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Abstract

In the literature on optimal stopping, the problem of maximizing the expected discounted
reward over all stopping times has been explicitly solved for some special reward func-
tions (including (x™)", (e* — K)T, (K —e™)*, x€R, v € (0, 00), and K > 0) under
general random walks in discrete time and Lévy processes in continuous time (subject to
mild integrability conditions). All such reward functions are continuous, increasing, and
logconcave while the corresponding optimal stopping times are of threshold type (i.e. the
solutions are one-sided). In this paper we show that all optimal stopping problems with
increasing, logconcave, and right-continuous reward functions admit one-sided solutions
for general random walks and Lévy processes, thereby generalizing the aforementioned
results. We also investigate in detail the principle of smooth fit for Lévy processes when
the reward function is increasing and logconcave.
Keywords: American option pricing; threshold type; random walk; Lévy process; smooth
fit
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1. Introduction

Let X ={X;};>0 be a process with independent stationary increments, where the time
parameter ¢ is either discrete (i.e. t € Z* :=1{0, 1, ...}) or continuous (i.e. t € R* := [0, 00)).
Let Xo = x be the initial state. We assume that X is defined on a filtered probability space
(R, F, {#+}, P), where for each t, F; is the (enlarged) o-field generated by {X;: s <t}. For
a measurable reward function g > 0 and a discount factor ¢ > 0, we consider the problem of
maximizing the expected discounted reward over all stopping times. The objective is to find
the value function V(x) and an optimal stopping time t* (if it exists) satisfying

B (e g(Xe) e+ <o) = V() := sup E(e ™" g(Xe)(r <o) (1.1)
TE

where the subscript x in [E, refers to the initial state Xo =x, M is the collection of all
stopping times taking values in [0, co], and 14 denotes the indicator function of A. For a < oo,
the stopping time 7, := inf{r > 0: X; > a} is said to be of threshold type with threshold a.

Received 14 December 2017; revision received 20 August 2018.

* Postal address: Institute of Statistical Science, Academia Sinica, 128 Academia Road, Section 2, Nankang, Taipei
11529, Taiwan, ROC.

** Email address: yslin@stat.sinica.edu.tw

*#% Email address: yao@stat.sinica.edu.tw

87

https://doi.org/10.1017/apr.2019.4 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2019.4
http://www.appliedprobability.org
mailto:yslin@stat.sinica.edu.tw
mailto:yao@stat.sinica.edu.tw
https://doi.org/10.1017/apr.2019.4

88 Y.-S. LIN AND Y.-C. YAO

An optimal stopping time of threshold type exists if 7* = 7, for some a < oo, in which case
the optimal stopping problem (1.1) is said to admit a one-sided solution.

In the literature, motivated by applications in American option pricing, the optimal
stopping problem (1.1) has been solved explicitly for special reward functions including
)Y := (max{x, 0})” (v>0), (¢ —K)*, and (K —e™™)" in both discrete and continuous
time; see [10], [8], [15], [17], [18], and [13]. Note that all of the above reward functions are
continuous, increasing, and logconcave, while the corresponding optimal stopping times are of
threshold type. (Here and below, the word ‘increasing’ means ‘nondecreasing’.) Note also that,
for each of these reward functions, the one-sided solution for (1.1) is found explicitly under
general random walks in discrete time and Lévy processes in continuous time (subject to mild
integrability conditions). On the other hand, by imposing more structures on {X;}, the problem
(1.1) can be solved explicitly for more general reward functions. Indeed, when {X;} is a matrix-
exponential jump diffusion, Sheu and Tsai [21] obtained an explicit one-sided solution of (1.1)
for a fairly general class of increasing and logconcave reward functions g > 0 which satisfy
some additional technical conditions.

In view of the above results, two natural questions arise concerning the relationship between
the logconcavity and monotonicity of g and the existence of a one-sided solution:

(Q1) Does the logconcavity and monotonicity of g imply the existence of a one-sided
solution? More precisely, if g >0 is increasing and logconcave, does (1.1) admit a
one-sided solution under general random walks and Lévy processes?

(Q2) To what extent is the logconcavity and monotonicity of g implied by the existence of a
one-sided solution?

To make (Q2) more precise, observe that it is easy to find a reward function g > 0 (which
is neither increasing nor logconcave) and a process {Y;};~¢ with Yy =0 such that, for some
threshold a, 7, is optimal under {X; = x + Y;};>0 for any initial state x € R. Indeed, if, for some
g>0, 1, =inf{t > 0: X; > a} is optimal under {X; = x + Y;};>0 for all x € R, then, with respect
to the same process {X;},

E, (e_qrag(xra)l{ra<oo}) =E, (e_qr"g(Xra)l{t,,<oo})
= Sup ]Ex(e_qrg(xt)l{r<oo})

TeM
> sup Ex(eiqrg(Xr)l{r<oo})s
TeM
where g > 0 is any reward function satisfying
0<gkx) <g(x) forallxeR, gx)=gkx) forx>a. (1.2)

This shows that, under the process {X;} (for any Xop =x € R), 7, is optimal for any reward
function g satisfying (1.2), which need not be increasing or logconcave. Thus, it seems natural
to formulate (Q2) as: if g > 0 is such that (1.1) admits a one-sided solution with respect to a
sufficiently rich class of processes {X;}, is g necessarily increasing and logconcave?

The work of Hsiau ef al. [11] makes an attempt to address (Q1) and (Q2). Specifically, they
showed (cf. [11, Theorem 3.1]) that if g > 0 is increasing, logconcave, and right continuous,
(1.1) admits a one-sided solution provided that {X;} is a spectrally negative Lévy process (for
which a tractable fluctuation theory is available due to no overshoots). Furthermore, it was
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established (cf. [11, Theorem 6.1]) that, for fixed ¢ > 0, a nonnegative measurable reward
function g is necessarily increasing and logconcave if, for each o € R, there is a threshold
u(o) < oo such that 7, is optimal under the Brownian motion process X; = x + ot + B,
where {B;} is a standard Brownian motion. (A similar result was also established for the g =0
case(cf. [11, Theorem 5.2]) where the drift parameter « is restricted to o < 0.)

In the present paper we address (Q1) in full generality (with the right-continuity condition
imposed on g), thereby generalizing the aforementioned results in the literature. Specifically,
we treat the discrete-time case in Section 2, and show that if g > 0 is nonconstant, increasing,
logconcave, and right continuous then, with respect to any random walk, there is a unique
threshold —oco < u < 0o such that V(x) > g(x) for x < u and V(x) = g(x) for x > u. Moreover,
if —oo <u < 00, 7, is optimal attaining the (finite) value V(x) of (1.1) for all x € R. If u = oo,
either V(x) =00 for all x€ R in which case there are randomized stopping times with an
infinite expected (discounted) reward, or V(x) < oo for all x € R in which case no optimal
stopping time exists. Via the standard time discretization device, the results in Section 2 are
applied in Section 3 to general Lévy processes in continuous time.

With the help of the results in Section 3, in Section 4 we investigate the principle of smooth
fit for Lévy processes {X;} when g > 0 is a general increasing and logconcave function. Alili
and Kyprianou [1] showed that, for g(x) = (K —e™*)™ (described here in our setting which
corresponds to perpetual American put), the smooth fit principle holds if and only if 0 is regular
for (0, oo) for {X;}. They also conjectured that this result holds more generally. (See also [3] for
a related discussion, and [19] for an example in which {X;} is a regular diffusion process and
g is differentiable, but the value function fails to satisfy the smooth fit condition at the optimal
stopping boundary.) We show in Section 4 that their conjecture holds for general increasing
and logconcave g > 0 provided log g is not linear in any interval. If log g is linear in some
interval, the smooth fit principle may hold even when 0 is irregular for (0, co) for {X,}. Section
5 contains concluding remarks. The proofs of some technical lemmas (stated in Section 2) are
relegated to Appendix A, in which the logconcavity property of g plays a key role. (Because of
space limitation, some detailed computations in the proofs are not provided. The reader may
refer to the long version [14] of the present paper for details.) It should be remarked that as the
characterization of the optimal threshold u for general g and {X;} (cf. (2.2) below) is less than
explicit, there is no general explicit expression for the corresponding value function. This fact
makes it a nontrivial task to verify that the value function is excessive.

We close this section by briefly reviewing some recent papers in which effective methods
are proposed to construct an explicit solution of (1.1) for g (not necessarily increasing or
logconcave) under {X;}, which is a Lévy process or a more general Markov process in
continuous time. Surya [23] introduced an averaging problem (associated with (1.1)) whose
solution, if it exists, yields a fluctuation identity for overshoots of a Lévy process. Then the
value and the optimal stopping time for (1.1) can be expressed in terms of the solution to the
averaging problem provided this solution has certain monotonicity properties. See also [9] for
related results on Lévy processes as well as on random walks. The work of Christensen et al.
[6] characterized the solution of (1.1) similarly as in [9] and [23], but under very general strong
Markov processes including diffusions, Lévy processes, and continuous-time Markov chains.
Moreover, the solution can be either one-sided or two-sided depending on the representing
function for the given reward function. More recently, Mordecki and Mishura [16] generalized
Surya’s averaging problem so as to make the construction method more flexible. Lately,
Christensen [4] introduced an auxiliary problem for a two-dimensional process consisting of
the underlying (Markov) process {X;} and its running maximum. Under suitable assumptions,
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the auxiliary problem turns out to have the infinitesimal look-ahead rule as its solution, which
then yields an optimal stopping time for (1.1).

