+by)+ D)],

6.6.1
fQZC'q—>J, (Cl,...,Cg)'—>[OC(Cl+‘°'+Cg—(bg+1+”'+bgg)+E)], ( )

are étale respectively in the points (b1, ...,by) € C9(F,) and (bgy1,...,bay) € C9(F,), and

. .o . 2 2 2
consequently give bijections CY (Z/p )(HME) —J (Z/p )B and CY (Z/p )(%TE) —
J (Z/p?)- For each point ¢ € C (F,) we choose
zp,c € Oc(—D). a generator and z. € O¢,. (6.6.2)

such that p and z. generate the maximal ideal of O¢ .

For each i =1,...,2g we choose z;, so that zy,(b;) = 0. For each (Z/p?)-point ¢ €
C(Z/pz) with image ¢ in C(F,) and for each A € Fp, let ¢\ be the unique point in
C (Z/pQ)E with zz(ca) = Ap. Then the map A+ ¢y is a bijection F, = C (Z/p2)6, and
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hence the maps f1, fo induce bijections

F)— J(Z/p)5, A= Dxi=D+(bix, —b1) +-+ (bgx, —by),

’ , (6.6.3)
]Fp —J (Z/p )f’ W— EH =F+ (bg+1,u1 — bg+1) +-+ (ng»Hg —bgg) .

Hence M* (Z/p )—F is the union of M* (Dy,E,) as A and p vary in FJ, and by
Proposition 6.3.2 and Remark 6.3.12 we have

M (D)UEM) = NOI‘mE+/(Z/p2) (Oc(D)\» (9 NOI‘mEf/(Z/pz)(OC(D)\))_l

®® ot s O (D)) ® bZHOC(D)\)*l) ' (6.6.4)

For each i € {1,...,9}, c € C’(Z/pz) and X € F,, we define z;(c,\) := 1 if ¢ # b; and
zi(e,\) == xp, — Ap if €= b;, so that c*z;(c,\)”! generates c*O(b; x). Then for each
ceC (Z/p2) and each A € F7,

g
= z;(c,0) .
c < Th. ]_;[1 xi(c,)\i)> generates ¢*O¢(D)). (6.6.5)

We write B+ = EO* ... 4 B9+ g0 Ehat E%* is disjoint from {51,...,59} and E&F,
restricted to Cf,, is supported on b;. Let zp g be a generator of Oc(=D) in a
neighbourhood of E*UE~. Then for each A in FY,

g
_ _ Ty,
Norm go,+ /(z/p2) (a:D}E) ® ®N0rmEi,i/(Z/p2) (xD}E . xb>\p> (6.6.6)
i=1 o

generates Normpgx /(z/,2)(Oc(Dy)). By expressions (6.6.4)(6.6.6), we see that for A and
pin FJ,

g
Ty,
SDaE(AHLL) NOHnE0 +/(Z/p?) (ID E) ®®NOI’H1E@ '+ /(Z)p?) (‘TD o b_)\)

=1

-1
— T,
® Norm go, - /(z/p2) (xD E) ®®N0TmEL /(Z/p?) (xD,lE ’ W)

®é b -1 ﬁ ;5 (bg+i,:,0)
e g+, g Dybg+! i1 CCJ (bg+i7lli7)\j)
g -1
- 2 (bg+i,0)
T P [ [ ARSI
g+ Dbyt ]1;[1 2; (g4 ;)
(6.6.7)
generates the free rank 1 Z/p*-module M (Dy,E,). The fibre M* (E,F) over (E,E)

n (JxJ)(Fp) is an F)'-torsor containing sp (0,0) and hence in bijection with F) by
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sending § in F) to {-sp £(0,0). Using the fact that (Z/pQ) " = F x (1+plF,), we conclude
the following lemma:

Lemma 6.6.8. With the assumptions and definitions from the start of §6.6, we have for
each £ € ¥ a parametrisation of the mod p? residue polydisk of M* at &-sp £(0,0) by
the bijection

F) x Fy xFp — M™ (Z/PQ)g.ma (A7) — (L+p7)-&sp, (A1)

Using this parametrisation, it easy to describe the two partial group laws on M* (Z / pz)
when one of the two points we are summing lies over (E7E) and the other lies over (E,O)
or (O,E). To compute the group law in J(Z/pQ)7 we notice that for each ¢ € C' (Z/pQ)
such that z.(c) =0 and for each A\, € F,, we have

2 2
Ty T, Lc

(@e=Ap)(wc—pp) a2 = Apre—ppre  we— (Ap)p’
and since these rational functions generate O¢ (cyx —c+c, —c¢) and Oc¢ (caqp —c¢) in a
neighbourhood of ¢, we have the equality of relative Cartier divisors on C'

(6.6.9)

(ex—c)+(cp—c)=cryp—c. (6.6.10)
Hence, under the definition for A € F§ of

DY = (b, —b1) 4+ (bgx, —bg),

E?\ = (bg+1,3 —bg+1) +---F (b2g7>\g - b2g) ) (6.6.11)
we have for all A\, € FJ that D>\—|—D2 = D)y, and EA—|—E2 = E)4,. Definition (6.6.7),
applied with (D,0) and (0,E), zo,g =1 and, for every ¢ € C(F,), zo, =1, gives for all
A p in FJ the elements

SD’O(A,,U) S MX (D,\7E2), SO’E(A,,LL) S MX (D&Eu) . (6612)
With these definitions, we have the following lemma for the partial group laws of M:

Lemma 6.6.13. With the assumptions and definitions from the start of §6.0, we have,
fOT’ all )‘7A17A27M7M17M2 in ]Fg;

sp,0(A 1) +25p E(A\p2) = spo(Ap1) @ sp e(Ap2) = sp, e (N 11 + p2),
s0, (A1) +15p, (A2, 1) = 8p,0( A1, 1) @ sp, E(A2, 1) = 5D, E (A1 + A2, 10).

X

s we have

Consequently, for all 71,72 €Fp and £1,& € F

§1(1+71p)-sp,0(Ap1) +2&2(14+72p)-sp, (A pi2) = E1 (1+71p)E2(1+72p) 5D, B (A, p1+112)
=616 (1+(T1+72)p) 5D, B(A p1+i2),

§1(1471p)-50, B (A1, 1) +1 §2(14T72p) -8, B( N2y 1t) = E1§2(1+(T1+72)p) 5D, E(A1+ A2, 1)
(6.6.14)

Proof. This follows from equations (6.6.9) and (6.6.10), together with the equiv-
alence of equations (6.3.7) and (6.3.8) and of equations (6.3.9) and (6.3.10) (in
Proposition 6.3.2). O
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We end this section with one more lemma.:

Lemma 6.6.15. The parametrisation in Lemma 6.0.8 is the inverse of a bijection given
by parameters on M* analogously to definition (3.1).

Proof. Let Q be the pullback of M by f1 X fa, with f; and fo as in formula (6.6.1). Then
the lift fixfa: Q% — M* is étale at any point 8 € Q(F,) lying over b= (by,...,ba)
in (C%)(F,) and induces a bijection between Q% (Z/pz)g and M* (Z/pQ)(ﬁﬁ). In

particular, we can interpret sp g (A, 1) as a section of Q (bl,,\l, e bgg7ug) and interpret the
parametrisation in Lemma 6.6.8 as a parametrisation of Q* (Z/ p2) 655 5(00)" It is then
enough to prove that the parametrisation in Lemma 6.6.8 is the inverse of a bijection
given by parameters on Q*. From the definition of ¢, for c € C (Z/ p2) and v € F,,, the
maps \; p;: C29 (Z/pz)g — I, are given by parameters in Oczg,g divided by p. In order to
see that the coordinate 7: Q% (Z/pz)gsD,E(o,o)

by p, it is enough to prove that there is an open subset U C C?9 containing b and a
section s trivialising Q|y such that sp g(A\p) =s (bl,)\l,...,bQQ’#g). Remark 6.3.12 and
formula (6.5.1) give

— IF,, is also given by a parameter divided

Q= ((mi,mg45)" Ocxc(A))

Q- 19

(7700 (B = (b1 +++++b2y)) 3,00 (D = (b -+ +1,)))
1

.
Il

g
®NOI"mE/Z/p2 (OC (D - (bl +ee +bg))) ®®b;+z‘OC (D - (bl +ee "’bg))_lv
i=1

(6.6.16)
where A C Cx(C' is the diagonal and ; is the ith projection C9 x C9 — C. We can
prove that there is an open subset U C C'9xCY containing b and a section s trivialising
Qlu such that sp g(Ap) = s (b1, b2g,) by trivialising each factor of the tensor
product in a neighbourhood of b. Let us see it, for example, for the pieces of the form
(miymg1j)" Ocxc(A). Let 71,72 be the two projections C' x C — C and let us consider the
divisor A: for each pair of points ci,co € C'(Fp), the invertible O-module Ocyxc(—A) is
generated by the section za ¢, ¢, :=1 in a neighbourhood of (¢1,¢2) if ¢1 # g, or by the
section Ta ¢,,c, 1= TiTe, — T3Te, In a neighbourhood of (c1,¢2) if ¢1 = co. If we now take
¢1 =bi,co = bgq; € C(Fp), we deduce that there is a neighbourhood U of (b;,bg4 ;) such
that x;}bi’bﬁj generates Ocxc(A)|y. For each A p € FY, the point (b x,,bg4j,,) lies

in U (Z/p?) and the canonical isomorphism (bi,)\iabg+j,u_j)*OCXC(A) =745, 0 (bix,)
sends the generating section (bi,Ai,bj’Mj)* a:&lchcz to b;w T; (bgﬂ')\i)*l, which is a factor

in definition (6.6.7). This gives a section s;; trivialising ((m;,7mg4;)" Ocxc(A)) in a
neighbourhood of b. With similar choices we can find sections trivialising the other factors
in equation (6.6.16) in a neighbourhood of b, and tensoring all such sections we get a
section s such that sp g(Apu)=s (b1,>\17 . 7b29,ug). O
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6.7. Extension of the Poincaré biextension over Néron models

Let C over Z be a curve as in §2 and let ¢ be a prime number that divides n. We also write
C for Uz, . Let J be the Néron model over Z, of Pic2 /0, and J Y its fibrewise connected
component of 0. On (J Xz, J) 0, Ve have M as in Proposition 6.3.2, rigidified at 0 x Jg,
and at Jg, x 0.

