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1. Introduction. 1-1. Let Za,, be a given infinite series and {s,} the sequence of its
partial sums. Let {p,} be a sequence of constants, real or complex, and let us write

F,=py+py+...+Dp; p1=p_=0.

The sequence-to-sequence transformation
n n
by = gopn—vsv/Pn = §0Pn—va‘v/Pn (£, *+0) (1-1-1)

defines the sequence {¢,} of Nérlund means (9) of the sequence {s,,}, generated by the
sequence of coefficients {p,} }The series Za,, is said to be summable (¥, p,,) to the sum
s if lim £, exists and is equal to s, and is said to be absolutely summable (&, p,), or

n—-oo

summable |N,p,|, if the sequence {t,,} is of bounded variationt(8) that is,

thn'—t'n—ll < KI
In the special case in which "

= (n+a—1) T'(n+a)

a1 )= Tt ) T(@) (a > —1), (1-1-2)

the Norlund mean reduces to the familiar (C, «) mean ((6), section 4-1).
The regularity conditions for the (I, p,) method are ((6), section 4-2)

n
Z |2ul < K|B|, pal B> 0. (1-1:3)

1-2. Let f(t) be a periodic function, with period 27 and integrable in the sense of
Lebesgue over (-7, m). We assume, as we may without any loss of generality, that the
constant term in the Fourier series of f(t) is zero, so that

" ftyde=0

and fi&) ~ E (@, cosnt+ b, sinnt) = % A ().
n=1

n=1

+ Symbolically, {t,} € BV ; similarly by f(x) € BV (h, k)’, we shall mean that f(z) is a function
of bounded variation over the interval (k, k) and {#,} € B means that {,} is a bounded sequence.

1 Throughout this paper K denotes a positive constant, not necessarily the same at each
occurrence.
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We write throughout:

$(t) = H{fl@+0)+fe—1)};
() = {flz+1) +flx—t) - 2f(2)};

o)=L (t—w1w)d 0);
a()-m)fo(—u) fwydu (@ > 0);

() = $(t);
¢,.() = T(a+1)t—=D, () (x> 0) in particular,

@) = f B, () = 10,0

Ap, = Ai-tp, — Ai-lp, .., where j is some positive integer;
Apy, = A'py, = Py — Prias
R, = (n+1)p,/F,;

S, = X Pp+1)2B,;
y=0

6n= 3 (Br+ 1)

A ilt) = {sin (n— k) 8}/ (n— );
7 = [m/t], that is, the greatest integer not greater than 7/t.
A summability method is said to be K -effective (@ > 0), if it sums the Fourier series
of f(t) at every point £ = x, at which

t
[ e—wrgr@an = o,
0
ast - 0.
1-3. Concerning the |C| summability of Fourier series, Bosanquet has established
the following theorem.

THEOREM A (2). If ¢,(t)e BV (0, ), then the Fourier series of f(t), at t = x, is summable
|C, B|, for every B > o > 0.

In the special case in which & = 0, Theorem A becomes a particular case of the follow-
ing theorem of Pati.

TaEOREM B (11). If §(t)e BV(0,7), and {p,} is a positive sequence and {R,}€ BV and
{S,}e BV, then the Fourier series of f(t), at t = x, is summable |N,p,|.T

Regarding the Norlund summability of Fourier series, Astrachan proved the follow-
ing theorem.

1 Formerly Varshney (13), had obtained Theorem B, assuming P,c, = O(1), instead of
{S,}eBV. In (11), Pati has established the equivalence of these two results and has also
proved Theorem B as such. An alternative proof of Varshney’s theorem is contained in (12).
The case ‘{p,} is monotonic non-decreasing’ of Theorem B has been proved independently by a
new and shorter technique by the present author in (3), while the case ‘{p,} is non-increasing’ is
disposed of by & new and shorter technique in (5) by the author.
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TaEOREM C (cf. (1), Theorem I). 4 regular method (N, p,) ts K ,-effective (0 < & < 1),
if the generating sequence {p,} satisfies the following conditions:

n|p,|/| B < K, (1-3-1)

kglkIApk—ll/anl < K’ (1'3'2)

3 kn—1)|A%, /IR < K, (1-3:3)

n S k=2|B)/|B,] < K, (1-3-4)
k=1

wherep_, =p_, = 0.
Theorem C implies inter alia that a regular (N, p,) method sums the Fourier series
of f(t) to f(x), at every point ¢ = z, at which

limg,(t) =f(z) (0 <a<1),
t—0

provided the generating sequence {p,} satisfies the conditions (1-3-1)—(1-3-4).