2. Optimal stopping for random walks

In this section we use n € Z™ (instead of ) to denote the discrete-time parameter. Let
£,&1,&, ... be a sequence of real-valued independent and identically distributed (i.i.d.)
random variables. To avoid trivial cases, assume that P(§ > 0) > 0. For Xo =x € R, let X;,+-1 =
X, + &1 for n=0,1, ..., so that {X,},>0 is a random walk with initial state x. For y e
R U {—o0}, define 7y := inf{n > 0: X,, > y} (a threshold-type stopping time) and 7, := inf{n >
1: X, >y} (which is different from z, if Xo>y). Consider a nonnegative reward function
g: R— [0, co) which is nonconstant, increasing (i.e. g(x) < g(y) for x <y), and logconcave
(i.e. g(0x+ (1 —0)y) > (g(x)? (g(»))' ¥ forall x, yand 0 < 6 < 1). Letting log 0 := — o0, the
function /(x) := log g(x) is increasing and concave, so that the left-hand derivative 4'(x —) is
well defined (possibly +00) at every x with (x) > —oo. Letting &' (x —) := + oo if h(x) = —o0,
then //(x —) is decreasing (and nonnegative) in x € R. Define

B:= lim K (x—), 2.1

X—> 00
E, (e=9xg (X7.) 1¢7. -
u:= inflxeR: e (e 0g () Lr<o) <1 (fzzooforazo), 2.2)
g(x) 0

W= sup Eo(e™ 7™ g(Xr, )1 _oo}) = sup E(e™ " g(Xr)11; _oo}). (2.3)
yeR ’ yeR :

V(x):= sup Ex (677" g(X:){r<o0}) xeR. (2.4)

TeM

(While the subscript x in E, refers to the initial state X, = x, in the x = 0 case, we write E = Eg
for simplicity, as in (2.3).)

Remark 2.1. A nonnegative, nonconstant, increasing, and logconcave function g is continu-
ous everywhere except possibly at

xo := inf{s € R: g(s) > 0}. 2.5)

Note that —oo <xp < co. Moreover, since g is nonconstant, g is not identically O while
limy—, oo g(x) =0. In Theorem 2.1 below, g is assumed to be right continuous, which implies
that g(xp) = g(xo +) if x9 > —o0.

Remark 2.2. Note that L(Ty, X7, 1{T,<00} | Xo = x) = L(Tp, (x + X1,)1{Ty<c0) | X0 = 0),
where £(Z) denotes the law of a random vector Z. Since, by logconcavity, g(x 4 §)/g(x) is
decreasing in x for § > 0, it follows that

Eve™ " g(Xr )1, <o) E(e™10g(x + X117y <o0))

is decreasing in x. (2.6)
8(x) g(x)

It can be argued that if G(x) :=E, (e_qTXg (XTX) l{rx<oo}) = oo for some x then G(x) = oo for
all x € R, in which case we have u = co. Thus, if u < oo then G(x) < oo is continuous and
increasing in x > xo, so that

Eve™ (X1 17, <00)) (_ Gx)

= ) is continuous (and decreasing) in x > xo,
8(x) g(x)
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where xg is given in (2.5). It follows that
E, (™" g (X1,) Li7,<00}) = g() provided xo < u < oo. 2.7

Theorem 2.1. Let g: R — [0, 00) be nonconstant, increasing, logconcave and right continu-
ous, and define 8, u, W, and V(x) as in (2.1)—(2.4). Assume P(¢ > 0) > 0. Then the following
statements hold.

(1) If —oo <u < oo then the threshold-type stopping time t, is optimal, i.e. V(x)=
E, (e_qT”g(Xru)I{,u<oo})f0r allx e R.

(ii) If u =00 then V(x) =lim,_, o E, (efqtyg(Xry)l{,y@o}) = eP*W for all x. If, in addition,
W =00 then there exist (randomized) stopping times that yield an infinite expected
(discounted) reward; if W < oo then there is no optimal stopping time.

Corollary 2.1. (i) V(x) > g(x) for x < u and V(x) = g(x) for x > u.
(1) V(x)/g(x) is decreasing in x.
(i) If xo <u <00 oru= —00 or u =00 and W < 0o, then V(x) is continuous everywhere.

Remark 2.3. By Corollary 2.1, u =inf{x: V(x) = g(x)} =sup{x: V(x) > g(x)}. By Theorem
2.1, (— 0o, u) and [u, 0o) are the ©Eptimal) continuation and stopping regions, respectively. If
u = —00, there is no continuation region, so stopping immediately is optimal. If u = oo, the
stopping region is empty and there is no optimal stopping time in the sense that, for any initial
state x and for any stopping time 7, we can always find another stopping time t’ such that
Pyt >1)=1and

Ex[e*‘”/g(Xr/) | Fr]>e 9g(X;) as.on{r <oo}.

Remark 2.4. Novikov and Shiryaev [18] solved (1.1) for g(x) = (x™)" with v > 0, and found
that the optimal threshold is the positive root of the associated Appell function, which
generalizes an earlier result of Darling ef al. [8] for v = 1. It can be shown that their optimal
threshold agrees with (2.2). As an illustration, consider g(x) = x* and ¢ = 0, for which Darling
et al. [8] showed that if E(§) < O then tr(y is optimal where M := sup{0, &1, & + &, ... }.
For E(§) < 0, the value of u defined in (2.2) satisfies (cf. (2.7))

0 <u=gw) =Ey (§X1,)1{7,<o0}) = Eu (X1, 147, <00}) = E (0 + X7) L7 <00}) +

yielding
E (XTol{T0<00})
=———* =[KWM),

" TR(T, = 00) ()
where the second equality follows from the fact that L(M) = L ((XTO + M1y <00) | Xo= O) ,
with M’ being an independent copy of M. When E(§)>0 or E(¢) is undefined (i.e.
E(max{&, 0}) = oo = E(max{—§, 0})), it is readily shown that u = co = [E(M). Thus, the value
of u defined in (2.2) equals [E(M) regardless of whether [E(§) < 0.

Remark 2.5. For g(x) > 0, it can be shown that E, (e_qT"g (X X) l{Tx<oo}) /g(x) <1 if and
only if E, (e_qTX+g (X,H) 1{rx+<oo}) /g(x) <1, where 7,4 := inf{n > 0: X, > x}. It follows
that the definition of u in (2.2) is equivalent to

]Ex (e_qTXJrg (Xfor) 1{7x+<00}) < 1}
8(x) )

u:inf{xeR:
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If xo < u < o0, it follows from (2.7) that

g(u) =E, (e_ung(XTu)l{Tu«)o}) =E, (e_unJrg(XrH)1{r1,+<oo}) ,

which together with the optimality of 7, implies that 7,4 is also optimal. However,
7,4+ may not be optimal if u=xy)> —00. As an example, consider the (logconcave)
function g(x) = 1j0,00)(x) for which u=x9=0. While 7y is optimal, we have g(0)=1>
Eo (e_qfo+g(XT0+)1{,0+<oo}) ifg>0o0rE¢)<O0.

To prove Theorem 2.1, we need the following lemmas.

Lemma 2.1. Forf: R— [0, 00) and v € R, let U(x) :=Ex(e™"f(X¢, )iz, <o0}), X € R. Then
E(e™1U(x+ &) =E(e 1 f(X1,) {1, <00}), XER.

Lemma 2.2. Let f(x) and g(x) be nonnegative functions defined on R. If f(x) > g(x) and f(x) >
E(e™f(x +§&)) for all x, then f(x) > sup,c aq Ex (e_‘”g(X,)l{Koo}) forxeR.

Lemma 2.3. Assume that P(§ > 0) > 0. Let g: R — [0, 00) be nonconstant, increasing, and
logconcave. Suppose that

Ey (e~ g(X1,) 17, <o0})
8(y)
Then the following statements hold:
(i) Ex (e ag(Xr,) 11, <00)) < Ex(e™?g(Xp,)1 {Tym}) forxeRandae[ — 00, y);
(ii) 8() < Ey(e™178(Xe (g, o)) for x € (— 00, ).

Lemma 2.4. Assume that P(§ > 0) > 0. Let g: R — [0, 0c0) be nonconstant, increasing and
logconcave. Suppose that

>1 for somey> xo:= inf{s: g(s) > 0}.

Ey (e~ g(X1) 17, <o0})
gy)

<1 forsomey> xp:= inf{s: g(s) > 0}.

Then the following statements hold:
@) Ex(e_qT)‘g(XTy)l{Ty<oo}) >, (e_qT”g(XTa)l{Ta@o})forx €R and a € (y, 00);
(i) g() = Ey (679" g(Xr,)1iz,<00}) for a € (y, 00).

Lemma 2.5. Assume that P(§ > 0)> 0 and ¢p(1) :=E(*¥) < 0o for all »>0. Let g: R —
[0, 00) be nonconstant, increasing, logconcave, and right continuous. Define u as in (2.2).
Suppose that u < oco. Then t,, is optimal. Moreover, the value function V(x) satisfies V(x) > g(x)
for x <u and V(x) = g(x) for x > u.

Lemma 2.6. Assume that P(§ >0)>0. Let g: R— [0, 00) be nonconstant, increasing,
logconcave, and right continuous. Define u as in (2.2). Suppose that there exist X' € R and
¢ > 0 such that g(x) = c for x> x'. Then u < x’ and v, is optimal. Moreover, the value function
V(x) satisfies V(x) > g(x) for x < u and V(x) = g(x) for x > u.

Lemma 2.1 follows easily by conditioning on X; =x+ &. Lemma 2.2 is a standard result
(see [17, Lemma 5]). The proofs of Lemmas 2.3-2.6 are relegated to Appendix A. We are now
ready to prove Theorem 2.1.
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Proof of Theorem 2.1(i). Let {bi}x>1 be an increasing sequence such that b; > xo and
limg_s 5o by = 00. For each k > 1, let gx(x) := g(x A by) := g(min{x, br}) for x € R, and let

Vi(x) := sup Ex(e_qrgk(xr)l{r <o0})- (2.8)
TeM
Then, for k > 1, gx(x) is nonconstant, increasing, logconcave, and right continuous. Since gi(x)
is increasing in k, so is Vi(x). Note that gx(x) = g(bx) > 0 for x > by and gx(x) = g(x) for x < by.
We have Vi (x) < g(by) for x € R, and, by Lemma 2.6, it follows that 7,, is optimal for the
optimal stopping problem (2.8) with reward function g, where

Ev(e” g Xr) <o) _ |
gk(x) B

Uy = inf{xe R: } < by < 0. 2.9)

We claim that uy is increasing in k. If ug11 > by then up41 > uy clearly. In the ug41 < by case,

we have Vi(ug+1) < Vi1 (Up1) = k1 (uk+1) = g(uk+1) = gk (ug+1), implying that ugy1 > ug.
Let uso := limg— oo ur and Voo(x) := limg_, oo Vik(x). For any v € M, we have, by the
monotone convergence theorem,

Ex(eiqtg(xr)l{r<oo}) = klinolo Ex(eiqrgk(xr)l{r<oo}) < Vo),

implying that V(x) = Vs (x) for all x. Now we prove in three steps that 7, is optimal if —oo <
u < 0o. We show in step 1 that us, <u ( < 00), in step 2 that 7, is optimal, and in step 3 that
Uoo > U.

