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Alexander Kuznetsov

ABSTRACT

Let X be an algebraic variety over a base scheme S and ¢:T — S a base change.
Given an admissible subcategory A in D?(X), the bounded derived category of coherent
sheaves on X, we construct under some technical conditions an admissible subcategory
Ar in D’(X x5 T), called the base change of A, in such a way that the following base
change theorem holds: if a semiorthogonal decomposition of D°(X) is given, then the
base changes of its components form a semiorthogonal decomposition of D?(X xg T).
As an intermediate step, we construct a compatible system of semiorthogonal
decompositions of the unbounded derived category of quasicoherent sheaves on X and of
the category of perfect complexes on X. As an application, we prove that the projection
functors of a semiorthogonal decomposition are kernel functors.

1. Introduction

An important approach to non-commutative algebraic geometry is to consider triangulated
categories with good properties as substitutes for non-commutative varieties. Given such a
category, we consider it as the bounded derived category of coherent sheaves on a would-be
variety and try to do some geometry. Note, however, that even the simplest geometric functors
between derived categories often do not preserve boundedness or coherence; the pullback functor
preserves boundedness only if the corresponding morphism has finite Tor-dimension and the
pushforward functor preserves coherence only if the corresponding map is proper. So, to do
non-commutative geometry we need some unbounded and quasicoherent versions of the
triangulated categories under consideration. One goal of this paper is the following: given a
good triangulated category A (considered as a bounded derived category of coherent sheaves), to
define a category Aqc, a substitute for the unbounded derived category of quasicoherent sheaves
and a category A~ , a substitute for the bounded above derived category of coherent sheaves.

A straightforward approach to construct A,. would be just to consider the closure of .4 under
colimits. However, it is not clear how to define a triangulated structure there. So, instead, we
assume that the category A is given as an admissible subcategory in D°(X), the bounded derived
category of coherent sheaves on some algebraic variety X, and consider the minimal triangulated
subcategory A C Dyc(X) containing A and closed under arbitrary direct sums. Defined in this
way, the category A inherits a triangulated structure automatically, but there arises a question
of dependence of A on the choice of the variety X and of the embedding A — Db(X). We prove
that it is actually independent of these choices under some technical condition.
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Another, and in fact the most important, goal of the paper is to define a base change for
triangulated categories. Assume that S is an algebraic variety and A is a good triangulated
category over S (which can be understood, for example, as that 4 is a module category over the
tensor triangulated category DPe'f(S) of perfect complexes on S). Given a base change ¢: T — S,
we would like to define a triangulated category Ar over T to be considered as the base change
of A. Again, an abstract approach is too complicated, so we assume that A is given as an
S-linear admissible subcategory in DP(X) (S-linear means closed under tensoring with pullbacks
of perfect complexes on S), where X is an algebraic variety over S, and construct Ar as a
certain triangulated subcategory in D?(X x g T'). Once again there arises an issue of dependence
on the chosen embedding A — D’(X), and again we show that the result is independent of the
choice.

The most important technical notion used in the paper is that of a semiorthogonal
decomposition. Actually, we start not with an admissible subcategory A C D?(X) but with
a semiorthogonal decomposition D°(X) = (A;, As, ..., Ay). Then we consider a chain of
triangulated categories DPf(X) C DP(X) C D™ (X) C Dye(X) (here D~(X) is the derived
category of bounded above complexes with coherent cohomology) and ask whether there exist
semiorthogonal decompositions of these categories compatible with the initial decomposition. It
turns out that the categories AY et — AN DPef(X) always give a semiorthogonal decomposition
of DPef(X), while the categories A; (the minimal triangulated subcategories of Dye(X)

containing .A?erf and closed under arbitrary direct sums) and A = A; ND~(X) always form
semiorthogonal decompositions of Dy.(X) and D~ (X), respectively. However, for compatibility
of the last two decompositions with the initial decomposition of D’(X), we need a technical
condition to be satisfied, namely the right cohomological amplitude of the projection functors of
the initial decomposition should be finite (this condition holds automatically if X is smooth).

Similarly, in a situation of a base change we start with a semiorthogonal decomposition
of Db(X). However, here we need some additional assumptions from the very beginning. First
of all, the decomposition of Db(X ) should be S-linear and, second, the base change ¢: 7 — S
should be faithful for the projection f: X — S. The latter condition more or less by definition
(see [Kuz06]) is equivalent to the base change isomorphism f.¢* = ¢* f,, where the projections
of X7 =X xgT to X and T by an abuse of notation are denoted by ¢ and f, respectively.