It is well known that generally bounded variation is the property associated with
absolute summability in the same sense in which continuity is the property associated
with ordinary summability. Naturally, therefore, it is expected that corresponding to
Theorem C of Astrachan one might get a theorem for the |N,p,| summability of
Fourier series under the hypothesis: ¢,(()e BV(0,7),0 < & < 1. The object of our
Theorem 1 is to prove such a theorem. Further, replacing the hypothesis (2-1-3) and
(2-1-4) of Theorem 1 by the hypothesis {p,} is non-decreasing, {p,.;—p,} is non-
increasing and (2-1-5), we have obtained Theorem 2 which covers Theorem A when
a = 1, whereas Theorem 1 covers the casex = 1, § > 2.

2. The main results. 2-1. We establish the following theorems.
THEOREM 1. If ¢,(t)e BV (0,7) and {p,} is a positive sequence such that

{R.}cBV, (2:1-1)

{S,}e BV, (2:1-2)

3 [8p1] = O(Bufm) (2:1:3)

and S, |A%p,q| = O(Bfn?), (214)
k=0

then the Fourter series of f(t), at t = z, is summable |N,p,|.

THEOREM 2. If ¢,(8)eBV (0,m) and {p,} is a positive monotonic non-decreasing
sequence such that {p, ., — p,} is non-increasing, {R,}€ BV and

@ 1
k=n+1+p

then the Fourier series of f(t), at t = x, is summable |N,p,|.
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Remarks. It may be remarked that an equivalent form of our Theorem 1 is one
where the hypothesis {S,}€ BV is replaced by {S,}€ B. This follows when one refers
to a recent paper by the present author (4), where it has been pointed out that the
hypothesis {S,}eBV is actually equivalent to the apparently lighter hypothesis
{S,}€ B, whenever {R,} € BV and {p,}is a non-negative sequence. And as shown in (3),
{R,}eBV implies {S,}e BV ,whenever{p,}isapositive non-decreasingsequence. It may
also be observed here that our condition (2-1-4) is equivalent to the condition

3 (n—B)A%pys| = O(Bufn), (2:1-6)

if {p,} is non-negative and {R, }e B. That (2-1-4) implies (2-1-6) is obvious for any
{p,}. And that if {p,} is a non-negative sequence and {R,}e B, (2-1-6) implies (2-1-4)
is apparent from the following reasoning, kindly suggested by the referee. If (2-1-6)
holds, then

2n n n
KnF,, > k§0(2n—k)|A2Pk—2| Z k§0(2n—k)|A2Pk—2l 2 "kgo | A2py_o|

and therefore n
1?1:0 |A%p;_s| = O(Pyn[n?).

Now if {R,} € B and {p,,} is a non-negative sequence, then

2n—1
log (B,,/F,) = 2 (log B4, —log By)

ms 11 Prna Z’k+1
= 1 <
Z °8 ( B, P, ) kzn B, & K E k+ 1

since by Lemma 6, P, /P, = O(1). Thus F,,/F, = O(1) and the hypothesis (2-1-4)
follows.

The condition (2-1-6) would suggest itself in the context of Lemma 8-1 of Astrachan
(1), wherein he erroneously infers the truth of (2-1-6) from some of the hypotheses of
Theorem C. Thus in Astrachan’s Theorem C the condition (2-1-6) needs to be explicitly

stated.
2-2. We require the following lemmas for the proof of our theorems.