Step 1. To prove that un, < u, suppose to the contrary that # < u,. Choose an x and a (large)
k such that u < x < uy and by > x. We have, by (2.2),

gk(x) =gx) > Ey (e_qT*g(X )T <o0)) = Ex (e_qT*’gk (X7,) Li7,<00}) »

which together with (2.9) implies that x > uy, a contradiction. This proves that us, < u.
Step 2. To prove that 7, is optimal, it suffices to show that

E, (e_q%O g(XTuoo )l{fuoo <oo}) > sup Vi(x) (= Voo(x) = V(x)) for all x. (2.10)
k

If uso = —o00 then us, = uy = —oo for all k, implying that, for all x,
Vi(x) = gr(x) < g(x) =Ey (€77 g(Xr, )iz, <o0}) forallk,

establishing (2.10) for the us, = —o0 case.
Suppose that —00 < s ( < u < 00). Since us, > uy for all k, we have, for x > uqo,

Ey (677 g(Xr, ) (r,. <o) = () = gx() = Ve(x) for all k.

It remains to prove (2.10) for x < u. Note that us, > uy > xo for all k. If uso = xo then uy =
Uso = X for all k, so that

Vi(x) = E, (e_‘/%O gk Xe, Nz, <Oo}) <E, (e_‘”“OO eXe, Nz, <oo}) for all k,

proving (2.10).
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Now suppose that us, > xp. To prove (2.10) for x < us, let ko be so large that x < uy,
Uk, — Uso > X0, and by, > Uso. Thus, for all k > ko, we have x < uy, 2ux — uso > xo and by >
Uoo. For k > ko, let g := uoo — uy (> 0),

Uk(x) :=Ey (77" gr(Xz, Mz, <o0}) » T i= Ty o= inf{n > 0: X, > wp — &x},
and
Vi) :=Ey(e™%" gr(Xe) 1z <o) (< Vi(y)) foryeR.

Since L(7,,,, Xfuoc l{TMOo <0} | Xo=x)= E(Tukv (ex + Xfuk)l{fuk <00} | Xo=x— &), we have

Ur(x) =E,, (C_qruk gk(ex + Xruk )l{ruk <oo})
= ]Ex—ak (eiqruk gk(quk )l{ruk <oo})
= Vilx — &) = Vielx — ). .11

Let 7”7 := 1,y := inf{n > 0: X,, > uy — x}. On {t” < oo}, we have
8r(x — &k + Xpr) > gi(ux — &) = grQug — uoo) = 8((Qux — too) A br) = gQug — o) > 0.

Since L(ty,, Xz, Lz, <o0) | Xo=x) = LT, (x+ X)) (zr <00} | Xo=0), we have

Vi(x) = E, (eiqtuk gk(Xruk )l{ruk <oo})
= E(eiqrﬁgk(x + Xr”)l{r”<oo})
_E (e_q,// 8r(x + Xr)

8rk(x — & + Xr)

8r(uk)

~ 8k Qug — uso)

I 113)

g Quy — too)

I 113)

gk Quk — usc)

gr(x — &k +Xr”)1{r”<oo})

E(e " gi(x — ex + Xe) (e <o0))

Ex—e (6797 gk(Xe) e/ <o0))

Vilx — &), 2.12)

where the inequality is due to the logconcavity of g¢. By (2.11) and (2.12), we have

Urn) = SR teo) oy 82k — o)
8iuge) g(ug)

Letting kK — oo, the right- and left-hand sides of (2.13) tend, respectively, to Voo(x) and
E, (e_‘”uoo e(Xr, My, <oo}), yielding (2.10).
Step 3. We now prove that us, > u. Suppose to the contrary that u > us, (> xp). Then it

follows from (2.2) that E, (e_qT"oog (XTuoo) I{Tuoo <OO}) /8(uso) > 1, which implies by the
optimality of 7, (established in step 2) that

Vi(x) for k > ko. (2.13)

gus) <Ey, (e*‘iTuoog (Xr,..) Lz, <Oo}) < V(uoo) = g(ltoo),

a contradiction. Thus, u# < us,. The proof is complete. O
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Proof of Theorem 2.1(ii). Let Qy(x) :=E, (6777 g(Xy,)1{z,<00}) - X y € R. Claim that
Oy(x) is increasing in y € R. (2.14)
For any given x, y and y’ with y <y’, we have P,(ty < 7,) = 1. On {1, < 00}, define
H = Ex(eiq(ry/fr}’)g(xtv/)1{fy/<00} | ffy)’

so that Qu(x)=E; (e79"Hl(z<o0}). If y<) <xo, we have H>gX;)=0 on
{ty <00, Xy <x0} and H=g(Xy) on {ry<o00, Xy >x}. If y >xp, we have
Ey (e g(XTy,)l{Ty,<oo}) /80/)>1 (since u=00). By Lemma 2.3(ii), H>g(X;) on
{ty <00, X7, < y'} and H=g(Xy) on {1y <00, X, >y’}. Thus, we have shown that
H > g(Xz,) on {ty < oo}, implying that

Qy’(x) =E, (e_qr‘"Hl{ry<oo}) > E, (e_qr‘vg(xry)l{ry<oo}) = Qy(x)»
establishing (2.14). Let

QW)= sup Q,(x) = lim 0,(x) and  Q(O)=W.
y
To show that

Vx)=0(x) = )l_l)rgo 0y(x), (2.15)

consider an increasing sequence {by}r>1 with b1 > xo and limg—_, oo b = 00. Let gi(x) 1= g(x A
by), and let Vi(x) and uy be defined as in (2.8) and (2.9), respectively. Observing that V(x) =
limg—, o0 Vi(x) = sup; Vi(x), we have

V(x) = sup Vi(x) = sup Ex(e™ 7™ g(Xz, )iz, <o)
k k
<sup By (e 8(Xz, )z, <))
k
= s1;p Qu; (x)

<0)
<V,

where the second equality is due to the optimality of the threshold u; for the reward function
gk This proves (2.15).
Since L(zy, Xryl{,y@o} | Xo=x)=L(ty_x, (x+ Xfy_x)l{;v_x@o} | Xo =0), we have

V(x) = 0x) =ylirgo By (e718(Xe ) (ry<00))  (by (2.15))

= lim E (e 7% g(x + Xz, L{z, <o0})

y—>00
gx+Xz,)
=1 E o v Y o(X- )1
y00 (( 2(Xy,) )e 8 {T>‘<°°}>
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=ef* ylinolo E (eiqryg(Xry)l{ry<oo})

=e"*0(0)
=ePw, (2.16)

where we have used the facts that, on {r, < 00}, Xy, >y and

X
inf st < gt ty) <su g(x+Z).
2y g(2) 8(Xz) =y 8@
Note that

inf g +2) — inf "@HD=hE) > jnf () 2 _ iy {eh/((”y )X e - ePx
=y g(2) >y >y

as y — 0o, and that

gx+2) _ sup hHhE) < qup G = max [0 efx)  efx
=y 8@ zzy zzy

as y — oo. Suppose that W = oo. By (2.16), V(x) =eP*W =o0. In view of Oy(x) — 00 as
y— o0, letyy, k=1,2,..., be such that

0y, () =B (6”72 g(Xg My, <oc}) > 2"

Let 7 be a randomized stopping time of threshold type which chooses the threshold y; with
probability 27k k=1,2,....Then we have E, (e_‘”g(XT)l{Koo}) = 00.

Now suppose that W < co. To prove that there is no optimal stopping time, it suffices to
show for x € R and any stopping time T with P,(tr < 0o) > 0 that

V() > Ey (77 g(X ) {r<o0}) - (2.17)

Consider an increasing sequence of stopping times 7, :=inf{n>71: X, >k}>1, k=
1,2,.... Wehave

V) ZEx(e_quég(xr]é)l{r',é<c>o})
:Ex(e_qT 1{‘[<OO}]Ex(e_q(rlé_r)g(xr]é)l{'[]i<00} | -FT))
=E, (e—qr Qk(Xt)l{t<oo}) s

which, by (2.15), increases to E,(e 7" V(X; )1z <o0}) as k = 00. Since V(y) > g(y) for all y and
Py(t <00) >0, we have V(x) > E (e 7" V(X: )iz <00)) > Ex(e79" g(Xr )1z <o0}), establishing
(2.17). The proof is complete. (]

Remark 2.6. The proof of Corollary 2.1 is relatively straightforward and is omitted. The
interested reader may refer to [14] for details.
3. Optimal stopping for Lévy processes

Let X ={X;};>0 be a Lévy process with initial state Xo =x ¢ R. For a comprehensive
discussion of Lévy processes, see [2], [12], and [20]. As in Section 2, assume that P(X; >
0) > 0 since the P(X] <0) =1 case is trivial. For ¢ > 0 and g: R — [0, 00), let

V(x):= sup E; (67 g(Xr)1{r<o0}) » (3.1)
TeM
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where M is the class of all stopping times 7 taking values in [0, oo] with respect to the filtration
{Fi}=0, F: being the natural enlargement of o {X, 0 <s <t}.

To apply Theorem 2.1 to the problem (3.1), we introduce a sequence of optimal stopping
problems in discrete time (cf. [22, Chapter 3]). For £ =1, 2, ..., let M® denote the class of

all stopping times in M taking values in {n2=¢: n=0, 1, ..., co} and
VO(x) = sup E, (e_qrg(Xr)l{Koo}) , xeR. (3.2)
TeM®

Note that, by the Markov property of X, V¥ (x) equals the supremum of E, (e_qr g(Xr)l{r<oo})

over the (smaller) class of all stopping times 7 taking values in {n27¢: n=0, 1, ..., 0o} such

that {t =n2"%} € {Xy¢, i=0,1,...,n} CF,p¢.So we can apply Theorem 2.1 to (3.2).
Let u© be defined as in (2.2) with T, replaced by T)(f) =2t infln>1: X,,—¢ >x}, i.e.