The semiorthogonal decomposition of D?(Xr) is constructed in several steps. First, we
consider the semiorthogonal decomposition of DPef(X) constructed above. Then we define the
subcategory A% of DPf(X7) to be the closed under direct summands triangulated subcategory
generated by objects of the form ¢*F ® f*G with F' € Agerf and G € DPef(T). Tt turns out that
by acting in this way we always obtain a semiorthogonal decomposition of DPef(X7). Further,
we define the category A7 to be the minimal triangulated subcategory of Dgc(X7) containing
Al and closed under arbitrary direct sums, and A = AN D~ (Xr). Thus, we obtain
semiorthogonal decompositions of Dqc(X7) and D~ (Xr). Finally, we consider subcategories
Air = A7 N DY(X7) C D°(Xr). But, to prove that they form a semiorthogonal decomposition,
we again need the assumption of finiteness of cohomological amplitude of the projection functors
of the initial semiorthogonal decomposition of D?(X). We prove that the projection functors of
the obtained decomposition of D?(X7) also have finite cohomological amplitude.

We show that the constructed semiorthogonal decompositions of Dgyc(X) and Dyc(X7)
are compatible with respect to the pushforward and the pullback functors via the projection
morphism ¢ : X7 — X. It follows that the semiorthogonal decompositions of D*(X) and D?(Xr)
are compatible with respect to ¢, whenever ¢ is proper, and with respect to ¢* whenever ¢ has
finite Tor-dimension.
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It should be mentioned that the seemingly too complicated procedure of constructing A;r is
probably inevitable. The straightforward approach of taking for A;r the subcategory of D°(Xr)
generated by objects of the form ¢*F ® f*G with F € A; and G € D*(T) does not give the desired
result even when both ¢ and f have finite Tor-dimension. Indeed, assume that A; = D?(X) and
X is smooth. Then D?(X) = DPef(X) and it is clear that the defined in this way subcategory
of D*(Xr) is just the category of perfect complexes DP'f(X7), not the whole D°(X7) as one
would wish. So, one definitely needs to add something to this category to obtain the right
answer. It seems that to add all colimits and then to intersect with D°(X7) is the simplest
possible solution. And, considering perfect complexes as an intermediate step both removes
many technical problems and gives additional information.

As an application of the obtained results, we prove the following. Assume that D°(X) =
(Aq, ..., Ay) is a semiorthogonal decomposition the projection functors of which have finite
cohomological amplitude. We prove then that these functors are isomorphic to kernel functors
d g, given by some explicit kernels K; € D*(X x X). In particular, if A C D°(X) is an admissible
subcategory and the projection functor to A has finite cohomological amplitude, then it is
isomorphic to a kernel functor. In a special case, when A= D’(Y) for a smooth projective
variety Y, this follows from Orlov’s theorem on representability of fully faithful functors [Orl97].
Indeed, in this case the embedding functor Db(Y) — DP(X) as well as its adjoint are given by
appropriate kernels on X X Y, so the projection functor is given by the convolution of these
kernels. Thus, our result can be considered as a generalization of Orlov’s theorem.

The paper is organized as follows. In §2, we recall the main technical notions used in the
paper; semiorthogonal decompositions, cohomological amplitude, homotopy colimits etc. We
also discuss several notions and facts related to approximation of unbounded quasicoherent
complexes by perfect ones. In §3, we investigate when a semiorthogonal decomposition of
a triangulated category 7’ induces a semiorthogonal decomposition of its full triangulated
subcategory 7 C 7”. In § 4, we construct extensions of a semiorthogonal decomposition of D?(X)
to DP(X) C D™ (X) C Dye(X). In §5, we define the base change for an admissible subcategory
and prove the faithful base change theorem. In § 6, we show that extensions A, A~ and the base
change A7 of A do not depend on the choice of X and of the embedding .A — D’(X) involved in
the definitions. In § 7, we prove that the projection functors of a semiorthogonal decomposition
can be represented as kernel functors.