Levma 1. If {p,} is a positive sequence, then uniformly in 0 <t <m

cos(n—k)t| < Ki—1 P,

Proof. Since in this case F, is monotonic increasing, by Abel’s Lemma, we have

‘ é Pkcos(n~k)tl < P, max
k=0

o< psy

S, cos (n—k)t‘ < Ki'P,
k=p

Lemma 2. If {p,} is a positive sequence, then uniformly in0 < t < o

5 PkAn,kml < KP,
k=0

foro<v<n
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Proof. Applying Abel’s Lemma as in the proof of Lemma 1 and observing that

n 1) < K, we get the result of Lemma 2.
=p

LEMMA 3. Letz + 1,then

n
2 ax* = (1— x)‘2[§] A%ay_ o2k + Aa,,_ 2" —a, 27 (1— x)]

=0 k=0
wherea_; =a_, = 0.

Proof. Let us write

n n n
Z a* = (1 —z)~2 L Y k-2 Y aaktt+ 3 akx"+2]

=0 k=0 k=0 k=0
[ n n+1 n+2

=(1-2)2| T a,2*-2 ¥ a 4,2+ T ak_zx"]
k=0 k=1 k=2

 n
= (1—-2)2| X A%q,_,2%+Aa, 2"t —q, 2"H(1 —x)] ,
(=0
since A2%q,_, = a;_,—2a;,_,+a,anda_;=a_, = 0.
Lemma 4. If {p,} satisfies the conditions (2-1-3) and (2-1-4) and {R,}€ B, then uni-

Jormlyin0 <t < 7.

% pr(n—k)e*| < Ki2P, n1.

Proof (cf. (1) Lemma 9-2). Let us write
b= n—k)py, py=p_o=0.
Then,for0 < k < n,
Apg_y = popa =ty = (n—k) Apy_1 + Pp1s
Ay o = Apty_p —Apty_y = (n— k) APpy_o + 2Apy_,.
Also Pn="0, Apyy=p, ;.

Now, by Lemma, 3, we have
n . s n s 3 . 3
S ekt = (1— eit)—2 [ by Azﬂk—z etk 4 A /- eln+1)t __ o ez(n+l)t(1 - e“)] .
k=0 k=0

Thus, rewriting ;. = p,(n — k),

l 2 py(n—k) et =

— I(l _eu)l—z

n n
{ 2 (n—k)(A%p,_,) e +2 3 Apy s+, ei(nﬂ)t:
k=0 k=0

n—1
< Kt {n Y | A%y +2 3 |Apy| +Pn—1}
k=0 k=0
< Kt-P,n1,
using the hypotheses (2-1:3), (2-1-4) and the fact that {R,} e B.

Lemma 5(11). If {p,} is a positive sequence such that {R,}€ BV, then the assertion:
{S.}€ BV is equivalent to: P,c, = O(1),n = 0,1,2,....
32 Camb. Philos. 65, 2
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- Lemma 6 (11). If {p,} is a positive sequence such that {R,}€ B, then B[P, _; = O(1),
as n - 0.

Lemma 7. If {q,} is non-negative and non-increasing, then for 0 < a < b < © and
0t

b
kE qkezkt < KQ‘H
=a

where T = [1/t}and Q,, = qo+ 91+ ... + .
This Lemma may be proved by following the technique of proof of Lemma 5:11 in
McFadden(7).

Lemma 8. If {p,} is a positive, monotonic non-decreasing sequence such that {R,}e BV,
thenuniformlyin0 <t <#w

1

sin (n— k)¢
ZpP,

Proof. If {p,} is positive and monotonic non-decreasing, then (n+1)p, > F, and
therefore {7},}€ B. Hence {R,}c BV implies {7,,}€ BV and the result of Lemma 8
follows from ((3), proof of £ < K on p. 815).

3. Proof of the main results. 3-1. Proof of Theorem 1. We have

n—1 ])v R_
t‘n—t'n—l— 2 (P _P l)an—v

=0 n n—1

1 n—1
=Pn E ( nP,— anx)an—w

n_

For the Fourier series of f(t),

x) = 721 fﬂgb(t) cosntdt,

so that b~y = gf"gb(t) {Pll’ 2 (Ppp,—PrBy) cos (n—k)t}dt.