E, (e~ g(X o)1

x (e 8X70) {T§e><oo}> }

<Iyg.
8(x)

Fory e RU{—o0}, let 7y := inf{t > 0: X; >y} € M and

u® .= inf {xe R:

70 =1O@):=27"inf{n>0: X ,¢ >y} € MO,
y y n2 y

By Theorem 2.1, if u® < oo then t.% =1Ow®) is optimal for (3.2), i.e.

O u®
V(E)(x) = Ex(e T )g(X,(t’)(u(z)))1{,(@)<u<a><oo}), xeR.
By Lemma 3.1 below, u(®) is increasing in £. Let

u:= lim u® and W:= sup E (679 g(Xr, )iz, <o0}) - (3.3)
L— 00 yeR
Remark 3.1. In Section 2 we used the notation V(x), #, and W for the random walk setting.
In this section we use the same notation for the Lévy process setting. Moreover, we refer
to the setting of the random walk {X,,-¢, n=0, 1, ...} by attaching the superscript (£), e.g.
VO W), u®, and r}‘”.
Theorem 3.1. Let ¢ >0 and g:R — [0, 00) be nonconstant, increasing, logconcave, and

right continuous. Let B := limy_, o I (x —) where h(x) := log g(x). Define V(x), u, and W as
in (3.1) and (3.3).

(i) If —0o <u < o0 then t, is optimal, i.e. V(x) =E, (e_qT“g(Xtu)l{ru<oo})for all x.
(ii) Ifu= oo then V(x) =limy_, o Ey (e’qryg(X,y)l{ry@o}) = eP*W forx € R. If, in addition,

W =00 then there exist (randomized) stopping times that yield an infinite expected
(discounted ) reward; if W < oo then there is no optimal stopping time.

To prove Theorem 3.1, we need the following lemmas where g >0 is assumed to be
nonconstant, increasing, logconcave, and right continuous. Some arguments are needed to deal
with the case that g is not continuous at xo := inf{s: g(s) > 0}, which is not covered in [22,
Chapter 3] where g is required to satisfy P,(lim, , o, g(X;) > g(x)) =1 for all x.

Lemma 3.1. ForxeRandt=1,2, ..., we have V& D(x) > VO(x) > 0 and u“tV > 4© >
X0, where xo := inf{s: g(s) > 0}.
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Proof. Since M®© c MUHD we have 0 < VO (x) < VE+D(x). To show that u‘*+D > 14
it suffices to consider the case u*t1 < 0o (possibly u‘*1 = —o0). By Corollary 2.1(i),

g0) =V D) > v () > g(x) forx > utTD,
implying that V(©(x) = g(x) for x > u**1. By Corollary 2.1(i) again, ‘T > 4(®. O
Lemma 3.2. Suppose that g(x) > 0 for all x € R. Then
() VO(x):= limy_ s VEO() = V(x) for x € R;
(1) V(x) > g(x) for x <u and V(x) = g(x) for x > u;
(i) V(x)/g(x) is decreasing in x.

Proof. Since g is logconcave, g(x) > 0, for all x € R, implies that g is continuous.

(i) Since V(x) > V(x), we have V(x) > V{®)(x). To show that V(x) < V{®)(x), let T € M
be any stopping time. For £ =1, 2, ..., define 70 :=27¢(|2¢¢ | 4+ 1), where |x] denotes the
largest integer not exceeding x with [oco] := occ. Clearly, 7© € M® and 1® \( 7 as £ — oo.
It follows from the right continuity of {X;} and the continuity of g that

ef’”(z)g(Xt(e)) —e "g(X;) as.on{t < o0}.
We have, by Fatou’s lemma,

_gr© _
V<°°><x>=s1;p V“%x)zsngx(e T e(X )0 <o0p) = B (€77 (X)L (r <o) -

Since T € M is arbitrary, we have V(x) < V(®)(x).

(ii) For x < u, choose a (large) £ with x < u® <u. It follows from Corollary 2.1(i) that
g(x) < VO(x) < V) (x) = V(x). For x > u, since u'® <u < x, we have, by Corollary 2.1(i),
g(x) = VO (x) for all £, implying that g(x) = V®(x) = V(x).

(iii) By Corollary 2.1(ii), V(¥ (x)/g(x) is decreasing in x. Since VO (x) 7 V(x) as £ — oo, it
follows that V(x)/g(x) is decreasing in x. O

Lemma 3.3. [f —00 < u < 0o then V(x) = g(x) for x > u.

Proof. Let h(x):= log g(x). Fix an x > u (> xo:= inf{s: g(s) > 0}). If #'(x—)=0 then
g(x) =sup{g(y): y € R} > V(x), implying that V(x) = g(x). Suppose that #'(x —) > 0. Let

hx)+H(x—)y—x) ify<ux,

") = {h(y) otherwise.

Letg(y) = e = 0 for all y € R, which is larger than or equal to g(y), nonconstant, increasing,
logconcave and continuous. Define

E, (e~ 3(X )1

y (e ’ 8(Xp0) {T;«><oo}> 5 1}
2) B

Since g(y) = g(y) for all y > x and u® <y < x, we have 19 < x. Let i1 := limp_, o 49 < x. By

Lemma 3.2(ii) applied to g,

gx) =gx) = V(x) = sup E; (e_qrg'(xr)l{r<oo}) > V(x),

#© = inf {yeR:

TeM
so V(x) = g(x). We have shown that V(x) = g(x) for all x > u. Finally, V(u) = g(u) follows from
the monotonicity of g and V and the right continuity of g. (]
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Lemma 3.4. Suppose that —oo < u < 0o. For x < u and T € M with Py(t > 1) = 1, we have
E, (e_qrg(xr)l{t<oo}) <E, (e_qrug(Xtu)l{nKoo}) .

Proof. Since, on {7, < 00}, X;, 45 — X, (s > 0) is independent of F, and has the same law
as Xy — Xp, we have, on {r, < 00},

Ex(e_q(r_r“)g(xru + (X‘E - X‘[u))l{‘[<00} | ‘Ffu) = V(Xfu) = g(Xfu) as.,

where the equality follows from Lemma 3.3 (noting that X;, >u on {r, <oo}). Hence,
E, (e_‘”g(Xr)l{Koo}) <E, (e_qt"g(X,u)l{ru@o}), completing the proof. O

Lemma 3.5. Suppose that —oo < u < oo. For x < u,
VO —u+u) < By (679 g(Xe, ) iz, <o0)) -
Proof. For ease of notation, write v := u® and § :=u — u® > 0. Noting that, for x < u,

L@ X ol o_y | Xo=0=L@ G +X o) 0_, | Xo=x-0),

we have
_
VO —8)=E,_s (e qTy g(XTV(e))l{TV(Z)<OO})
= Ee(e™ (X 0 — 51 )
X Tu {tu " <00}
<E (e—qry)g(X @)1, _w© )
- )ty <oo)
<E, (eiqrug(xru)l{ru<oo})a
where the last inequality follows from Lemma 3.4 and the fact that PX(T,EZ) >1,)=1. O

Lemma 3.6. Suppose that xo < u < oo. Then V(x) is continuous everywhere and t, is optimal.

Proof. Fix v € (xg, u). Let h(x) := log g(x), and

= M) +hHv—=)x—v) ifx<v,
h(x) := .
h(x) otherwise,
and Z(x) :=e"™ > 0, so that g(x) > g(x) for x € R. Clearly, g(x) is nonconstant, increasing,
logconcave, and continuous. Define i, a, V(Z)(x), and f/(x) in terms of g in exactly the same
way that u©, u, V©O(x), and V(x) are in terms of g. For (large) £ with v < u(®, the fact that
g(x) = g(x) for all x > v yields i) = u©, implying that 7 := limy_, oo #©) = limy_, o0 u® = u.
Moreover, 9 = u® > v and g(x) = g(x) for all x > v implies that VO (x) = VO (x) for x € R,
which in turn implies that V(x) = V(x) for x € R, since

V(x) < V(x) = lim VOx) = lim VO < V(x),
£—>00 {—00
where the first equality is due to Lemma 3.2(i) applied to g. }
By Lemma 3.2(iii) (applied to ), V(x)/g(x) is decreasing in x, which implies that V(x —)/

gx—)=>V(x+)/z(x+), xeR. Since zx)=%x—)=3zx+)>0, we have V(x—)>
V(x+), so V(x—) = V(x+). Thus, V(x) (= V(x)) is a continuous function.
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To show the optimality of 7, we need to prove
V() =E; (€77 g(Xr,)1(r,<o0}) forxeR. (3.4)

By Lemma 3.3, V(x) = g(x) for x > u, so that (3.4) holds for x > u. For x < u( =), we have,
by Lemma 3.5 (applied to g),

By (e_qrug(xru)l{ru<oo}) =E, (e_q’“(é(Xru)l{,u@o}) > V(z)(x —u+ ft(e)).
It follows that

Ey (€79 g(Xe, )iz, <00)) = sup VO (x —u+ ")
14

>lim lim VOx —¢)
el0 £—o0

=V-)
= V()
=V,
where the first equality is due to Lemma 3.2(i) applied to g. This proves (3.4). O
Lemma 3.7. Suppose that —oo < u < 0o and t, is optimal. Then
(i) g(0) < Ex (e g(Xe )it <o0y) forx <y <u;
(i) Ey (e_qryg(xry)l{ry<oo}) <E, (e_qrzg(sz)l{rz<oo})f0rx =y<z=u
Proof. (i) The desired inequality holds trivially if g(x) = 0. Suppose that g(x) > 0. Since
E(Ty» (u—y +Xry)1{ry<oo} | Xo=x)=L(1y, Xr,,l{ru<oo} | Xo=x+u—y), we have
< Vix+u—y)
gx+u—y)
_ ]Ex+u—y(e_qrug(Xru)l{ru<oo})
gx+u—y)
| Ede 00—y + Xr )1z, <o00))
gu—y+x)
_ B (X)L <o)
8(x)

)

where the last inequality follows from the logconcavity of g.
(i) Noting that 7, > 7y a.s., on {7, < 7;} = {7, < 00, X7, <z}, by (i) we have