Proposition 6.7.1. The invertible O-module M on (J Xz, J) with its rigidifications,

Qq’
extends uniquely to an invertible O-module M with rigidifications on J xz, JO. The

biextension structure on M> extends uniquely to a biextension structure on M™.

Proof. First of all, J xz, JO is regular, hence Weil divisors and Cartier divisors are the

same and every invertible O-module on (J Xz, JO) 0 has an extension to an invertible
q

O-module on J xz, J°. So let M’ be an extension of M. Any extension M" of M is
then of the form M'(D), with D a divisor on J xz, JO with support in (J Xz, JO)]F )

Such D are Z-linear combinations of the irreducible components of the D; X, J]gq, where
the D; are the irreducible components of Jr, . Now M’| ;.o extends M|JQQ %0, and hence
the rigidification of /\/l|,]@q %0 18 a rational section of M|y whose divisor is a Z-linear
combination of the D;. It follows that there is exactly one D such that the rigidification
of M extends to a rigidification of M’(D) on J x 0. That rigidification is compatible with
a unique rigidification of M’(D) on 0 x J% We denote this extension M’(D) of M to
J %z, J° by M.

Let us now prove that the Gy,-torsor M* on J Xz, J Y has a unique biextension
structure, extending that of M*. Over J xz, J xz, J 0 we have the invertible @-modules
whose fibres at a point (x,y,2z) (with values in some Zg-scheme) are //\/lv(ery,z) and
M(z,z) ® M(y,z). The biextension structure of M* gives an isomorphism between the
restrictions of these over Q,, which differs from an isomorphism over Z, by a divisor with
support over ;. The compatibility with the rigidification of M over J Xz, 0 proves that
this divisor is zero. The other partial group law and its required properties follow in the
same way. We have now shown that M* extends the biextension M*. O

6.8. Explicit description of the extended Poincaré bundle

Let C over Z be a curve as in §2 and let ¢ be a prime number that divides n. We also
write C' for Cz, . By [22, Corollary 9.1.24], C' is cohomologically flat over Z,, which means
that for all Z,-algebras A, O(C4) = A (another reference for this is [28, Equations (6.1.4),
(6.1.6) and (7.2.1)]).

The relative Picard functor Picc,z, sends a Zg-scheme T' to the set of isomorphism
classes of (L£,rig), with £ an invertible O-module on Cr and rig a rigidification at b. By
cohomological flatness, such objects are rigid. But if the action of Gal (Fq /Fq) on the
set of irreducible components of Cﬁq is nontrivial, then Picc/z, is not representable by a
Zg4-scheme, only by an algebraic space over Z, [28, Proposition 5.5]. Therefore, in order
not to be annoyed by such inconveniences, we pass to S := Spec (Z;“r), the maximal
unramified extension of Z,. Then Picc/g is represented by a smooth S-scheme, and on
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C x g Picg g there is a universal pair (,C““iv,rig) [28, Proposition 5.5 and §8.0]. We note
that Picc g — S is separated if and only if CR is irreducible.
Let Pic[g]/s be the open part of Picg g where LY s of total degree 0 on the fibres

of C' — S. It contains the open part Pic% /s where LY has degree 0 on all irreducible
components of CE'

Let E be the closure of the O-section of Picc/g, as in [28]. It is contained in Pic[CO]/S.
By [28, Proposition 5.2], E is represented by an étale S-group scheme.

By [28, Theorem 8.1.4] or [9, Theorem 9.5.4], the tautological morphism Pic[co]/s —J
is surjective (for the étale topology) and its kernel is E, and so J = Pic[co]/S/E. Also, the

composition Pic%/s — Pic[g]/s — J induces an isomorphism Picoc/s — Jo.
Let Cj, i € I, be the irreducible components of C’?q. Then as divisors on C' we have

OFQ ZZT?’LZCZ (681)
i€l

The multidegree of £ an invertible O-module on C’?q is defined as

mdeg(L): I — Z, i dege, (£

i) (6.8.2)

and the total degree is then

deg(L) = Zmi dege, (Llc,)- (6.8.3)

iel
The multidegree induces a surjective morphism of groups
mdeg: Picc/s(S) — Z7. (6.8.4)

Now let d € Z! be a sufficiently large multidegree so that every invertible O-module £
on Cg with mdeg(L) = d satisfies H! (CE’£> =0 and has a global section whose divisor
is finite. Let £ be an invertible O-module on C, rigidified at b, with mdeg(Ly) = d.
Then over C xgJ° we have the invertible O-module £V ® £, and its push-forward &
to J°. Then £ is a locally free O-module on J°. Let E be the geometric vector bundle
over JO corresponding to £. Then over E, £ has its universal section. Let U C E be
the open subscheme where the divisor of this universal section is finite over J°. The J°-
group scheme Gy, acts freely on U. We define V :=U/Gy,. As the Gy-action preserves
the invertible @-module and its rigidification, the morphism U — J° factors through
U — V and gives a morphism X, : V — J% Then on C xgV we have the universal
effective relative Cartier divisor D"V on C xgV — V of multidegree d, and L™V ®
Lo together with its rigidification at b is (uniquely) isomorphic to Ocx v (D‘mi") R0y
b*Ocxev (—D‘mi") with its tautological rigidification at b; in a diagram,

£ L —— Ocngy (D) B0, P Ocxsv (-D™).  (685)
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Then for T an S-scheme, X, sends a T-point D on Cr to Oc, (D) ®o,
b*Ocp (—D) ®o. Ly* with its rigidification at b. Let so be in L£o(C) such that its
divisor Dy is finite over S, and let vg € V(.S) be the corresponding point.

On Pic[co]/ ¢ X5V xgC we have the universal LY from Pic[co]/ ¢ with rigidification at b

and the universal divisor D"™V. Then on Pic[co]/ g Xs 'V we have the invertible O-module
Ng,q whose fibre at a T-point (£,rig, D) is Normp 7 (L) ® o, Normp, 7 (L), canonically

trivial on Pic[g]/s X5 vg:

Ny a: (Pic[c‘”/ < X5 V) (T) 3 (L,rig, D) —— Normp, (L) @0, Normp, 7(£) L.

(6.8.6)

Any global regular function on the integral scheme Pic[co]/ g XgV is constant on the generic

fibre and hence in Q;™", and restricting it to (0,v9) shows that it is in Zy™; and if it is 1 on

Pic[co]/ ¢ X570, it is equal to 1. Therefore trivialisations on Pic[co]/ o X5 v rigidify invertible
O-modules on Pic[co]/s xgV.

The next proposition generalises [25, Corollary 2.8.6 and Lemma 2.7.11.2]: there, C' — S

is nodal (but not necessarily regular), and the restriction of M to J° x5 J is described:

Proposition 6.8.7. In the situation of §6.8, the pullback of the invertible O-module M
on J Xgune JO to Pic[co]/zm,r Xzunr V' by the product of the quotient map quot: Pic[g]/z,mr —J
q q q q
and the map Xz, V — J° is Ny a, compatible with their rigidifications at J x 0 and

. (0] ) .
PICC/Z;;‘" X vg. In a diagram:

P>< MX N><d

a;

J J l (6.8.8)

7Vv,0 0 - [0]

J XZEI“ J (W J XZ;mr J W PICC/ZE‘“" XZ;‘““ V.

For T' any Zy""-scheme, x in J(T') given by an invertible O-module L on Cr rigidified

at b and y in JO(T) = PiCOC'/Zunx- (T) given by the difference D = DT — D~ of effective
q

relative Cartier divisors on Cp of the same multidegree, we have

P <:c,j§’_1(y)) = M(z,y) = Normp+ 7(L) ®o, Norme/T(L)’l.
[0

Proof. The scheme PiCC]/Z‘mr X znr V' is smooth over Z;™ and hence regular, and
q

connected and hence integral; and since VE is irreducible, the irreducible compo-

nents of (Pic[g]/Zunr X znr V)7 are the P? XF, V?q, with P? the irreducible components
a q

of (Pic[COV]/sz)F , with 7 in mg <<Pic[co‘]/Z;m)F ) — which, by the way, equals the kernel of

I
L' =Ly x5 My
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We prove the first claim. Both Nq7d and the pullback of M are rigidified on Pic[g]/z‘,nr
q
vg. After inverting ¢, we will give an isomorphism « from N, 4 to the pullback of M that is

compatible with the rigidifications. Then there is a unique divisor D, on Pic[cm/Zunr X znr Vv,
q

X

supported on (Pic[co]/Zunr X znr V)7 , such that « is an isomorphism from /\/'q,d(Da) to
q [E‘q

. . . [0 . . [0
the pullback of M. Let i be in mg <(P1C[C]/ZS’">Fq) and let x be in PIC[C]/ZEM (Z;nr)
specialising to an F,-point of P?; then restricting a to (x;,v9) and using the compatibility

of o (over Qu™) with the rigidifications gives that the multiplicity of P’ x Vg, in Dg is
0. Hence D,, is 0.

Let us now give, over (Pic[g]/Z‘mr X gnr V)Q , an isomorphism « from Nq,d to the
u unr
q
. [0] _ _ ~(dD) _
pullback of M. Note that (Pic{’ /z;m)@m = Joye and that Voge = CYil), where |d] =

>, mid; is the total degree given by the multidgree d. For T' a Q" -scheme, x € J(T)
given by £ an invertible O¢,.-module rigidified at b and v € V(T) given by a relative
Cartier divisor D of degree |d| on Cr, using Proposition 6.3.2 and definition (6.8.6) we
have the following isomorphisms (functorial in T'), respecting the rigidifications at v = vg:

M(z, 3¢, (v)) = M(2,5(v) = S(vo)) = M(2,5(v)) ® M(z, 5 (vo)) ™

3 (6.8.9)
= Normp 7 (£) ®o, Normp, /7 (L) = 7.d(T,0).