T A v

Thus, in order to prove our theorem we have to show that

uniformly in 0 < ¢ < 7, where

g(n t) —'P P 2 ( nPr— pnPk)cos(n—k)t.

n—1k

Integrating by parts, we get

f:¢(t)g(n,t)dt—[ g, b)) — f”q)l(t){%g(n,t)}dt

= [td:0 90— [ 6.0 [t L gtn, )
0 dt
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and f 0"¢1(t) {t%g(n, t)} dt

B 0 R P [ et P

But fo { g(n, u)} du = [ug(n, u)]o I g(n, u)du
= tg(n,t) _fo g(n,u)du.
Thus, we have .
[[owomna =g [Comwan]_+[ - [ g aufapic
And

{ s|[[e0amnal <[s03 [ gmwa|_+[ @ 1mmopiaso)

+[ 15| [[ o w0} 1agyc01.

Since by hypothesis,fﬂldqbl(t) | < K,itsuffices for our purpose toshow that, uniformly
0 .

in0<tgnw ¢ ~
b f gn,u)du| < K (3-1-1)
n 0
and Sltgln, )] < K, (3:1:2)
n
which is equivalent to showing that
sin(n—k)t .
EP 7| ; Z (Fopr— pnPk)(n—k)“l <K (8-1:3)
-1 '
and tY =—— 1 nZ (B.pr— 2, B)cos (n—k)t| < K. (3-1-4)
P'nPn—l

We first proceed to establish (3-1-4). We have

n—1
S (BB paBl) 08 (n—k)t]

b 1
E=t3
n=1 PnPn—l

- Py DPn
=t 2| P, —k)t
ﬂz=:1Pn— k§ (Pk Pn) kCOS(n )’
b 1
<t —
'nz=:l (n+1)Pn—1
Nt 1

T L
n§l (n+1) F,_; [x=o

2 (R,—R,) B, cos(n—k) tl
=0

(n—Fk)cos(n—k) t'

© 1 n—1 n—1
= = lm 2 Pkcos(n—k)t Z AR,

1
+ 2 L mI) P,
=21+22,say.

'S, pi(n— ) cos (- k)’

32-2
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By changing the order of summation and applying Lemma 1, we get

1
=t 2:1 (n+1) B, kZO b
bad 1
=tn§1m ,,ZOAR Z Pcos(n k)tl
<K3 — = T|AR|PR,

n=1 (n+1)F,_, ,5

1
=K AR, P, —_——
Z | l n= %‘Fl (n+ 1) n—1

b 1
< § |AR, |Pn§+1( OB by Lemma 6,
<K 3 |AR),

p=0

since by Lemma 5, hypotheses (2-1-1) and (2-1-2) imply that ¢,, P, = O(1). Thus,

5, <K, (315)
by virtue of the hypothesis (2-1-1).
Now we observe that

S T -
= 1 (m+1) B, k=0
=1 é __.__1___ E’pk(’ﬂ k)ez(k—n)t‘+t % __Iﬂ_nip (n k)ezkt
=1+ 1) B, = n=r+1 R+ 1) B, ¢ g

= 221'*'222, Sa!y.

T -1 T
But Su<K S —1o— Tp <Kt N1<K
n= 1( +1) n—1 k=0 n=1
® 1
Now Zgo £ e n— k) et
Y 22 1 (n+1) >l 2 pk( )6
< Kt % —1———}-)"— by Lemma 4
= n=7+1 n(n+ 1) Pn—l’ ¥ '
© 1
< -K — X K:
Tn=§+l n{n+ 1)
since by Lemma 6, P,/P,_; = O(1).
Thus we have %, < K. (3-1+6)
Following the technique of proof for £ < K, we write
- sin (n— k)¢
-5 gy | T (Puri pnPk)ﬁ(b-_T’-]
® 1 sin (n— k)t g
< TP ———— Y AR,
<E el
1
STV P k
+ 3 | E, pesin (=B
= X1+ Zj, say.
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By changing the order of summation and applying Lemma 2, we get

® 1 sm(n—k)t‘
1 I P AR, 3 B,——————
21 n=1 ('I?/+ 1) n-1 pZO 2 k n—k
<Ky L "S|AR|R <K

n=1(n+ I)Pn_l =0

as in the proof of ¥, < K.
Next, we write

Mﬂ

%<

n=1 (n+l) n—-1 Zpksm(n k)t|

% 1
nets1(m+1) B,

= 25 + 2y, say.