Ex(e_q(rz_ry)g(xrz)l{rz<oo} | fry) zg(Xry) a.s.,

from which the desired inequality in (ii) follows. O

Proof of Theorem 3.1(i). If u= —oo then ud = —cofort=1,2, ..., implying that 0 <
VO((x)=g(x) forallxe Rand £ =1, 2, ... . It follows from Lemma 3.2(i) that

V()= lim VO(x)=g(x) forxeR,
— 00

proving that 7, = 7_ is optimal.
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If xo < u < 00, 7, is optimal by Lemma 3.6. It remains to show that, for u = xy > —oo0,
V(x)=Ex (677 g(Xe,) iz, <c0}) forxeR. (3.5)

By Lemma 3.3, V(x) = g(x) for x > u = xq, so that (3.5) holds for x > u = xy. For x <u = xp
and any stopping time t € M, we have er0 > xp=ua.s.on {ry, < v}, so that, on {7, < 7},

8(Xp ) =V(Xy, ) = By (e ™0)g (Xp) Lg <reoo) | Fry) @S, (3.6)
It follows from (3.6) that
E (6770 g(Xr, iz, <)) = Bx (€77 g(X0) 1z, <r <o)
which together with g(X;) =0 a.s. on {7 < 7y,} implies that
Ex (€770 g(Xe, )z, <oo}) = Ex (€77 g(Xe) 1z <o0})-
Since T € M is arbitrary, (3.5) follows. The proof is complete. O
Proof of Theorem 3.1(ii). Assume that u = co. We claim that, for x € R,
Qy(x) :=E, (677 g(X)l{r,<c0)) s increasing in y. 3.7)

Consider an increasing sequence {by} satisfying b; >xp and limg_ oo by =00. Let
gr(x) := g(x A by), which is nonconstant, increasing, logconcave, and right continuous. For
£>1,let

E, (e~ g, (X.0)1
i ERA 0T <o0)

8k(x)

ul = inf{xeR: < 1} < by.

Let uy := limy_, ug) < by < 0o. In other words, uy is defined in terms of g in exactly the
same way that u is defined in terms of g. Since u; < 0o, we have, by Theorem 3.1(i),

Ve = sup By (e gr(Xo)lr<oc)) = Bx(e 7™ geXe, r, <o0)).  (3.8)

TeM

Thus, Vi(x)=gi(x) for x>u; and Vi(x) > gi(x) for x <u,. Since g is increasing in
k, it is easily shown that both Vj; and u; are increasing. Let Voo(x):= limg_ o Vi(x)
and uso := limg_, oo ug. Clearly Voo(x) = V(x). Since u;f) S u® as k— oo and u,(f) " uy
as £ — oo, it follows that u:= limy_ o u® =00 implies that us 1= limg_, o ux = 00.
Incidentally, since V(x) > Vi(x) > gr(x) = g(x) for x < ux < by, we have

V(x) > g(x) forall xeRR.
To prove (3.7), it suffices to show for x <y; < ys,
E. (71 g(Xe, iz, <o0)) < E(e™7%26(Xe ) (r,, <o0)- (3.9)
For large k with u; > y, applying Lemma 3.7 to g yields
Ev(e™ 7™ gu(Xe, Mz, <o0}) < Ex(e™ ™2 g1(Xr, )iy, <c0))- (3.10)

By the monotone convergence theorem, the two sides of (3.10) converge to the corresponding
sides of (3.9), respectively. This proves (3.9) and establishes the claim (3.7).

https://doi.org/10.1017/apr.2019.4 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2019.4

102 Y.-S. LIN AND Y.-C. YAO

By (3.7), W:= sup,cg E (€799 ¢(Xr)1{z,<c0)) = limy 00 E (€79 (X1 )1{7,<c0) ). Follo-
wing the argument for (2.16) in the proof of Theorem 2.1(ii), we can show that

O(x) := sup Oy(x) = lim Qy(x) = ePw. (3.11)
yeR y—>00

Furthermore, we have
V(x) = Vo (%)

= lim Vi(x)
k— 00

= lim E,(e” ™ gk(x,uk)l{,uk@o}) (by (3.8))
k— 00

<supE, (e_qruk g(xruk )l{ruk <oo})

k
<0Kx)
< V),

implying by (3.11) that
V(x)=0x) =eP*W forxeR.

If W=o0, it is readily seen that there are randomized stopping times that yield an infinite
expected (discounted) reward. Suppose that W < oco. Following the argument for (2.17) in the
proof of Theorem 2.1(ii), we can show that there is no optimal stopping time. The proof is
complete. O

Remark 3.2. Previously, Lemma 3.2 was established under the assumption of xo = —o0.
Examining the proof of Theorem 3.1 shows that Lemma 3.2 holds for xo > —oo. In particular,
we have V(x) > g(x) for x < u and V(x) = g(x) for x > u.

4. On the principle of smooth fit for Lévy processes

In this section we investigate the principle of smooth fit for Lévy processes. Let X = {X;};>0
be a Lévy process with initial state Xo =x € R, and assume that P(X; > 0) > 0. For y e R, let
7y:= inf{r > 0: X, > y} and 7, := inf{r > 0: X; > y}.

Theorem 4.1. Let g: R — [0, 00) be nonconstant, increasing, logconcave, and right con-
tinuous. Define V(x) and u as in (3.1) and (3.3). Suppose that —o0 <xp <u < o0 and g is
differentiable at u (i.e. g'(u—)=g'(u+)=g'w)). If 0 is regular for (0, 00) for X then V is
differentiable at u, i.e. V'(u—)=V'(u+) (= g’ (u)).

Proof. Since V(u — ¢) > g(u — ¢) for ¢ > 0 and V(u) = g(u), we have
fime™! V) — Vu—e)) <Time™ [0 —gw—0)] =g ) =g, 4D
Since
L(Tuter Xoyoo Yoy <o) | Xo=u) = L(e, 0+ X,){z, <00} | Xo=0)
and  L(ty, Xr, Lz, <00} | Xo=u— &) = L(Te, (u — & + X, )1{r, <00} | X0 =0),
we have
e V() — V(u— )]
>e! [Ey (797 (X, iz <oo}) — Bue (€79 e(Xe, )z, <00}) ]
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=¢! [E (efqrgg(u +Xr5)1{r5<oo}) —-E (eiqrgg(u —&+ Xrg)l{tg<oo})]
=& 'E (79" (g(u+Xr,) — g(u—e +Xz,)) Lir.<c0)) - (4.2)

By the concavity of i(x) := log g(x), we have, on {t, < 00},

8+ Xe) = gu — & o Xy, ) = Tt [ehlr e et ]
> eh(u78+XT£)[eeh’((u+Xr5)+) — 1]

— ehlu—e+Xee) g0l (W+Xee) 1) g p! (4 4 X)) +) (4.3)
for some 0 € (0, 1) by the mean value theorem. It follows from (4.2) and (4.3) that
lime ™' [V(u) = V(u - #)]
el0

> li_mE(e—q‘rg+h(u—8+Xrg)+98h/((u+Xrg) P ((u+ Xz,) +)1{T€<Oo})
el0

= B lim om0 HHOme X RO X 0 (4 4 X, ) 417, <00))
el0

— E(e_qﬁ)+eh(u+X{0+)h/((u + XI’0+) +)1{1’0+<oo})

=e"n (u4), (4.4)
where the second-to-last equality follows from the fact that 7, | 7o+ as ¢ | 0 together with
the right continuity of {X;} and the concavity of h, and the last equality follows from

P(to+ =0)=1 (since 0 is regular for (0, c0)). Combining (4.1) and (4.4) together with
"N (u+) = g (u+) = g'(u) yields V'(u—) = g’(u) = V'(u+). The proof is complete. O
u+)=gw+)=gWy (u—)=gw)=V(u+). The p p

Remark 4.1. For a Lévy process X with 0 regular for (0, 0o), Theorem 4.1 shows that the
smooth fit principle holds if g is differentiable at # (the optimal stopping boundary). It is easy
to show by example that the value function may fail to satisfy the smooth fit condition if

gu—)#gu+).

Theorem 4.2. Let g: R — [0, 00) be nonconstant, increasing, logconcave, and right contin-
uous. Let h(x) := log g(x). Define V(x) and u as in (3.1) and (3.3). Suppose that —oo < x¢ <
u < 0o and 0 is irregular for (0, 0o) for X. Then

() V'(u—)=E (e g'(u+ Xz, ) —)iry, <00})s
(ii) V(u=)=V'(u+) (=g (u+)) if and only if

H(u+¢)—)=hwu+), 4.5)

where ¢ := inf{x: P(Xq, >x | 104 <00)=0}, the essential supremum of the
(conditional) distribution L(X,, | Xo=0, 104 <00), and where h((u+¢)—)=
limy, o0 A'(x —) if ¢ =005

>iii) V(x)= g(u)eh/(” =W for x < u, provided that condition (4.5) holds.

To prove Theorem 4.2, we need the following lemmas.
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Lemma 4.1. Let g: R — [0, 00) be nonconstant, increasing, logconcave, and right continu-
ous. Suppose that 0 is irregular for (0, 0o) for X and

Ex (e_thJr g(X'L’H- )l{fx+ <°o})
8(x)

<1 forsome x> xp. 4.6)

Then
80 = Ex(e™ " g(Xe ), <o0)) forally>x.

Proof. The following proof is similar to those of Lemmas 2.3 and 2.4. Note that

E, (eiqrﬁg(XrH)l{r# <oo}) E(e—qro+g(z + XT0+)1{-[0+ <oo})

g(2) - g(2)

is decreasing in z € (xp, 00), implying by (4.6) that
E, (e_qu+g(X,Z+)1{rz+<oo}) <g(z) forz>ux. 4.7)

Let Jo := 744+ and, forn > 1,

I inf{t>J,—1: X, > Xy, |} ifJ—1 <00,
T oo otherwise.
Note that L(J,+1 —Jn | Xo=2x, J, <00) = L(t9+ | Xo=0) and that P(ro4+ > 0) = 1. It fol-
lows that J,, — oo a.s. Fix y > x. Since the Lévy process X either satisfies lim;_, 5o X; = 400 a.s.
or lim; . X; = —00 a.s., we have J;, = 1, < oo for some n in the former case and J,, = oo for
large n in the latter case. In either case, L, := min{J,, 7,} = 7, for large n. As a consequence,
e—ang(XLn)l{Ln<oo} — e—lﬁvg(XTy)l{Ty@o} a.s., so that, by Fatou’s lemma,

lim Ey (6”7 g(Xz,) (L, <00}) = Ex (€77 8(Xz, )1z, <o0}) - (4.8)
n—0oo
By (4.7), it is readily shown that E (e~%“ng(X, )11, <c0}) is decreasing in n, which together
with (4.8) implies that E, (9% g(Xr,)1{r,<c0}) < Ex (6770 ¢(X1) {19 <00}) < &(x). The proof
is complete. U

Let

(4.9)

u' = inf {x eR: B (€777 00 )y <o0)) < 1}-

g(x)

Lemma 4.2. Let g: R — [0, 00) be nonconstant, increasing, logconcave, and right continu-
ous. Define u and u' as in (3.3) and (4.9). If 0 is irregular for (0, 00) for X then u' = u.