This finishes the proof of the first claim of the proposition. The second claim follows
directly from the definition of N 4, plus the compatibility at the end of Proposition
6.3.2. 0

6.9. Integral points of the extended Poincaré torsor

Let C over Z be a curve as in §2. Given a point (z,y) € (J X JO) (Z), we want to describe
explicitly the free Z-module M(z,y) when z is given by an invertible O-module £ of
total degree 0 on C rigidified at b and y is given as a relative Cartier divisor D on C of
total degree 0 with the property that there exists a unique divisor V' whose support is
disjoint from b and contained in the bad fibres of C' — Spec(Z) such that O(D+V) has
degree 0 when restricted to every irreducible component of any fibre of C'— Spec(Z).
Since M(x,y) is a free Z-module of rank 1, it is a submodule of M(z,y)[1/n]; and writing
D = DT — D~ as a difference of relative effective Cartier divisors, Proposition 6.3.2 with
S = Spec(Z[1/n]) gives

M(z,y)[1/n] = (Normp+ (L) @z NormD_/Z(ﬁ)*l) [1/n], (6.9.1)

and consequently there exist unique integers e, for ¢ varying among the primes dividing n,
such that as submodules of (Normp+ 7(L) ®z Normp- /7(£)~") [1/n],

M(z,y) = quq . (NormD+/Z(£) R7 NormD_/Z(ﬁ)_l) . (6.9.2)

q|n
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We write V.=>" aln Vg, where V, is a divisor supported on Cf, . For every prime ¢ dividing
n, let Cj 4 (i € 1) be the irreducible components of Cr, with multiplicity m; , and let
Vi,q be the integers so that V; = Zielq Vi,qCi q-

Proposition 6.9.3. The integers in equation (6.9.2) are given by

eq=— Vigdegs, (Llc,,)-

i€l,

Proof. For every ¢ dividing n, let H, be an effective relative Cartier divisor on Cz,
whose complement U, is affine (recall that C' is projective over Z and take a high-degree
embedding and a hyperplane section that avoids chosen closed points ¢; 4 on the C; g).
The Chinese remainder theorem applied to the O¢ (U,)-module (Oc(D+V)) (Uy) and the
(distinct) closed points ¢; , provides an element f, of (Oc(D+V))(U,) that generates
Oc(D+V) at all ¢ 4. Let Dy = D} — D, be the divisor of f, as a rational section
of O¢(D+V). Then D and D, are finite over Z, and f, is a rational function on C7,
with

div(fy)=(Df —D;)—(D+V)=(Df+D~)— (D" +D;)—V. (6.9.4)

This linear equivalence, restricted to Q,, gives, via the definition in (6.4.7), the
isomorphism

@: Norm iy p-y g (L) — Norm p+ p-) /g, (L). (6.9.5)

Tensoring with Norm )/, (£)~1, we obtain the isomorphism

D—+Dg

@ ®id: Normp+ g, (£) ® Normp- g (L) —— Normp o (£) @ Normp,— ¢ (L)1

(6.9.6)
using the identifications

Normp+ g, (£) ® Normp- g, (£) " = Norm(D++DQ_)/Qq (L) ®Norm(D,+Dq_)/Qq (L)1,

Normp /g (L) ®@Normp- o (L)'= Norm(Dq++D*)/Qq (L) ®Norm(D7+D;)/Qq (£)~!

(6.9.7)
Using the same method as we used to get the rational section f, of Oc(D+ V), we
get a rational section ! of £ with the support of div(l) finite over Z, and disjoint from
the supports of D and D, and from the intersections of different C;, and C;,. By
Proposition 6.8.7 and the choice of [,

M(z,y)z, = Norm /5 (£) @ Normy,— 5 (L)'= Zq-Normpy 5 (1)@ Normp,— 7 (1t
(6.9.8)
and

Normp+ z, (£) ® Normp- 7, (L)t = ZqNormp+ 7, (1) @ Normp- /7, (O~ (6.9.9)
By definition (6.4.4), we have that ¢ ®id maps

Normp-+ /g, (1) @ Normp- /q, (H~t

https://doi.org/10.1017/51474748021000244 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000244

Geometric quadratic Chabauty 311

to
fo(div(D))™! -Normp o (e Normp,— ¢ (= (6.9.10)

Comparing with equation (6.9.2), we conclude that
eq = vq (fo(div(l))). (6.9.11)

We write div(l) = Zj n;D; as a sum of prime divisors. These D; are finite over Z, and
disjoint from the support of the horizontal part of div (f,) — that is, of D, — D — and each
of them meets only one of the C 4, say Cs(jy,q- Then for each j, both fq 9" and ¢~ Ve6).a
have the same multiplicity along Cy(;, 4, and consequently they differ multiplicatively by
a unit on a neighbourhood of D;. Then we have

vy (f4(D;)) = = (fa" (D)) v (¢~ (D)) _ vg (Normp, /g, (q~%>071))

Ms(5),q Ms(5),q Ms(5),q
_ —Venadegz, (D) —Vigrg (Di-Cr,) _ —Vata (D5 Ms().aCsira)
Ms(5),q Ms(4),q Ms(5)q

= —Viii).a (Dj- Csy) = Vg Dj.

(6.9.12)

We get
eq = vg (fo(div(1)) = =Vy-div(l) = = Y Vi o(C;-div(l)) (6.9.13)
i€l o

=- Z Vi,qdeg, (Lle.,)-

i€l O

7. Description of the map from the curve to the torsor

The situation is as in §2. The aim of this section is to give descriptions of all the morphisms
in diagram (2.12) in terms of invertible O-modules on (C' x C')g and extensions of them
over C x U, to be used for making computations when applying Theorem 4.12. The main
point is that each tre, o f; is described in diagram (7.4) as a morphism (of schemes)
og,: Jop = Jg, with £; an invertible O-module on C x U, and that Proposition 7.8

describes (]Nb) 2 Cgp/n) — Ti. For finding the required line bundles, see [12].
K3

We describe the morphism ij: U — T in terms of invertible O-modules on C x C*™.
Since T is the product over J of the Gy,-torsors T; := (id,m-otr., o f;)" P*, this amounts
to describing for each ¢ the morphism (ﬂ,)Z U — T;. Note that tr., o f;: Jg — Jg is a
morphism of group schemes composed with a translation, and that all morphisms of
schemes «: Jg — Jg are of this form. From now on we fix one such ¢ and omit it from
our notation.
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Let a: Jg — Jp be a morphism of schemes and £, be the pullback of M (see
diagram (6.3.3)) to Cp x Cg via jp X (o jp), and define Ty, := (id,a)* M* on Jy:

T, M

o, —

Co —2 Jg — s (Tx g
ldiag jindT (71)
(CxC)g “E2% (C'x J)g 2% (C'x J)g

I .

X univ, X
Lx Lumivx

Then (b,id)*Lo = Oc,, La is of degree 0 on the fibres of pry: (C'x C)g — Cq and: j; T,
is trivial if and only if diag”L,, is trivial. Note that diagram (7.1) without the G,-torsors
is commutative.

Conversely, let £ be an invertible O-module on (C' x C')q, rigidified on {b} x Cg and
of degree 0 on the fibres of pry: (C'x C)g — Cg. The universal property of L™V gives a
unique Bz : Cg — Jg such that (id x 82)* LY = £ (compatible with rigidification at b).
The Albanese property of j,: Cg — Jg then gives that [, extends to a unique a,: Jg —
Jg such that oz oj, = Bz. Then jiT, . is trivial if and only if diag”L is trivial. We have
proved the following proposition:

Proposition 7.2. In the situation of Section 2, the above maps a+— Lo and L+— o are

imverse maps between the sets

{scheme morphisms a:: Jog — Jg such that j; (id,0)* M is trivial}

and

{invertible O-modules £ on (C x C)q, rigidified on {b} x Cq, of degree 0 on the fibres of
ry: (C'x C)g — Cg and such that diag™L is trivial}.

Now let £ be in the second set of Proposition 7.2. Then diag”L = O¢,, compatible with
rigidifications at b. Let

€ (diag"L*) (Cq) (7.3)

correspond to 1. Then m-oa, extends over Z to m-oay: J — J°, and the restriction of
Ji(m-oag)* M on C3™ to U is trivial, giving a lift j, unique up to sign:

Thoa, — M~

(7.4)
/ J (id,m-oac) i

Jx JO.

The invertible O-module £ on (C x C)q with its rigidification of (b,id)* L extends uniquely
to an invertible O-module on (C x C')z(; /p), still denoted L.
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Proposition 7.5. Let S be a Z[1/n]-scheme, let d and e be in Z>o, and set D € C(9(S)
and E € C©)(S). Then we have

M(S(D)ac(S(E)) = (Normps(id0)°£) "™ & Normp 5 (£)
For x € C(S) we have
Tin-oac (76(2)) = M* (jo(@),mear(jo(2))) = L (2,2)* = (Gm)s.

Proof. We may (and do) assume, through a finite locally free base change on S, that we
have z; and y; in C(S) such that D=3, x; and £ =3, y;. Recall that for c € C(S),
Be(e) in J(S) is (id,c)*L on Cg, with its rigidification at b. Then we have

M(E(D),ar(X(E))) = M(ac(3(E)),X(D))

— M 5£(b)+§j:(ﬂc (y5) —ﬁ[;(b));jb(m) (7.51)

- <® £($i,b)®(1_e)> ®®ﬁ($iyyj)’

from which the desired equality follows.