+

Z P sin (n— /c)tl

Now, |sin(n—~k)t| < nt, for 0 < k& < n, therefore

Zpk—tZl

—~1 k=0

tZP
n

n=1

We write by Abel’s transformation

n—2 k n—1
l ): pisin(n—k)t < § |Apy| 2 sin(n—v)t{+p,, }__]0 sin (n— v}
< Kr kZO |Apy| + ETpn
< K7 5 K’ar_IP"'1
7 n
K’rﬂz

by the hypotheses (2-1-3) and (2-1-1).

Thus
, d 1 b,
Za<KT X DB,
< Kr ;‘; _1 £ K,

ner+1 (n+1)
since by Lemma 6, FP,/P,_; = O(1).
Wehave, therefore ¥ < K (see also (10) and (11)). (3-1:7)
Combining (3:1-5), (3-1-6) and (3-1-7), we get (3-1-3) and (3-1-4), and this completes
the proof of Theorem 1.

3-2. Proof of Theorem 2. As in the proof of Theorem 1, in order to prove Theorem 2,
we have to show that uniformly in 0 < ¢ < 7, (3-1-3) and (3-1-4) hold under the hypo-
theses of the theorem.

Now (3-1-3) follows directly from Lemma 8.
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Next we consider (3-1:4). Following the technique of proof used for showing that
¥ < K, insection 3-1, we observe that uniformlyin 0 < ¢ < 7, %; < K, by virtue of the
hypotheses: {R,}€ BV and ®

yP {B.} $ 1 _gn
k=n+1 P k P

the latter of which implies P, ¢, = O(1), since {p,} is a positive sequence.

In order to prove that 2, < K, we write by Abel’s transformation

n n—-1 k
T prln—k) et = 3 A{py(n—k)} z et
k=0 k=0

= (1—e#)? E:] A{p(n—k)}— z A{py(n—k)} ez(k+l)t]

[ n—
= (1= et [apy="F, (=) (Apy) 40— T ]
k k=0
n

k n—1
= - fnp =S 5 (dp) e =S gy e%(kﬂ)t],

I
- o

Thus

nil Pr(n—k)cos (n—k)¢
k=0

k
Z (pv+1 - pv) e+t

n—1
+ ’ 3 Ppya ™t

)
|

(by Lemma 7 and Abel’s Lemma, since {p,,, —p,} is non-negative,
non-increasing and {p, }isnon-decreasing)

le-'int| n-—-1
<J o

Z etkt

1<vsn k=1

KT [npo+ E K E (pv+1 pv) +.pn max

< Kr[np,+ Knp,,; + Kp, 7]
< Kn7p1+1 + KT2pn’

since {p, } is non-decreasing.

Thus we have finally
ey — 5 k k
5 i B p - beost-b
+t —_— n—k)cos(n—k tI
n§+1(n+1) 7 [Zpen-Boos b
P - 1
<t + K7 + Kp, =
nz—:l Pn—l 2 Pr n—z'r:+1( +1) n—~1 p +1n=z'r:+1 Pn—l
7 R P, 7+1
<t 1+ Kr —n_ +K Dyiy——
'nz=:1 n=zr“+1 (n+1)? P A
@ 1
<K+ K KR
+ Tn=z'r:+1( +1)2+ b
sK’

by the hypotheses {R_}€ B and (2-1-5) and Lemma 6.
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This completes the proof of Theorem 2.

The analogues of Theorem 1 and Theorem 2, for the conjugate series and the
derived series of the Fourier series have been obtained very recently by the present
author.

My warmest thanks are due to Prof. T. Pati of the University of Jabalpur, for his
kind suggestions during the preparation of the present paper. I am also thankful to
the referee for some useful comments in respect of presentation.
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