Proof. We first show that u > u'. It suffices to consider the u < oo case. By Theorem 3.1, we
have E, (e~ g(Xr,, )iz, <oc}) < V(x) = g(x) for all x > u, implying by (4.9) that ' < u. To
show u < 1/, suppose to the contrary that u > u’. Let x be such that u > x > u/( > xg). If u < o0,
it follows from (4.9) and Lemma 4.1 that

8(x) = By (€77 g(Xy, )1z, <o0)) = V(x)  (by Theorem 3.1(i))

> g(x) (since x < u),
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a contradiction. If u = oo, it follows from (4.9) and Lemma 4.1 that
g) = Ey (677 g(Xp )1z <o) forally>x,
which implies that, by Theorem 3.1(ii),
800 2 lim B (&7 8(Xe )5, <00)) = V) > g0,

a contradiction. This proves u < u’ and completes the proof. O
Proof of Theorem 4.2. (i) We have

E, (eiqnﬁg(xrw)l{r,,+<oo}) <V(u) = gw), (4.10)

E, (equx+g(XTX+)1{tx+<oo}) > g(x) forxg<x<u, 4.11)

where (4.11) is due to the definition of ' and u' =u (by Lemma 4.2). Since both g(x) and
Ex (679 g(Xr,. ){ryy <o0}) (=E (€77+g(x + Xry, )y, <o0}) ) are continuously increasing
in x > xg, (4.10) and (4.11) together imply that

V(u)=gu)=E, (e_qtqug(Xru_,_)l{ru_,_ <oo}) =K (e—qfo+g(u + XroJr)l{roJr <oo}) , (4.12)

which in turn implies that both t,, and t,,+ are optimal stopping times.
For x < u,

Vix)=E, (e_qru+g(xr14+)l{rl4+ <oo}) =L, (Ex (e_qul+g(xfu+)l{fu+<00} | fl’.w)) :

On {74 < o0}, since Xgi 7, — X,
and since 1,4 is optimal, we have

Ex(e_q(rqu_TXJr)g(Xfqu)1{7u+<OO} | ‘fo+) = V(X7x+) as.

is independent of F7 , and has the same law as X; — Xo,

It follows that
V@) =By (€™ V(Xr, )Lz, <o0)) = E (€71 V(x + X, Lz <o0}) -
Taking x =u — ¢ for ¢ > 0 yields
Vuw—e)=E (e"7+V(u— & + Xey, iz, <cc}) - (4.13)
By (4.12) and (4.13),
e V() — V(u— &)l =& "E(e™ 7™+ (g(u+ Xy, ) — V(u — & + Xrp, iz, <o0})
=A(e) — B(e),
where
Ae) =& 'E (79 (g(u+ Xry,) — gt — & + Xzy,)) L{zg, <o0}) »
B(e):=¢'E (6:7‘”0+ (V(u —e+ Xy )—gu—c¢ +Xfo+)) 1{10+<oo}) .
To show that
lim AGe) = (e~ (@ + Xy, ) iy <oc1) (4.14)
we have

gu+Xpp, ) — 8 — &+ Xy )

_ g(u —c +XT(H_)[eh(quX,OJr)*h(ufeJrXfoJr) _ 1]
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< g — & + Xop [+ X0) 0 _ 1] (4.15)
= g(u— & + Xy, )P WX Dol (U — & + Xpy, ) +)

for some 6 € (0, 1), where the inequality is due to the concavity of h(x) := log g(x) and the last
equality follows from the mean value theorem applied to the function e*. So, for any (fixed)
v € (xg, u) and for 0 < & <u — v, on {rp4 < o0},

s_l[g(u + Xro,) — glu— & + Xz,
< g(u — £ + Xop )M KD D (U — £ 4 Xpy, ) +)
< g1+ Xrg, ) ON (4 — &+ Xrp, ) +)
< 8+ Xop, ) ODR (),
Since on {79+ < oo}

lim g1 + Xy, ) IR (u —+ Xoy, ) +) = 81t + X B (1t + Xr, ) =) = &' (4 Xrg, ) =),

we have

@4@) <lim E(e ™90 g(ut + Xr0, ) "N (4 — & + X, ) Pz, <c0})
& £

=E (e—qfo+g/((u + Xr0+) _)1{10+<oo}) s (4.16)

by the dominated convergence theorem together with the fact (cf. (4.12)) that
E (e‘qr0+g(u + X,0+)1{T0+<oo}) = g(u) < oo. Instead of the upper bound in (4.15), we can use
the lower bound

gu+Xe,) —gu—e+Xg, ) =gu—e —|—Xr0+)[e£h'((”+xfo+) - 1]
to derive in a similar way

lim A(e) > E (6770 ¢/ ((u + X, ) =) {zg, <o) »
el0

which together with (4.16) establishes (4.14).
To show that lim, o B(g) =0, note that V(x) = g(x) for x > u and g(x) < V(x) < g(u) for
X <u.So
B(s) = 8_1E(e_’”°+ (V(u— &+ Xgp,) — 8t — & 4+ Xz,)) Lz, <0, Xeg, <))
<& E((8n) — g — )1izy, <00, Xy, <e})
=& (g(u) — g(u— &) P(zo4 < 00, X

T0+ < 8)7

implying that o
liil(’)l B(e) < g'(u—)P(to4 < 00, Xy, =0)=0 4.17)
&

(since 0 is irregular for (0, co) and X does not creep upwards). Combining (4.14) and (4.17)
yields

Viw=)=lime™! [V = V= e =E (77 (4 Xy, ) My <o01)
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(i1) We have, by (i),

V/(u —-)=E (eiqroJrh/((u + Xro+) —)glu+ XT0+)1{TQ+<OO})

<E (eiqTOJr h/(u +)g(u + Xro+ )1{r0+ <oo})

=h (u+)g(u)

=gu+)

=V'(u+),
where the inequality is due to the concavity of i(x). This inequality is an equality if and only
if P(h'((u+ Xy, ) =) =H(u+) | 104 <o0)=1 or, equivalently, n'(u+¢) —) =h'(u+).

(iii) Condition (4.5) implies that &' (x —) = h'(x+) = h'(u +) for u < x < u + ¢, which in turn

implies that

g() = gw)e" “ P foru<x<u+¢. (4.18)
By (4.12) and (4.18),

8(0) = E (€79 g(u + Xrp, M{rg, <o0)) = gUOE(e ™00+ DXy ). (4.19)
Let 3(x) := g(u)e! @ D=1 for x € R, so that
gx)=gx) foru<x<u+c. (4.20)
Note that, for all y € R,
Ey (eiqry+§(Xfy+)1{tv+<oo}) =E (e gy + Xrp, ) jry; <00}
= g(u)e! U DO (¢= a0 I Xy g
B (e +)(y—u)

4 <o)
= g(u)e
=20, (4.21)
where the third equality follows from (4.19). To show that

V(x) =3(x) = gu)e” “DE0 for x <y, (4.22)

we treat the two cases W' (u+)=0 and A'(u+) > 0 separately. If /'(u+)=0 then g(u)=

max{g(x): x € R}. In order for (4.12) to hold, necessarily ¢ =0 and P(tp4 < 00) = 1, which

implies that V(x) = g(u) for all x, proving (4.22). Now assume that /'(« +) > 0. Note that g is

nonconstant, continuous, increasing, and logconcave. It is readily shown by (4.21) that
V(x):= sup E, (e 1" 8(X:)(r<o0)) =8(x) forallxeR,

eM

and that, for any a € [ — 00, 00), 7, is optimal for the reward function g. So we have, for x < u,

§(x) =E, (e_qruE(Xtu)l{tu<oo}) =E, (e_qr”g(qu)l{ru<oo}) =V(x),
where the second equality is due to (4.20). The proof is complete. O

Remark 4.2. Theorems 4.1 and 4.2 assume that xg < u < 0o, which makes it unnecessary to
require the right continuity of g at xo. Let g(x) > 0 be increasing and logconcave. We say g(x)
is degenerate if log g(x) is linear for x in some interval. Note that g is degenerate if condition
(4.5) holds. For a nondegenerate g(x), ¢ >0, and Lévy process X, suppose that the optimal
threshold u (given in (3.3)) satisfies xo < u < 0o and g is differentiable at u. Then, by Theorems
4.1 and 4.2, the principle of smooth fit holds if and only if O is regular for (0, co) for X. If g is
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degenerate, the principle of smooth fit may hold even when 0 is irregular for (0, co) for X. An
example involving the Lévy process X; = —¢ + Ny, t > 0, where N; is a Poisson process, can be
found in [14].

Remark 4.3. When smooth fit fails, it is of interest to find conditions under which the principle
of continuous fit holds. Again suppose that g is increasing and logconcave. If the optimal
threshold satisfies co > u > xp := inf{s: g(s) > 0} then, by Lemma 3.6, the value function V(x)
is continuous everywhere, so that there is continuous fit at . Suppose that u =xg and g is
discontinuous at xp, i.e. g(xo —) =0 < g(xo) = g(xo +). For a Lévy process X for which 0 is
regular for (0, 00), it is clear that V is continuous at u ( = xp), i.e. V(xo —) = V(xp) = g(x0). We
now consider a Lévy process X for which 0 is irregular for (0, 0o). Since u = x¢, we have, by
Lemma 4.2 and (4.9),

g(x0) = E(e™ 7"+ g(xo + Xz, ) {zp, <c0))- (4.23)

It follows from u = x¢ that V(xo) = g(xo) and V(xo —) = E(e™ 9"+ g(x0 + Xv,, )iz, <o0})- This
proves that there is continuous fit (i.e. V(xg) = V(x¢ —)) if and only if the inequality in (4.23)
is an equality.