Now we prove the second claim. Let x be in C(S). The first equality holds by definition.
Taking D = F = x in what we just proved gives the second equality, and the third comes
from the rigidification at b. O

Now let £ be any extension of £ with its rigidification of (b,id)*L from (C x C)z1/n)
to C x U. For ¢ dividing n, let W, be the valuation along U, of the rational section £ of
diag*L on U. Then multiplying ¢ by the product, over the primes ¢ dividing n, of ¢="a
generates diag™L on U:

[Ta "] te (diag*L”) (U). (7.6)

qin

There is a unique divisor V on C' x U with support disjoint from (b,id)U and contained
in the (C x U)p, with ¢ dividing n such that

L™ := L2 (V) on CxU (7.7)

has multidegree 0 on the fibres of pry: C x U — U. Then L£™ is the pullback of £unV
via id x (m-oagojy): C x U — C x JO. Its restriction £™|csmwy is then the pullback
of M via j, x (m-oagojy): C™ x U — J x J°, because on O™ x J° the restriction of
LYV and (j;, x id)* M are equal (both are rigidified after (b,id)* and equal over Z[1/n];
here we use the fact that J]gq is geometrically connected for all ¢ | n). Hence on U we
have j; Tm.0a, = diag™ (L2 (V)*), compatible with rigidifications at b € U(Z[1/n]). Our
trivialisation ]A'Z, on U of Tyy.0a, is therefore a generating section of £, multiplied by
the product, over the ¢ dividing n, of the factors ¢~ V¢, where Vq is the multiplicity
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in V' of the prime divisor (U x U)p,. This means that we have proved the following
proposition:

Proposition 7.8. For z and S as in Proposition 7.5, we have the following description
of jv:

go(@) = [La ™"V | 5™ in (Tnoac (jo(2))) (S) = L™ (z,2)* (5).

qin

8. An example with genus 2, rank 2 and 14 points

The example that we are going to treat is the quotient of the modular curve X(129) by
the action of the group of order 4 generated by the Atkin-Lehner involutions ws and wqs.
An equation for this quotient is given in the table in [18], and computions in Magma
show that that equation and the equations later give isomorphic curves over Q.

Let Cy be the curve over Z obtained from the closed subschemes of A2

Viiy?+y=a%—32°+at +32° —a? — 1z,
Va:w?+22w=1-324+22+323—2*— 25,

by gluing the open subset of V; where x is invertible with the open subset of V5
where 2z is invertible using the identifications z = 1/x, w = y/23. The scheme Cy can
also be described as a subscheme of the line bundle L3 associated to the invertible O-
module Op1(3) on P} with homogeneous coordinates X,Z: the map Op1(3) = Op1(6)
sending a section Y to Y®Y +Z2®Y induces a map ¢ from L3 to the line bundle
L associated to O(6); then Cj is isomorphic to the inverse image by ¢ of the section
5= X0-3X5Z+X*7243X323-X27Z4-X7Z> of Lg, and since the map ¢ is finite of
degree 2, Cy is finite of degree 2 over Pi. Hence Cy is proper over Z and is moreover
smooth over Z[1/n] with n = 3-43. The generic fibre of Cy is a curve of genus g = 2,
labeled 5547.b.16641.1 on www.lmfdb.org. The only point where Cy is not regular is
Py = (3,2 —2,y—1) contained in V7, and the blowup C of Cj in P, is regular.

In the rest of this section we apply our geometric method to the curve C' and prove
that C(Z) contains exactly 14 elements. We use the same notation as in §§2 and 4.

The fibre Cp,, is absolutely irreducible, whereas Cp, is the union of two geometrically
irreducible curves, a curve of genus 0 lying above the point P, that we call Ky and
a curve of genus 1 that we call K;. We define Uy := C'\ K7 and U; := C\ K so that
C(Z) = C"™(Z) = Uy(Z)UU,(Z) and both Uy and U, satisty the hypothesis on U in §2.
We have K- K; =2, and consequently the self-intersections of Ky and K7 are both equal
to —2. We deduce that all the fibres of J over Z are connected except for Jr,, which has
group of connected components equal to Z/27Z. Hence

m=2. (8.1)

The automorphism group of C'is isomorphic to (Z/27)?, generated by the automorphisms
¢ and n lifting the extension to Cy of

t,n: Vi — V7, v (z,y) — (z,— 1 —y), n: (z,y) — (1—z,—1—y).
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The quotients E; := Cg/n and E3 := Cg/(ton) are curves of genus 1, and the two
projections C' — F; induce an isogeny J — Pic’(F;) x Pic’(FEsy). The elliptic curves
Pic’(E;) are not isogenous, and p = 2.

8.2. The torsor on the Jacobian

Let 0o,00_ € C(Z) be the lifts of (0,1),(0, —1) € Va(Z) C Co(Z), and fix the base point
b= o0 in C(Z). Following §7 we describe a G,-torsor T'— J and maps jj ;: U; — T using
invertible @O-modules on C' x C®™. The torsor T = (id,m- o a)* M* depends only on the
scheme morphism «: Jg — Jg, which by Proposition 7.2 is uniquely determined by an
invertible O-module £ on (C x C)q, rigidified on {b} x Cq, of degree 0 on the fibres of
pry: (C x C)g — Cgp and such that diag” L is trivial.

We now look for a nontrivial O-module £ with these properties using the homo-
morphism n*: Jg — Jg, which does not belong to Z C End(Jg). We can take a of
the form tr. o (nq1-n* + ng-id), where id: Jg — Jg is the identity map, n; are integers
and c¢ lies in J(Q). Using the map a — L, := (jp X (jpoa))* M in Proposition 7.2,
the O-module Ly, is isomorphic to Og,xcy (priD), the O-module L,- is isomor-
phic to Ocyxcy (I, —prin*(b) —pr3n(b)) and the O-module Liq is isomorphic to
Ocyxcy (diag (Cg) — pri(b) — pr3 (b)), where D is a divisor on Cg representing ¢, the maps
pr; are the projections Cg x Cg — Cg and I'y, is the graph of the map n: C'— C. Hence we
can take L of the form Oc,xc, (n11'y,q + nadiag (Cg) + pri D + pri D) for some integers
n,; and some divisors D; on Cy. Among the O-modules of this form satisfying the needed
properties, we choose

L:=Ocyxcy (T —pri(oo-) —pr;(00)) = Ocyxcy (', — 00— x Cg — Cg x 00),
trivialised on b x Cg through the section
ly:=2in ((b,id)"£) (Cg) = Oy (1(b) =) (Cg) = Ocq (Ca) -

For every Q-point Q on Cg, the invertible Oc@—module (id,Q)*L is isomorphic to
Oc;(n(Q) —oo-), and hence

agp=treof, f=mn. c=[Do], Dy:=o00—00_.

When restricted to the diagonal, £ is trivial, since — compatibly with the trivialisation
at (b,b) —

diag”L = O, (00— 400 —00_ —00) = Oy

In particular, the global section I :=1 of O¢, gives a rigidification of diag”L that we
write as

diag"L=1-Oc,.

Following Proposition 7.8 and the discussion preceding it, we choose the extension of £
over C' x C®™

L:=0Ty|cxcm —oo_ x C™ —C x 00),
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trivialised along b x C*™ through the section I, = 2 (the points co_ and b have a simple
intersection over the prime 2). By Proposition 7.5, the torsor T := T, on J, for S a
Z[1/n]-scheme and z in C(S), using the trivialisation given by ! and [, and with m =2
as explained before equation (8.1), satisfies

T(jb(x))—MX(jb( )ymeac(jy())) = M ( ( ), (id,z)* L)
x*(id,z)* L™ X @ b* (id,z)* L%
:£®m’x(x,x) LE™X (b))t =

(8.2.1)
LE™ X (z,2) = OF.

Using Proposition 7.8, we now compute }E and 3; Since [ generates diag™ (L) on the
whole C*™, we have W3 = Wy3 = 0. The invertible O-module L™ has multidegree 0
over all the fibres C'x Uy — Uy, hence in order to compute j, 1 we must take V =0 in

definition (7.7), giving V3 = Vi35 = 0. Hence for S and x as in equation (8.2.1), assuming
moreover that 2 is invertible on S,

— 1
Jpi(z) =Pl %= 1@ e (b*1)~ 1 in (8.2.2)
T(jp(x)) = 2*(id,z)* LE™ X @b* (id,z)*LO ™™ *
=12"Oc; (n(x) —00-)* ®b"Ocs (n(x) — 00-)*,

where the last equality makes sense if the image of z is disjoint from oo,00_ in Cg.
The restriction £2™ to C x Uy has multidegree 0 over all the fibres C x Uy — Uy of
characteristic not 3; a fibre of characteristic 3 has degree 2 over K¢ and degree —2 over
K. Hence to compute jj, o we take V = K x (KoNUp) in definition (7.7), giving V43 =0,

V3 =1. Hence for S and z as in equation (8.2.1), assuming moreover that 2 is invertible
on S,

T ]' - * * —

Jbo(x) = 512 ®l° = Ee®) " in

T(jp(x)) = z* (id,z)* LZ™* @ b* (id,z)* LE ™™ * (8.2.3)
=12"Ocg(n(z) —00-)" ®b"Ocy (n(x) —o00-)",

where the last equality makes sense if the image of z is disjoint from oco,00_ in Cyg.

8.3. Some integral points on the biextension

On Cy we have the following integral points that lift uniquely to elements of C(Z):
—(0,1), oo = (0,~1) in Va(2)
a:=(L0),  Bi=nla)=(0,-1), y:=(21), d:=n(y)=(-1,-2)inVi(Z).
Computations in Magma confirm that J(Z) is a free Z-module of rank r = 2 generated by
G1:=7—q, Gy :=a+o0o_ —200.