5. Concluding remarks

The optimal stopping problem (1.1) involves the reward function g and the underlying
process {X;} as well as the discount rate ¢ > 0. Motivated by well-known results in the
literature, we explored the close connection between increasing and logconcave reward
functions and optimal stopping times of threshold type. Specifically, in this paper, g is assumed
to be nonnegative, nonconstant, increasing, logconcave, and right continuous, while {X;} is
either a random walk in discrete time or a Lévy process in continuous time. We showed that
there exists a unique threshold u € [ — 0o, oo] such that

e the value function V(x) > g(x) for x < u and V(x) = g(x) for x > u;
e if —00 <u < oo then 7, =inf{t > 0: X; > u} is optimal,

e if u= 00, the stopping region {x: V(x) = g(x)} = [u, 00) = & and no optimal stopping
time exists in the sense that for any initial state x and for any stopping time t, one can
always find another stopping time 7’ such that Py (z’ > t) = 1 and

]Ex(e_‘”/g(Xf/) | ]—'T) >e "g(X;) as.on{r < o0}

The work of Alili and Kyprianou [1] made use of a fluctuation identity to give insight
into the importance of the role played by the regularity of the paths of {X;} in the solution
for the American put optimal stopping problem. Building on it, we investigated the principle
of smooth fit more generally when g is increasing and logconcave. We obtained necessary and
sufficient conditions for the smooth fit principle to hold. We also briefly discussed the principle
of continuous fit when smooth fit fails.

After the present paper had been submitted, a referee brought to our attention the article by
Christensen and Irle [5]. (Note that both [5] and the original version [14] of the present paper
were posted on arxiv in October 2017.) The authors proposed a general method for finding the
optimal threshold for discrete-time optimal stopping problems with general underlying Markov
processes {X,},>0. By considering an auxiliary problem involving the associated ascending
ladder process, they introduced a threshold o™ as a natural candidate for the optimal threshold.
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Assuming that the optimal threshold is greater than x := inf{s: g(s) > 0} and that, for every
xeR,

Ec(supe™?"g(X,)) <oo and e "g(X,)—>0 as.asn— oo, 3.1
n

they obtained a sufficient condition for a* to be optimal. Furthermore, they showed that the
sufficient condition is satisfied when g is increasing and logconcave and {X,},>0 is a random
walk, in which case a* coincides with u in (2.2). They also showed that the sufficient condition
is satisfied in some well-known problems beyond the random walk setting. On the other hand,
in the present paper, for the discrete-time case, we considered a general random walk {X,},>0
without imposing condition (5.1) or any other condition. Theorem 2.1 completely characterizes
the solution of (1.1) in terms of u, where the full range of u is —o0o <xp < u < oo. The two
extreme cases u = xp and u = oo required careful analysis especially when g is discontinuous at
xo. Furthermore, we treated the continuous-time case in some detail with a thorough discussion
of the principle of smooth fit. When {X;};>0 is a Lévy process with 0 irregular for (0, c0), the
optimal threshold given in (4.9) is the continuous-time counterpart of u in (2.2), which is of
independent interest.

Appendix A. Proofs of Lemmas 2.3-2.6
Proof of Lemma 2.3. (i) Fora € [ — 00, y), let Jo := T, and, forn > 1,

inf(j>J, 10 X=Xy, } ifJu_y < o00;

Jy =
00 otherwise.

Here, starting at X7, =X, (if 7, <o00), the (finite) Ji,J2, ... are the weak ascending
ladder epochs and X, X,, ... are the corresponding weak ascending ladder heights. Let
Ly, := min{J,, Ty} for n > 0. It is well known (cf. Theorem 8.2.5 of [7]) that the random walk
{X,} either satisfies Timy— 00X, = +00 a.s. or limy,_ oo X, = —00 a.8. If limy,_ 0o X, = 400 a.s.
then a.s. Ty < oo and 0 < Jy <Jy <Jp <--- are all finite, so that L, =min{J,, Ty} =T, for
large n. If lim,,_, o X;, = —00 a.s. then a.s. there exists a finite n’ > 0 such that J,, = oo for all
n > n', implying that L,, = min{/J,,, Ty} =T, foralln > n’. Thus, in either case, we have L,, = T,
for large n a.s. As a consequence,

e g (X1,) L, <o0) = € D e(Xr) 7, <o) 2.,
which together with e 9Ln 8XL )11, <00y < max{g(y), e_qT>'g(XTy)1{Ty<oo}} implies that
Ex (7%g (X1,) 1L, <o0}) = Ex(e 4P g(X7,)1 {7, <00})- (A.1)
We now prove that, forn > 1,

Ex (e™%g (X1,) Liz,<o0)) = Ex(e™ ' 6(XL, i1, <oc))- (A.2)

Note that

]EX (e_ang (X n) I{Ln<00})
= ]Ex(e_an_I I{Ln—l<OO}]Ex(e_q(Ln_Ln_l)g (X n) 1{L11<00} | XLn—l ’ Ln—l))~ (A3)

https://doi.org/10.1017/apr.2019.4 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2019.4

110 Y.-S. LIN AND Y.-C. YAO

For (integer) £ < oo and X’ <y, we have
L(Ly — Ly—1, X, W1, <00} | X1,y =X, Ly—1 =0) = L(Ty, X1, 11, <00} | Xo=1x),
so that
E(e™ b0 e(Xp Wiz, <o0) | XL, =X/, Ly_1=10)
g
_ Ex/(e_qTxlg(XTX/)l{Txl <OO})
g(x’)
_ By X)) lir <o)
- g

>1

’

where the first inequality follows from (2.6). Soon A, y :={L,—1 <00, Xy, , <y}, we have

E(e_q(L"_Lnfl)g(XL,,)l{L,l<oo} | X1,,_1> Ln—l) > g(Xp,_, )I{L,,_] <oo}- (A4)
It is easily seen that on Q\A, ,,
(et e(Xp, )1, <00y | X1, 15 Ln1) = X1, iz, <o0)- (A.5)

By (A.3)—(A.5), (A.2) follows. Since T, = Jo = min{Jy, Ty} = Lo, we have, by (A.1) and (A.2),

Ey (e~ g(X1,)(1,<00)) < Ex (6”7 g(Xp, )iz, <c0)) = B (6™ (X117, <o)

as n — oo. This proves the desired inequality in Lemma 2.3(i).
(i1) For x <y, the desired inequality in Lemma 2.3(ii) is a consequence of (i) and g(x) <
Ex (679" g(X7,)1{7,<00})- The proof is complete. O

Proof of Lemma 2.4. Part (i) can be established along the lines of the proof of Lemma 2.3(i)
with minor changes. Part (ii) follows immediately. O

Proof of Lemma 2.5. The special (trivial) case that g = 0 and [E(§) > 0 can be easily treated.
We now consider the general case g > 0 and assume that E(§) < 0if ¢g=0. Let

a=a(q) = sup{r = 0: p(1) =7}, (A.6)
which is positive for ¢ > 0 and for ¢ =0 with E(¢) < 0.
Suppose that —co < u < oo and let V*(x) = E, (e_qT”g(Xru)l{Tu<oo}) , x € R. Then V*(x) =

g(x) for x > u. We need to prove that V*(x) = V(x) for all x. Since V(x) > V*(x), it remains to
show that V*(x) > V(x). By Lemma 2.2, it suffices to prove that

V*(x) > g(x) forx<u, (A.7)
and
V¥(x) > E@Ee™9V*(x+&)) forall x. (A.8)

Recall that wu>xp=inf{s: g(s)>0}, implying that g(y)>0 for all y>u
and  E, (79T g(X7,)li7,<00}) >0 (since P(¢>0)>0). By (2.2), we have
Ey(e*qug(XTy)l{Tv@O})/g(y) <1 for y > u, which yields

E, (e_qT"g(XTu)l{Tu<oo}) . E)’(e_qug(XTy)l{Ty<oo})

= lim =<

g(u) oyt g)

1, (A.9)
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where the equality follows from g(u)=g(u+) and the fact that ]Ey(e’qT>'g(XTv)l{T)_<oo})

(which equals E(e™970g(y + X7,)1{7y <00} )) decreases to Ey (€747 g(X7,)1i7,<00}) > 0 as y |
u. Thus, g(u) > 0. Noting that g(X,) > g(u) on {1, < oo}, we have

V) =By (677 g(Xo ) (g, <00)) = 80)Ex (6771, <)) > 0 for all x.

If u=xp, V*(x) >0=g(x) for x < u. If u> xg, E, (e_qu‘g(XTu)l{Tu<oo}) /g(w) =1 by (2.7),
which together with Lemma 2.3(ii) implies that g(x) < Ex(e_qf" g(X,u)l{Tu@o}) = V*(x) for
x < u. This proves (A.7).

To prove (A.8), we have, by Lemma 2.1, for x < u,

V() = Ex (6797 g(Xe, Mg, <00}) = B (679" g(X7,) 117, <00)) = E(e™V*(x + £)).

By (A.9), we also have

Ee V' u+£) (e g(X1,) 1, <00}) <1
V*(u) g(u) T
implying that V*(u) > E(e™9V*(u + &)).
It remains to show (A.8) for x > u ( > —00). Letting h(x) := log g(x), fix an (arbitrary) x >

u (> xo) with ¢ := h/(x —). We have g(x) > 0 and 0 < ¢ < oco. It follows from the concavity of
h that h(y) < h(x) + c¢(y — x) for all y € R. For each w € [0, 00), define

h(x) +c(y — x) ify<x+w,

hw(y) = .
h(y) + h(x) +cw—h(x+w) ify>x+w.

It is readily seen that h,,(y) > h(y) for all y, h,,(x) = h(x) and h,,( - ) is increasing, concave, and
continuous. By the concavity of &, we have, for 0 <w; <wj and forall y e R

0 < Iy, (¥) = hw, () = h(x +w1) + c(wa —wi) — h(x +w2), (A.10)

so that h,,( -) is continuous and increasing in w. Note that hso(y) := limy— o hy(y) = h(x) +
c(y—x)forally e R.
For w € [0, 0o] and y € R, let g,,(y) := e and

Uw(y):= Ey (e_qrugw(Xru)l{ru<oo}) . (A.11)
Then g,,(y) = e™0) > ") = g(y), so
U,(y) > V*(@y) forally. (A.12)

Note that

E(e™goo(y +&)) _
8oo(y)
If ¢ <« then we have, by the convexity of ¢ and (A.6), e 9¢(c) < e 9¢(a) = 1, implying

by (A.13) that E(e™7g00(y +£)) < goo(y) for y € R. Thus, {e77" g0 (Xy)}n>0 (With Xg =x)
is a (positive) supermartingale, so that Ex(e_qT”goo(XTu)l{Tu<oo}) < goo(x) = g(x) = V*(x).

e IR (e o0y — e IR (e ) = e hp(c). (A.13)
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Therefore,
BV +8) EC Ut 48) (0 a12))
V*(x) a 8oo¥) |
- Tu
_ Ex(e™"go0o(XT, )17, <00) (by Lemma 2.1 and (A.11))
8oolX)
<1

El

proving (A.8) for x > u > —oo with ¢ < «. (Recall that ¢ = #'(x —) and « is given in (A.6).)
We now show (A.8) for x > u > —oo with ¢ > a > 0. For w € [0, oo], let
E, (e_qTXgW(XTx)l{Tx<oo})

= . A.14
S(w) 20 ( )

Since go(y) = g(y) for all y > x, and since x > u, we have, by (2.2),

f0y = B (g0 () Urzoe)) _ B (708 (Xr) Lrisow)) _
8(x) g(x)
In addition, we have, by (A.13), E(e77gxc(y + £))/g00(y) = e 9¢p(c) > e 9¢p(ax) = 1, implying
that {e79" g0 (X)) }n>0 (With Xp = x) is a submartingale, so that

]Ex(e_qT;lgoo(XTg)) > goo(Xx)=gkx) forn=1,2,..., (A.15)

where 77 := min{T, n}. Recall that E(§) <0 if ¢ =0, in which case lim,_, o X,, = —00 a.s.
and lim;,— ~ goo (X)) = 0 a.s. Since, for all n,

e 1 g0 (Xpn) < max{e ™ goo (1), € T oo (X7 L1, <00)} @S-,

and since e’qrfgoo(XT;z)a e*qTXgoo(XTx)l{Tx@o} a.s. as n — 0o, we have, by (A.14) and
(A.15),
E, (e~9Tx p.C) Y E, (e~9%% Xpn
F(o0)= X 8oo X1 (T, <o0}) — im x ( Soo(X7m)) -
8x) n—00 g(x)
Furthermore, by (A.10), for 0 <w; <wy < 00,

1< J(w2) < eh(x+wl)+c(w2—w1)—h(x+w2)’

S T

implying that f(w) is continuously increasing to f(co) as w — oo. It follows from f(0) <1 <
f(00) that f(w") = 1 for some w' € [0, 0o]. Noting that V*(x) = g(x) = g, (x), we have

E V' (x+8) _EE Uy +§)

e S e A
= B (e g (XT”) I{T“<OO}) (by Lemma 2.1)
8w (%)
B (ogw (X7,) Lz <oo))
B gw ()
—f)
—1,
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where the second inequality follows by Lemma 2.3(i) applied to g, (which is increasing and
logconcave). This proves (A.8) for x > u > —oo with ¢ > « > 0, and establishes the optimality
of t, for the —00 < u < 00 case.

To prove the optimality of 7, for u = —oo, we approximate g(x) by a sequence of increasing
and logconcave functions g,(x) := g(x)1[—,,00)(x), n=1,2, .... Let u, be defined as in (2.2)
with g replaced by g,. Since u = —o0, we have u, = —n, so that t,, = 7_, is optimal for the

optimal stopping problem (1.1) with g replaced by g,. Since g,, /' g as n — 00, it is easily seen
that V(x) = g(x) for all x, implying that 7_, is optimal.

Finally, to show that V(x) > g(x) for x <u and V(x) = g(x) for x > u, all that remains to
be done is to prove that V(x) > g(x) for x < u. For x <u with g(x) > 0, we have, by (2.2),
g(x) < Ex (€7 g(X7,)1{7,<00}) < V(x). For x <u with g(x) =0, g(x) < V(x) holds trivially.
The proof of Lemma 2.5 is complete. U

Proof of Lemma 2.6. Note that, for x> x/, Ex(e_qTXg(XTX)l{[r<oo}) < SupycR gy)=c=
g(x), implying that u<x'. For k=1,2,..., let {Xf,k)},,zo be a random walk gen-
erated by (truncated) increments si(k) = min{&;, k}, i=1,2,.... For xe€R, define
Vi(x) := sup, e pq0 Ex(e_qu(X(,k))l{Koo}), where M® < M is the class of stopping times
with values in [0, co] with respect to the filtration {]-",gk)}nzo, with ]-',gk) =o€ fk), R S,Ek)} C
olE1, ..., &) :=F,. Since {&,) is i.i.d. and {(X®} is Markov, it is not difficult to see that the
value function V(x) cannot be increased by taking stopping times in M, i.e.

Vi(x) = sup Ex(e_‘”g(ng))l{Koo}): sup Ex(e_qrg(ng))l{Koo}).
reM® teM

For any T € M, we have e"”g(ng))l{Koo} /e 1 g(X)1{r <00} A.5. as k — 00, so that
E(e™ " g(XNr <o) / Ble™ " g(X ) jr <c0) a5 k — 00.

It follows that
Vi(x) /1 V(x) ask— oo. (A.16)

Let T)Ek) = inf{n>1: X,(lk) > x} and

—gT® k
E, (e aTx g(X(T;‘))l{T;Ek)<OO})

gx)

ug = inf{xeR: 51}5x’<oo.

Since E(e)‘g(k)) < oo for all A > 0, we have, by Lemma 2.5,

(k)
Vi(x) = Ey (e—t]ruk g(X(lzz))l{t(k) ) >0 forall x,
Tuy, Uk

<oo}
where rbgl,f) = inf{n >0: X,(lk) > uy}. Since Viyi(x) > Vi(x) for all x, we have g(upy1)=
Vi1 (uis1) = Viurr1) > glugy1)- So g(ury1) = Vi(ury1), implying that ugy1 > u.

Let uso = limg—, o ur. We prove the optimality of 7, in two steps. We show in step 1 that
Ty, 18 Optimal and in step 2 that us, = u.

Step 1. We show that 7, is optimal, i.e.

V(x) =E,(e 9% g(Xr, Mz, <o0)) forallx. (A.17)
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For any x > u,, we have x > u and Vi (x) = g(x) for all k, which implies by (A.16) that V(x) =
limg_s 5o Vi(x) = g(x), establishing (A.17) for x > uso. It remains to prove (A.17) for x < ueo.
It suffices to show that, for x < uxo,

_ 0 k _
Vi) =Ex(e ™ gX )1 w0 _ ) = Eale™ ™ g(Xr, M <)) ask— 00, (A18)
up U

<00}

We argue below that with Xo = x < u, as k — 00,

®
e "T”kg( (k))l B o) equ“OOg(X%o)l{Tm@o} a.s., (A.19)

which together with the bounded convergence theorem implies (A.18). We now show that
(A.19) holds a.s. on {r,, < oo} and on {7, = oo} separately. Let A := max;<;, & < oo on
{tu,, < 00}. Then, for k > A, X( =x+ Z 1 é =x+ Z_l & =X, forall i <7, . Letting
A = max0<1<,u Xi (< uxo), choose a sufﬁmently large ko such that ko > A and uy, > A'.

Thus, ‘L'uk = Ty,, and X(IE,Z) = Xy, for all k> ko, implying that both sides of (A.19) are equal

for all k > ko. So (A.19) holds a.s. on {t,,, < 0o}.

To show (A.19) holds a.s. on {1, = o0}, note that the random walk {Xo, Xy, ...} either
satisfies limy,_, o X, = +00 a.8. or limy,_ oo X, = —00 a.s. If limy,_, 5o X, = +00 a.s. then Tue
00 a.s., so that trivially (A.19) holds a.s. on {t,,, = oc}. Now suppose that lim,,_, o X;; = —00
a.s. Then on {7, = 00, lim,_, o X,, = —00} there is an ng € N such that X, < us for0 <n <
no and X, < oo — 1 forn > ny. Let 0 < & < 1 be such that & < use — max{Xo, X1, ..., Xy}, so
that X,, < uso — € for all n. Choose ki such that u; > us, — € for all k > k. For k > kq, X,(lk) <
X, < uso — & < uy for all n, so that ‘L’,;f) = oo for k > k. Hence, on {7, =00, lim, o0 X;, =
—o0}, both sides of (A.19) equal O for k > k. It follows that (A.19) holds a.s. on {7, = oo}.
This completes step 1.

Step 2. We now prove that us, = u. If us, = —00 then xg = —o0, i.e. g(x) >0 for all x.
By the optimality of 7, = T_so =0, g(x) = V(x) = E,(e™9"*g(X7,)17, <o) for all x, implying
that u = —oo0.

If u > uso > —00, we have, by (A.17), g(ux) = V(uso) > 0 and, by (2.2),

Ey. (e~ qT“oog(XTm)l{meo}) Vitioo)
g(Uoo) 8(uco)

a contradiction. So u < us,. Now suppose that u < us,. Let x be such that u < x < us,. By (2.2),
Ex(e_qTxg(XTx)l{Tx@o}) / g(x) <1, which by Lemma 2.4(ii), implies that

8(x) = Ex(e™ 1™ g(Xr, )z, <o0)) = V(). (A.20)

Since x < us,, we can choose k such that x < u;. By Lemma 2.5 applied to the random walk
with increments “g‘l-(k) for which Vj is the value function and uy is the optimal threshold, we have
g(x) < Vi(x) < V(x), contradicting (A.20). This proves u = uno.

Finally, it follows easily from the optimality of t, that V(x) > g(x) for x < u and V(x) = g(x)
for x > u. The proof is complete. O

1< =1,
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