The points in T(Z) are a subset of points of M*(Z) that can be constructed, using
the two group laws, from the points in M* (Gi,m-f(G;))(Z) and M*(G;,m-Dy)(Z)
for 4,j € {1,2}. Let us compute in detail M*(Gi1,m - f(G1))(Z). As explained in
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Proposition 6.9.3, we have
M(Gr,m-f(G1))" = M* (v — 0,20 —28)
=3%343%3 . Norm(zg)/z(oc (v—a))® Norm(gg)/z((’)(fy—oz))_l
=3%43%3 . (20 —28)*Oc (v — @),

where given a scheme S, an invertible O-module £ on Cs and a divisor Dy —D_ =3".n; P;
on Cg that is sum of S-points, we define the invertible Og-module

(ZmB) L= ®Pi*£"* = Normp, /5(£) ®N0rme/S(£)_1

Since Ch,, is irreducible, 2f(G1) already has multidegree 0 over 43, so eq3 = 0. If we look
at Cr,, 2f(G1) does not have multidegree 0, while 2f(G1) + K, has multidegree 0; hence,
by Proposition 6.9.3,

= —degmg OC(’Y—OZNKU =-1

Notice that over Z E] the divisor G is disjoint from S and 0 (to see that it is disjoint
from § = (—1,—2,1) over the prime 3, one needs to look at local equations of the blowup),
and thus 8*Oc¢(y— ) and §*Oc(y— ) are generated by $*1 and 6*1 over Z[3]. Thus
there are integers eg,es such that 8*Oc(y—«) and 6*Oc¢(y — o) are generated by 528
and 6*2° over Z. Looking at the intersections between §,v,a and §, we compute that
eg =—1 and e; =1, hence

M(G1m- f(Gh))=3"1-(0"2)?® (5*2—1)*2-2 =24371(0"1)?®(B*1) - Z,

Q11 := +21.371.(6*1)?® (B*1)"? generates Ma, im-f(G1)-
With analogous computations, we see that
Q21 :=272(6"1)°®(5"1) generates Ma, m.f(G1);
Quzi=272(8"1)°®(00" 1)?@(c0" 1) generates Mo, m.(ca):
Qa,2:=2"-(8*1)* (

Q1,9 := (00"1)?®(c0* 1) 72 generates Ma, m.Dy,
Q2,0 = 2-12. ((c0*2 ) ®(oc0

)2® (oo z2) - generates Ma, m.f(Gs)s

*)? generates M@, m.D,-

8.4. Some residue disks of the biextension

Let p be a prime of good reduction for C'. Given the divisors
D :=a— o0, E:=28—-200_ = (m-otr.on,)(D) in Div (Cyp2),

we use Lemma 6.6.8 to give parameters on the residue disks in M* (Z/pQ) and

T (Z/p* ) with D,E the images of D,E in Div (Cf, ).

We choose the ‘base points’ by = a,bs = 00, by = 5,by = 00, so that by # by, bs # by and
ho (C’]Fp,bl +b2) =ho (C[Fp,bg —|—b4) = 1. As in formula (6.6.2), we define z, = z—1, T = 2,
Tg=1T,Tp, g =TDpoo =1and zp o =z 1. For Q in {o0,8,a} and a € F,, let Q, be the

D,E
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unique Z/p>-point of C' that is congruent to @ mod p and such that 2 (Q,) = ap € Z/p>.
We have the bijections

]]?4‘127 —>J(Z/p2)5, A— Dy :=D+ay, —a+00y, —00 =y, + 00y, — 200,
]F127 HJ(Z/pZ)E’ pr—r By = E+ ), —B+00u, —00 =+, +00,u, —00—200_.

Following definition (6.6.7), for A\ u € IF; we define

* * * Z2 * 22 - * -2
sp,p(\p) = (B 1)@ (B,1) ® (O%Z_MJ ® <°° Z_A2p> @ (002 1)77,
which — by Proposition 6.3.2 and Remark 6.3.12 — generates E:;(ch/p2 (Dx)=Mp,.E,-
The points in M*(F,) projecting to (D,E) are in bijection with the elements & in F)
and are exactly the points &-sp, 5(0,0). Using (Z/p?) X = F ) x (1+plF,), for each § € F)
we parametrise the residue disk of ¢ sp, £(0,0) using the bijection in Lemma 6.6.8:

FZ — MX (Z/p2)§~SD,E(O,O)’ (>‘17)\27M17M27T) — (1+pT)§'SD,E(()‘17)\2)7(N17N2))‘

Since (m-otr.o f)(D,) = E_oy, we have

T(2/p) 5= To. (2/0*) = U M5, 5, (2/0°).

AEFZ AEFZ

As § varies in F)f, the point §-sp £(0,0) varies in all the points in M* (F,) projecting to
(ﬁ,E), and we have the following bijection induced by parameters in &-sp g(0,0):

IF?) — T (ZP) ()\1,)\2,7') — (1+7_p)'§'5D,E((/\17A2)7 (72)\1, — QAQ)) (841)

¢sp,e(0,0)?

If we apply equations (8.2.2) and (8.2.3) to Q = ar) and use the symmetry of the Poincaré
torsor explained in Proposition 6.3.2 and made explicit in Lemma 6.5.4, we obtain the
following description of j ; on C (Z/ pQ)OqF when p # 2:

P

Joi(an) = (1/4)-sp,5((N0),(—2X,0)),  jno(Q) = (1/12)sp, 5((A,0),(~2X,0)).

If p=>5, then 18 and —1 are (p— 1)th roots of unity in (Z/p?) " and thus 1/4 = (—1)(1+p)
and 1/12=3(1+2p) in (Z/pz)X =T x (1+pF,); hence

jb,l(Oé)\) = 7(1 +p) ’ SD,E((A’O)7(72)UO)), jb,O(Q) =18- (1 +2p) : SD,E((/\aO)v(72)‘70))'

(8.4.2)

Since it is useful for computing the map kz in the residue disks of T’ (Z/pQ) projecting

to D, we also apply Lemma 6.6.8 to the residue disks of M* (Z/p2) lying over (ﬁ,O),
(O,E) and (0,0). Hence for A\,u € IFI% we define the divisors on Cyz2

0._ 0._
D5 :==ay, —a+00y, — 0, E; =B, —B+00,, — 0,
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and the sections
22 1 2 \ 7!
)\ — * 1 * *1 — *
SD,O( vﬂ) ( 131 )®<OO#2 5 >®(ﬁ ) ®(OO Z—)\2p>
in M* (Dy,E)) (Z/p?),
-1
z z
A1) 1= 1 y *1)72
so.x0) = (008 (35,08 (5, = ) o (0 =) len)
in M* (DY,E,) (Z/p?),

1
SO}O()\’M) = (5;1 1) X (OOZZZZ/\QP> ®(5*1)_1® (oo* Z’iQp)
in M* (DS, EY) (Z/p?).

8.5. Geometry mod p? of integral points
From now on, p=5. Let @ € C'(Z/p?) be the image of o € C(Z). In this subsection

we compute the composition &: Z2 — T (Z/p2)~(a) of the map rz: Z* — T (Z, )ﬁ:(a)
Jv,1(@)

in formula (4.9) and the reduction map T (Zp):— o — T (Z/p? ) . With a suitable

choice of parameters in O (@) the map xz is described by mtegral convergent power

T,jb.1
series K1,Ko,k3 € Zp(z1,22), and E, composed with the inverse of parametrisation (8.4.1),
is given by the images R1,Rg2,R3 of k1,k2,k3 in Fp[z1,20].

The divisor j,(@) is equal to the image of

Gy = e0,1G1+€0,2G2, €01 :=6, g2 :=3,
in J(Fp), and
F=0Q),0Q, 0@ 201,90, Q) m M* (Dum (Do+1.G.) ) (2)
is a lift of ji, 1 (@). The kernel of J(Z) — J (F,) is a free Z-module generated by
é‘: =e1,1G1+e1,2G, 5/2 i=e91G1+e22G2, e11:=16,e12:=2, e51:=0, eg2:=5.

Let C:‘;/g be the divisor m (D0+n* (@; ) representing (m-otr.of) (a;) € J°(Z). Following
formula (4.1) for 4,5 € {1,2}, we define

2 2
€; €j €; €4 1€ , € e
@ Re-@ee @A sm @0

m,l=1 =1 m,l=1 m,l=1

1 1 1
(@1 () (@.62). (6 (n))

Computations in C7/,2 show the following linear equivalences of divisors:

~ ~ 0 ~ 0
GtND(],Sv Gl ND4’0a G2ND0,3~
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Applying Lemma 6.4.8 and the functoriality of the norm, we compute the following:

Pri = (1+4p)50.0((4,0),(2,0)) in M* (671671) (Z/p?) = M* (D30, B9, (Z/p),

)

= ( ) (
(1+4p)-500((4,0).0.4))  in M* (G1.Ga) (2/p%) = M* (DS . E) (2/°),
( ( ) (

(-

Pyt = (1+4p)-50.0((0,3),(2,0)) in M* (é}éﬁ) (Z/p?) = M* (DY, B3 o) (Z/p%),

p
1)-(142p)-50,0((03).(0,4))  in M* (G2,Ga ) (2/p?) = M* (D5, E.1) (2/1?).
Ry =s0.5((4,0).04)) in M* (G1.Gra) (Z/p%) = M* (DS 0. Eos) (2/07),
Ry = (14+4p)50,5((0,3),(0,4)) in M* (G,Goz) (Z/p?) = M* (DS 3. Bos) (2/p°),
Sia=s00((0.3).20)) in M* (Gi.G1) (2/p?) = M* (Do, ES,o) (Z/p7),
Sia = (~D)(1+4p)-30,0((0.3),(0.4)) in M (Gr.Ga) (Z/p) = M (Dos, S 1) (2/p?).

t=(-1)-(1+2p)-sp.£((0,3),(0,4)) in M* (Gt,Gt,g)(Z/pz) =M*(Dy.3,E0.4)(Z/p?).
(8.5.1)
We now show these computations in the cases of Z?Vt and f. The Riemann-Roch space
relative to the divisor Gy +o0o+a—D on Uz, is generated by the inverse of the rational
function

[ 2% =528 —227 4725 —92° — 524 + 14253 4 702 +132 4+ 14+ (2% 492° —52* +152° — 502 +4x+14)y
1= 1525 —x*+4x3+ 1922 +4z+9 )

and indeed,
div(hy) = Gy — Do,3 = (67+300_ —3a—600) — (a+ 003 — 200) in Div (Czp2) -

Hence multiplication by h; gives an isomorphism Oc, e (CZ) — Oc, (Do,3), and by

/p?
functoriality of the norm we get the following:

5 Oc (@) = 6°0c,,, (Dos), 671 6% (h) = h(6)-6°1 = 12:6"1,

o0or O¢

B*Oc (Gt) —B"0c,, » (Do3), Bl f"(h1)=hi(8)-5"1=18-5"1,
2
x*Oc¢ (Gt> —00"0c,, , (Do), 00"2% = 00" (2°h1) = 13'00*2—3]97

Gf — ooF OCZ/ 2 (Do,3), oo 273 5 oot (zfghl)

= (27?h1) (00— )-00" 1 = 6-00" 1.

Since é;; =1254400_ — 65 — 1000, these isomorphisms tensored with the exponents give
the canonical isomorphism
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M(GoGi) =G Oc,,, (G) = Gos Oc, L (Dos) = M (Do Gis). (852)

f=14-(5"1)20(8"1) 5@ (00*2%) @ (00* 2 73)"

L2\ 10
) ®(0c0* 1)%.

= 145D Pe((* 1) e (oo* p

The Riemann—Roch space relative to the divisor étvg +oo+a—FE on Uz, is generated
by the inverse of the rational function

hg . 217 78m16+115 74z14+7zl3+4x12+12111+x10+2$9 75x8+z7+316+12m5 —62*—62° +4:L’2 —6

2028 —6x7
102+ (20462 —52"° —2'? — 22" +142'0 — 427+ 142° +327 +82° —62° — 3z +42° +132° —2—T)y
209 —628 ’
and indeed,

div(hg) = GTQ — Ep,4 = (126 4+ 400_ — 63 — 1000) — (234 004 — 00 — 00_) in Div (Czp2) .

Following the recipe in §6.4 that describes map (6.4.4), we consider the rational section
Of OCZ/p2 (DO,S)

[ 102* + 2% + 172 + 14+ (152 +9)y
T 1024+ 1623 + 722 4+ Tx + 10

)

since it generates Oc_, , (Do, 3) in a neighbourhood of the supports of C?;Jg and Ep 4. Then

z/p?
div(l) = 3-(=1,1) 4 (17,23) + (15,10) — 2:(12,23) — 2:(5,20) — (0,1)
in Div (V3 z/p2) CDiv (Cgp2) .

Hence by Lemma 6.4.8, the canonical isomorphism

M (DO,?né;/,Z) = étv,z*oc (Do,3) — E§ 4O0c,, , (Do;3) = M(Do,3,Eo,4)

z/p? z/p?
described in equation (6.4.1) sends
Gro L— ho(div(l)) - Ej 4l = 14- ] 1, (8.5.3)

where
é';*l — (5*l)12®(ﬂ*l)_6®(00*l)_10®(OO*_Z)4
—10
_(s%1\12 *1\—6 * * 1\4
(0"1)“®(B*1) ®<oo Z_3p) ®@(00*1)%,

Ej 4l = (871)*® (003l) @(00*1) ' @(00™1) 2
22 22 \ 7!
=16-(6*1)*® <oo;; > ® <oo* > ®(c0* 1)72.

z—3p z—3p

52

Formulas (8.5.2) and (8.5.3) imply that £ = —(1+2p)-sp,((0,3),(0,4)).
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Let Az, B;,C and D; be the compositions of the reduction map M* (Z,) — M (Z/p?)
and, respectively, A;, B;,C and Dj; defined in formulas (4.2)—(4.4). Using equations (6.6.14)
and (8.5.1) we get the following for n in Z?:

(n) = (=1)"(1+ (4n2)t) - sp,0((0,3),(2n1,4n2)),

Bi(n) = (14 (4n2)p)so, g ((4n1,3n2),(0,4)),

C(n) = (—1)"2 (14 (4n3 + (4 +4)n1nz +2n3) p) - 50,0((4n1,3n2), (2n1,4n5)),
(n)
(n)

Di(n)=— (1—|— (4n§ +3n1n9 + 213+ 3ny —|—2) ) sp, e((4n1,3 +3n2),(2n1,4 + 4ng)),
R(n)=— (1+ (4n% +3n1ng +2n§ +2n4 +2) ) sp g((n1,342n2),(3n1,4+n2)).
(8.5.4)
Hence, using bijection (8.4.1),
Ri=2, FR2=3+422, FRz=422432120+222+22+2. (8.5.5)

8.6. The rational points with a specific image mod 5

By equation (8.5.4), the image in 7' (F,) of a point +D;(n) for n € Z? is always of the
form :I:sD,E(O,O); hence, looking at equation (8.2.3) we see that there is no point T'(Z)
with reduction j (@) € T'(F,). Therefore C(Z)g = Uy (Z)5.

Let fi1,f2 € O(TF)"» be generators of the kernel of 31,\;*: O(TF)N» — O(UP)"», as in
§4. The bijection (8.4.1) gives an isomorphism F, ® O(T?P) = Fp[A1,A2,7], and since the
kernel of ﬂvl* : Fp QO(TP)N — F, ®O(UP)» is generated by the images of f1, f2 of f1, fa
inF,® (’)(ip), we can suppose that

1=, fo=7-1.
By equation (8.5.5) we have
K*fI = Fg = 3+ 220, K*E:,‘Tg—l:4z%+3z1zQ—|—22§—|—2z2+1.
Let A be Z,(z1,22)/(k* f1,5* f2). Then the ring
A= A/pA=TFplz1, 2]/ (K" f1.6" f2) =Fplz1,22)/ (22 — 1,427 4+ 321) (8.6.1)

has dimension 2 over IF,,, and hence by Theorem 4.12 U(Z)z contains at most two points.
Since both

a and (12/7,20/7) € V1(Z[1/7])
reduce to @, we deduce that C(Z)g = U1(Z)g is made of these two points.

8.7. Determination of all rational points
Denoting (3, —1) € V4 (F,) C C(F}) as €, we have

C (Fp) = {55,50=,a,u(@),n(@), (ton) (@), 7,0(7):n(7): (Lon) (7),&,1(€) }-
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Using the fact that for any point @ in C'(Fp) the condition T(Z);~ o) = () implies
Ui(Z)g =0, we get
UO(Z)g = Uo(Z)K =U, (Z)s =U (Z)L(E) =U (Z)W =U (Z)”]W)
= U1(Z)yz) = Ui (Z)in(z) = 0.

Applying our method to 30, we discover that Uy (Z)=s contains at most two points, and
the same holds for Uy (Z)s—. Moreover, the action of (n,) on C(Z) tells that Ui (Z),(a),
U1(Z) @) and Ui (Z),,(a) are sets containing exactly two elements. Hence

Ui(Z) = U1 (Z)gUUL(Z) (@) YUL(Z) @) YUL(Z) @) UL (Z)ss— U UL (Z) s

contains at most 12 elements. Looking at the orbits of the action of (n,¢) on Uy(Z), we
see that #U;(Z) =2 (mod 4), hence #U;(Z) < 10. Since U;(Z) contains co,c0o_ and all
the images by (n,t) of U1(Z)g, we conclude that #U;(Z) = 10.

Applying our method to the point 7, we see that Uy(Z)5 contains at most two points,

one of them being . Moreover, solving the equations x*f; = 0 we see that if there is
another point v in Uy(Z)7, then there exist n1,ne € Z such that

Jo(v') = 39G1 +17Go + 511Gy +5naGa.

Using the Mordell-Weil sieve [27], we derive a contradiction: for all integers nq,ns, the
image in J(F7) of 39G1 +17G2+5n1G1 +5n2G3 is not contained in j,(C(F7)). We deduce
that

Uo(@)5 = {7}

Applying our method to to e, we see that Uy(Z). contains at most two points
corresponding to two different solutions to the equations x* f; = 0. We can see that one
of the two solutions does not lift to a point in Uy(Z)., in the same way that we excluded
the existence of 4/ € Uy(Z)=. Hence Uy(Z), has cardinality at most 1. Using the fact that
for every Q € C(F,) and every automorphism w of C' we have #Uy(Z)q = #Uo(Z).(q),
we deduce that

Uo(Z) = Up(Z)5 U U()(Z)LW) UUy (Z)nﬁ) UUo (Z)mﬁ) ulo(Z). U U()(Z)L(E)

contains at most six points. Looking at the orbits of the action of (n,t) on Uy(Z), we see
that #Up(Z) =0 (mod 4), hence #U4(Z) < 4, and since Up(Z) contains the orbit of -,
we conclude that #Uy(Z) = 4. Finally,

#C(Z) = #Uo(Z) +#U1 (Z) =4+ 10 = 14.

9. Some further remarks

9.1. Complex uniformisations of some of the objects involved

Let C be a projective curve over QQ, smooth and geometrically irreducible, and let g be
its genus. The universal cover of P*(C) is described in [6, Propositions 4.5 and 4.6].
The covering space, denoted D, is M; 4(C) x M, 1(C) x C, hence a C-vector space of
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dimension 2g + 1. The biextension structure on M; 4(C) x My 1(C) x C is trivial — that is,
for all z, x1, x2 in My 4(C), all y, y1, y2 in Mg 1(C) and all 21, 2z in C, we have

(z1,9,21) +1 (72,Y,22) = (21 +T2,y,21 + 22),

(9.1.1)
(z,y1,21) +2 (2,92, 22) = (2,91 + Y2, 21 + 22).
The fundamental group m (P> (C),1) is
1 x =z
QU(Z) = 0 129 Yyl :xe MLQQ(Z),y € Mggﬁl(Z),Z ez s (912)
0 0 1

also known as a Heisenberg group. Its action on D, is given in [6, (4.5.3)].

Now recall the definition of T' in diagram (2.12). As Myg 1(Z) is the lattice of J(C)
and M; o4(Z) the lattice of JY(C), each f; is given by an antisymmetric matrix f; z in
Mag 24(Z) such that for all y in Mo, 1(Z) we have f;(y) =y fi z, and by a complex matrix
fi,c in M, 4(C) such that for all v in My 1 (C) and each i we have f;(v) =o' f; ¢ in My 4(C).
For more details about this description of the f;, see the beginning of [6, §4.7]. Then we
have

lyow mf(y) =
T (T(C)) = 0 129 yl|:ye M2g71(Z),Z € Mp—l,l(Z) R (913)
0 0 1

with m-f(y) € M,_1,24(Z) with rows the m-y*-f; z. So m1(T(C)) is a central extension of
Mag,1(Z) by M,_1,1(Z), with commutator pairing sending (y,y’) to (2my"- fiz-y'),.

The universal covering T(C) is given by

T(C) = {(m-(e+ f(v))vw) :v € My (C)w € M,11(C)) 014
C Mp—l,g((c) X Ml)g((C) X Mp_171((C),

with m-(c+ f(v)) € M,_1,4(C) with rows the m- (¢; +v*- f; ¢) and ¢; alift of ¢; in My 4(C).
The action of 71 (T(C),1) on % is given again, with the necessary changes, by [6,
(4.5.3)].

Now that we know 71 (T(C),1), we investigate which quotient of w1 (C(C),b) it is, via
b C(C) — T(C). We consider the long exact sequence of homotopy groups induced by
the C**~1torsor T(C) — J(C), taking into account that C**~! is connected and that

m2(J(C)) = 0:
m (C%P711) —— m(T(C),1) — m1(J(C),0). (9.1.5)

Again 71 (T(C),1) is a central extension of the free abelian group m(J(C),0) by Zf~1,
and from the matrix description we know that the ith coordinate of the commutator
pairing is given by mf;: Hy(J(C),Z) — H; (JV(C),Z) = Hy1(J(C),Z)". The Z-module of
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antisymmetric Z-valued pairings on H; (JV(C),Z) is A>H!(J(C),Z) = H2(J(C),Z), and
mf; is the cohomology class (first Chern class) of the C*-torsor T;:

mf; = ci(T;) in H*(J(C),Z). (9.1.6)
There is a central extension

Hy(J(C),Z) —— E — m,(J(C),0) (9.1.7)

that is universal in the sense that every central extension of w1 (J(C),0) by a free abelian
group arises by pushout from Hs(J(C),Z). We denote

G =1 (C(C),b). (9.1.8)

The map j,: C — J gives G — 71(J(C),0), and this is the maximal abelian quotient. The
second quotient in the descending central series of G gives the central extension:

[G.G)/G,[G,G]] — G/IG,[G,G]] — G/|G,G] =G =m(J(C),0).  (9.1.9)

This extension arises from formula (9.1.7) by pushout via a morphism from Hs(J(C),Z)
to [G,G]/1G,[G,G):

Hy(J(C),Z) E G*b

| |

[G,G)/[G,[G,G]] —— G/[G,[G,G]] —» G

(9.1.10)

The left vertical arrow is surjective because commutators of lifts in E of elements of
G2 are mapped to the commutators of lifts in G/[G,[G,G]], and so give generators of
G,G]/[G,[G,G]].

From the usual presentation of G with generators o, 01, ..., a4, 84, with the only relation
[o1,B1] -+ [aeg, Bg) = 1, we see that the obstruction in lifting G — G® to G — E in the top
row of diagram (9.1.10) is the image of [a1,51]--- [0, Bg] in Ho(J(C),Z). This image is
a generator of the image of Hy(C(C),Z) under j,. So the pushout in diagram (9.1.10)
factors through the pushout by the quotient of Ha(J(C),Z) by Ho(C(C),Z):

H,(J(C),2)/Hs(C(C),2) E Geb

| |

(G,G]/[G,[G,G]] —— G/[G,[G,G]] — G.

(9.1.11)

Using again the presentation of G, we can split this morphism of extensions and — using
the fact that Ho(J(C),Z)/Ha(C(C),Z) is generated by commutators of lifts of elements
of G2 — conclude that all vertical arrows in diagram (9.1.11) are isomorphisms.

In particular, we have that [G,G]/[G,|G,G]] is the same as Hqo(J(C),Z)/Ho(C(C),Z).
From equation (9.1.6) we see that the sub-Z-module of H?(J(C),Z(1)) (note the Tate
twist; now we take the Hodge structures into account) spanned by the mf; is obtained
in four steps: take the kernel of H?(J(C),Z(1)) — H?(C(C),Z(1)). Take the (0,0)-part
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(then we are dealing with Hom(J(C),JV(C))*), and then Gal(Q/Q) acts (because
+

Hom(J(C),JY(C))* and Hom (J@, Jé) are equal) through the Galois group of a finite

extension of Q. Take the invariants (because we only use morphisms f; defined over Q).

Then take the image of the multiplication by m on that.
Dually, this means that 71 (7(C),1) arises as the pushout

Hy(J(C).Z(-1))/H2(C(C).Z(-1)) ——— G/[G[G.G]] — G

| |

((Hz(J(C),Z(—1))/Hz(C(C),Z(—l)))mm)Gal(@/(@) —— m(T(C),1) — G,

(9.1.12)
where the subscript (0,0) means the largest quotient of type (0,0), the subscript Gal (@/ Q)
means coinvariants modulo torsion and the left vertical map is m times the quotient map.
We repeat that the morphism from 71 (C(C)) = G to 1 (T(C),1) given by the middle
vertical map is induced by j,: C(C) — T(C).

9.2. Finiteness of rational points

In this section we re-prove Faltings’ finiteness result [16] in the special case where the
base field is Q and r < g+ p— 1. This was already done in [4, Lemma 3.2] (where the
base field is either Q or imaginary quadratic). We begin by collecting some ingredients
on good formal coordinates of the G,-biextension P*-*~1 — J x JY>*=1 over Q, and on
what C looks like in such coordinates.

9.2.1. Formal trivialisations. Let A, B and G be connected smooth commutative
group schemes over a field £k D Q, and let £ — A x B be a commutative G-biextension.
Let a be in A(k), b€ B(k) and e € E(k). For n € N, let A»™ be the nth infinitesimal
neighbourhood of a in A, and hence its coordinate ring is O ,/m2T!. We use similar
notation for B with b and E with e, and also for the points 0 of A, B and E; similarly,
the formal completion of A at a is denoted by A%°°, and so on. We also use such notation
in a relative context — for example, for the group schemes ' — B and E — A. We view
completions such as A% as set-valued functors on the category of local k-algebras with
residue field k£ such that every element of the maximal ideal is nilpotent. For such a
k-algebra R, A%*°(R) is the inverse image of a under A(R) — A(k). Then A% is the
formal group of A.

We now want to show that the formal G%>-biextension E%> — A% x B%> ig
isomorphic to the trivial biextension (the object G%* x A% x B%> with +; given
by addition on the first and second coordinates and +5 by addition on the first and third
coordinates). As exp for A% gives a functorial isomorphism 7'y /k(0) @ Ga%oo — A%,
and similarly for B and G, it suffices to prove this triviality for G2 °°-biextensions of
G% > x G%> over k. One easily checks that the group of automorphisms of the trivial
GY>°-biextension of G2 x G%°° over k that induce the identity on all three G%>°s
is (k,+), with ¢ € k acting as (g,a,b) — (g+ cab,a,b). As this group is commutative, it then
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follows that the group of automorphisms of the G**-biextension E%%> — A% x B0
that induce identity on G%>°, A%> and B%* is equal to the k-vector space of k-bilinear
maps T4 1(0) X Tg/k(0) = T/,(0). This indicates how to trivialise E%° We choose a
section € of the G-torsor E — A x B over the closed subscheme A%! x B%! of A x B:

o

AVl BO1 5 Ax B,
with €(0,0) = e in E(k). Note that
O (Ao’l X Bo’l) = (k]@mAO,l)@(kJ@mBO,l) =k®myo1 Bmpo @(on,l ®mBo,1).

Hence two such ¢ differ by a k-algebra morphism from k@ mgo.2 = k@®mgo. & Sym*meo
(use the exponential map) to k@ m 01 & mpo.r & (M 01 @mpo.1), hence by a triple of
k-linear maps from mgo,1 t0 M 40,1, Mmpo,1 and M 40,1 ® Mmpo,1. The linear maps mgo,1 —
m 0.1 and mgo.1 — mpo.1 correspond to the differences on A%t x B%% and A%0 x B%1,
respectively. There are unique such linear maps such that the adjusted € is compatible with
the given trivialisations of £ — A x B over A%! x B%? and A%? x B®!. In geometric terms,
€ (which we assume to be adjusted) is then a splitting of T (0)p — T,5(0) - T4(0)p
over B%! that is compatible with the already-given splitting over 0 € B(k), and it is
also a splitting of Tg(0)a < Tg/a(0) - Tp(0)4 over A! that is compatible with the
already-given splitting over 0 € A(k). The splitting over B%! gives an isomorphism from
(T (0) ©T4(0))por to (Tg/p)por. So the exponential map for +; for the pullback to
B%! of E — B gives an isomorphism of formal groups over B%1:

((Tg(O) ®T4(0)) @ Gg’oo>Boyl — E%é"j

Viewing E%’fﬁ as the tangent space at the zero section of the pullback to A®> of E —
A, this isomorphism gives a splitting of T(0)4 < Tr/a(0) — TB(0)4 over A%, The
exponential map for 45 for the pullback to A%> of E — A then gives an isomorphism of
formal groups over A%°°:

GO0y BOoo ¢ AOc0 (GO,oo ><BO,OQ)AD,OO c 5 E%(SOOC/AO,OO _ E'O,oo7

where Eg’go 50 / 40,0 denotes the completion along the zero section of the pullback via

AP s A of E — A. The compatibility between +; and +, on E ensures that this
isomorphism is an isomorphism of biextensions, with the trivial biextension structure on
the left.

Now that we know what good formal coordinates at 0 in E(k) are, we look at the point
e in E(k), over (a,b) in (A x B)(k). We produce an isomorphism E%> — E% using the
partial group laws. Let Ej be the fibre over b of E — B. We choose a section
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~ By
e
A%t x b} —— Ax{b},

with é;1(a,b) =e in E(k). The exponentials for the group laws of E, and A then give a

section
Ey
7

Av> x {b} —— Ax{b},

which we view as an A%-valued point of E, and as a section of the group scheme
E pa.c0 — A% with group law +2. The translation by €° on this group scheme induces
translation by b on Bja.«, and maps (a,0), the 0 element of F,, to e. Hence it induces
an isomorphism of formal schemes E(®0):%° _ F& 1In order to get an isomorphism
E%0 — F(@:.0),50 we repeat the process but with the roles of A and B exchanged. We
choose a section 0y: {a} x B%' — E, of E, — {a} x B. Then the exponential for 4
gives us a section 03°: {a} x B> — E, of E, — {a} x B. This 05° is a section of the
group scheme Fpo,~ — B%> and the translation on it by 05° sends 0 in E(k) to (a,0),
giving an isomorphism of formal schemes E%> — E(@0):% Composition then gives us an
isomorphism E%° — E4> and the good formal coordinates on E at 0 € E(k) give what
we call good formal coordinates at e. Similarly, we get a section 6?0 of B 40,00 = A%> and a
section € of Epgb.oc — B% giving isomorphisms E%> — E(0:).2 and F0.0).00 _; pe.oo
and hence by composition a second isomorphism E%% — E**°. These isomorphisms are
equal for a unique choice of 0; and é, (given the choices of 02 and €1).

In §9.2.3 we will use the fact that these isomorphisms transport all additions that occur
in definition (4.4) to additions in E%° and therefore to additions in the trivial formal
biextension.

9.2.2. Zariski density of the curve in formally trivial coordinates. Let C' be

—

as in the beginning of §2 and let C(C) be the inverse image of C(C) under the universal
cover T(C) — T(C). Then C(C) is connected, since j,: C' — T’ gives a surjection on

——

complex fundamental groups. Now we consider the complex analytic variety T(C) as a

complex algebraic variety via the bijection % = C97P~! as given in equation (9.1.4).
The analytic subset C'(C) contains the orbit of 0 under m (T'(C),1). This orbit surjects to
the lattice of J(C) in My 1 (C), and over each lattice point its fibre in M,_; 1 (C) contains a

translate of 2iM,_1 1(Z). Hence this orbit is Zariski dense in C9+P~1 Tt follows that the

formal completion of C(C) at any of its points is Zariski dense in C9+t7~1: if a polynomial
function on (Cg/‘_"f: L is zero on such a comI/)lgt/ion, then it vanishes og_\gle connected
component of C(C) of that point, hence on C(C) and consequently on T(C).

We express our conclusion in more algebraic terms: for ¢ € C(C), with images t € T(C)

and in P*?~1(C), each polynomial in good formal coordinates at t of the biextension
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P*p=1 5 Jx JY over C that vanishes on j, (C& ) vanishes on T2, This statement
then also holds with C replaced by any subfield, or even any subring of the form Z,
with p a prime number, or the localisation of Z (the integral closure of Z in C) at a
maximal ideal.

9.2.3. The p-adic closure in good formal coordinates. We stay in the situation of
§2, but we denote G :=G# 1, A:=J, B:=JV'% 1 and E:= P*?~1 Let dg, ds and dp
be their dimensions: dg =p—1, da =g and dg = (p—1)g.

Let p > 2 be a prime number. From §9.2.1 and Lemma 5.1.1, we conclude that we can
choose formal parameters for E at 0, over Z,), such that they converge on the residue
polydisk E(Z,)5 and such that they induce the trivial biextension structure on ch X
284 x 727 . We keep the notation of §9.2.1 for e in E (Z,) lying over (a,b) in (A x B)(Zy).
This e plays the role that ¢ has at the beginning of §4. As explained at the end of §9.2.1,
we may (and do) assume that e is in E'(Z,)g, and hence a € A(Z,)5 and b € B(Zy)5.

Assume now, as in §4, that for ¢,j € {1,...,7} we have z; in A(Z,)5, y; in B(Zy)g, €:;
in B (Zy)g over (x4,;), ri in E(Zy)5 over (z4,b) and s; in £ (Zy)5 over (a,y;). We denote
the images of all these elements under the bijection

E(Zp)g — L3¢ x ZIA X L3P
as follows:

z; + (0,24,0), y; > (0,0,5), eij = (9i T Y;),
ri v (rlz,b), Sj > (s;,a,yj), e (€/,a,b).

Then a straightforward computation shows that the image of D(n) as defined in
definition (4.4) is

e'+Znir§+ g njs;-Janmjgi,j, aJanixi, b+2njyj in Z39 x 744 x 7,45
i j ig i j

The conclusion is that in these coordinates, the map
. or d d d
Kt Ly —> LS X Lo X L®

is a polynomial map, hence the Zariski closure of its image is an algebraic variety of
dimension at most r.

9.2.4. Proof of finiteness. The proof is by contradiction. So assume that r < g+p—1,
and that C'(Q) is infinite. Let p > 2 be a prime number. Then there is a u € C'(F,) such
that the residue disk C'(Z,), contains infinitely many elements of C'(Q), hence infinitely
many elements in the image of k of §4.10. By construction, (Z;) is contained in T'(Zy),.
The image of T'(Zy), in ZI¢ x Z84 x 24 is 76! x 79, with Z embedded in Zg4 x ZI5 as
a sub-Z,-module. By the previous section, the Zariski closure of (Zg) in ZgG X Zg*‘ X ZZB
is of dimension at most r. Hence there are nonzero polynomial functions on Zg’l X Z3
that are zero on infinitely many points of C'(Z,),,, and therefore zero on a nonempty open

smaller disk. Via a ring morphism Z, — C, this contradicts the conclusion of §9.2.2.
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9.3. The relation with p-adic heights

We want to compare the approach to quadratic Chabauty in this article to the one in [4]
by answering the question: Which local analytic coordinates on T'(Z,) and C (Q)) lead to
the equations, in terms of p-adic heights, for the quadratic Chabauty set C(Q,), in [4]?
Before we do this, we note that the Poincaré biextension has played a role in Arakelov
theory and the theory of p-adic heights for a long time [23, 25, 32]. Moreover, [8] gives
a detailed description of how Kim’s cohomological approach relates to p-adic heights in
the context of G,-torsors on abelian varieties.

Let p > 2 be a prime number of good reduction for C'. We consider the Poincaré
torsor M* on (J x J)q, via diagram (6.3.3), and we use the description of M* given in
equation (6.3.13).

Let D be the subset Div’ (Cg, ) x Div? (Cg,) made of pairs of divisors (Ds,Ds) having
disjoint support. Let log: Q; — Q, be a group morphism extending the formal logarithm
on 1+pZ, and let W be an isotropic complement of Qtli‘@p /0, (Cg,) inHiR(Cg, /Qp). With

these choices made, Coleman and Gross [11, (5.1)] define the function (there denoted (,-))
hp: D= Qp,
the p-part of the p-adic height pairing. We define the function
b MH(Qp) — Qp

by demanding that for every effective D1 and D5 in Div (C@p) of the same degree, every
E in Div° (CQP) and every A in Q, the element

A-Normp, /g, (1) ® Normp, g, (1)~
in
« X
M*(Ocy, (E),S(D1) = £(Dz) ) = (Notmp, g, Ocs, (E) & Normp, g, O, (~ )
be sent to
¢ (A-Normp, /g, (1) ®NormD2/Qp(1)_1) :=hy(Dy1 — D9, E) +log A

That this depends only on the linear equivalence classes of D;—Dy and E follows from
formula (6.4.4), plus (see [11, Proposition 5.2]) the facts that h, is biadditive and
symmetric and that, for any nonzero rational function f on Cg, and any D in Div® (CQp)
with support disjoint from that of div(f), we have h,(D,div(f)) =1log(f(D)). Moreover,
expressing h, in terms of a Green function G as in [7, Theorem 7.3], we deduce that in
each residue disk of M* (Z,), ¢ is given by a power series. Let wq,...,w, be a basis of
Qé@p /Q, (C@p)' This basis gives a unique morphism of groups log;: J(Q,) — Qf that
extends the logarithm of Lemma 5.1.1. We define

U= (logJOprJ,l,logJOprJ’%z/J) M (Qp) — QF x QY x Qp.
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By the biadditivity of hy, ¥ is a morphism of biextensions, with the trivial biextension
structure on Qf x Q9 x Q, as in equation (9.1.1). As p> 2, ¥ induces a homeomorphism,
given by power series, from each residue polydisk to its image. Pulling back the coordinate
functions on Q29! gives, for every 2 € M* (F,), coordinates on M* (Z,),.

We describe j~b and k in these coordinates. It suffices to describe, for each 1
in {1,...,p—1}, fl:i: C — T;, and from now on we omit the dependence on i. For each
ce C(F,) on T(Zp)ﬁ(x) we use the coordinates x1 := f*t1,...,x4 1= f*ty, 2 := [Ftag41,
where f is the map T — M™* and ty,...,t244+1 are the coordinates on M* (Zp)fb(c) we
just defined. Since the map ¥ is a morphism of biextensions, for j in {1,...,g}, zjok is a
polynomial of degree at most 1 and zok is a polynomial of degree at most 2. As explained
in §7, over Z,, j, is given by a line bundle £ over (C' x C)z, rigidified along (C x {b})z,
and along the diagonal with two sections [, and [. Choosing a section that trivialises £
on an open subset of (C x C)z, containing (b,), (¢,b) and (c,c) in (C'x C) (F,), we get a
divisor D on (C x C)z, whose support is disjoint from (c,b) and (c,c) and an isomorphism
between £ and O(D) on (C' x C)z,. After modifying D with a principal horizontal divisor
and a principal vertical divisor, D|c ) and diag® D are both equal to the zero divisor
on Cz,, and hence I, and [ are the extensions of elements of @, interpreted as rational
sections of O(D) on (C x C)z,. By Propositions 7.5 and 7.8, there exists a unique A € Qf
such that for each d € C'(Z,),,

ﬂ(d) = )\-Normd/zp(l) ®N0rmb/zp(l)_1 e M~ (jb(d),D|{d}xc) .

Since x; is the jth coordinate of log; and z is the pullback of ¢, we deduce that

21 (ﬁ(d)) :/bdwl,...,xg (fb(d)) :/bdwg, z(j;(d)> = hy (d—b,D|(ayxc) +log A

and by [4, Proof of Theorem 1.2] and [5, Lemma 5.5], the function d — h;, (d —b,D|{ayxc)
is a sum of double Coleman integrals.

It should now be easy to exactly interpret the cohomological approach geometrically,
showing that in the coordinates used here, the equations for C'(Q,), are precisely
equations for the intersection of C'(Q,) and the p-adic closure of T'(Z). Computations
can be made in the geometric context of this article or, as in [5], in terms of the étale
fundamental group of C. The connection between these is then given by p-adic local
systems on 7.
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