2. Preliminaries

2.1 Notation
All algebraic varieties are assumed to be quasiprojective.

For an algebraic variety X, we denote by D°(X) the bounded derived category of coherent
sheaves on X, by D™ (X) the bounded above derived category of coherent sheaves on X and by
Dyc(X) the unbounded derived category of quasicoherent sheaves on X. Recall that an object
F € Dyc(X) is a perfect complex if it is locally quasi-isomorphic to a bounded complex of locally
free sheaves of finite rank. Recall that perfect complexes are precisely compact objects in Dgc(X),

i.e. if P is perfect, then
Hom <P, &y Fa> = P Hom(P, F,)
(0% (0%

for any system F, € Dy(X). We denote by DPef(X) the full subcategory of Dyc(X) consisting of
perfect complexes. Note that DPef(X) is a triangulated subcategory in D?(X). Given an object
F € Dye(X), we denote by H'(F) the ith cohomology sheaf of F.
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For F, G € Dy.(X), we denote by RHom(F, G) the local RHom-complex and by F ® G the
derived tensor product. Similarly, for a map f:X — Y, we denote by fi:Dge(X) — Dge(Y)
the derived pushforward functor and by f*: Dyc(Y) — Dgc(X) the derived pullback functor. We
refer to [KS06] for the definition of these functors. We also denote by f':Dg(Y) — Dye(X)
the right adjoint functor of f, (usually it is referred to as the twisted pullback functor). It
exists by [Nee96] (see also [KS06]). If the morphism f has finite Tor-dimension then f'(F) =
f*(F) @ wx/yldim X — dim Y], again by [Nee96].

Given a class £ of objects in a triangulated category 7, we denote by (£) the minimal
strictly full triangulated subcategory in 7 containing all objects in £ and closed under taking
direct summands. We say that £ generates 7 if T = (&).

2.2 Semiorthogonal decompositions
Given a class € of objects in a triangulated category 7', we denote the right and the left orthogonal
to £ by

EL ={T €T |Hom(E[k],T)=0 for all E € £ and all k € Z},

L& ={T €T |Hom(T, E[k]) =0 for all E € £ and all k € Z}.

It is clear that both £+ and & are triangulated subcategories in 7 closed under taking direct
summands. The classes &1, £ C 7T are called semiorthogonal if & C 521_ or, equivalently, & C +&;.

LEMMA 2.1. If classes £ and & are semiorthogonal, then the subcategories (1) and (E2) are
semiorthogonal as well.

Proof. We have £ C £5-; hence (£1) C &5, hence & C (&) and hence (&) C +(&). O

DEFINITION 2.2 [BK89, B0O95, BO02]. A semiorthogonal decomposition of a triangulated
category 7 is a sequence of full triangulated subcategories Aq, ..., Ay, in 7 such that A; C Aj‘
for ¢ < j and, for every object T € 7, there exists a chain of morphisms 0="1T,, — T,,—1 —

-+ — Ty — Ty =T such that the cone of the morphism T}, — T}_1 is contained in Ay for each

k=1,2,...,m. In other words, there exists a diagram
0="Tn Ty —> - T T To=T
v . v
A o Ay A

where all triangles are distinguished (dashed arrows have degree one) and Ay € Ay.

Thus, every object T'€7 admits a decreasing ‘filtration’ with factors in Aj, ..., An,
respectively.
LEMMA 2.3. If T =(Ay,..., Ay,) is a semiorthogonal decomposition and T € T, then the

diagram (1) for T is unique and functorial (for any morphism T — T’, there exists a unique
collection of morphisms T; — T, A; — Al combining into a morphism of diagram (1) for T into
diagram (1) for T").

Proof. Note that T} € (Ag, ..., Ap) by (1). It follows from the semiorthogonality that we have
Hom(T1, A} [k]) = 0 for all k € Z. Therefore, any map Tp =T — T’ = Tj) extends in a unique way
to a map of the triangle Ty — Ty — A; into the triangle 7] — T} — A). In particular, we obtain
a map 71 — T as well as a map A; — A and proceed by induction. ]
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We denote by oy : 7 — T the functor T +— Aj. We call oy, the kth projection functor of the
semiorthogonal decomposition.

DEFINITION 2.4 [Bon89, BK89]. A full triangulated subcategory A of a triangulated category 7
is called right admissible if, for the inclusion functor i : A — 7T, there is a right adjoint 7' : 7 — A,
and left admissible if there is a left adjoint i* : 7 — A. Subcategory A is called admissible if it is
both right and left admissible.

LEMMA 2.5 [Bon89]. If T = (A, B) is a semiorthogonal decomposition, then A is left admissible
and B is right admissible. Conversely, if ACT is left admissible, then T = (A, +A) is
a semiorthogonal decomposition and, if BCT is right admissible, then T = (B*,B) is a
semiorthogonal decomposition.

DEFINITION 2.6. We will say that a semiorthogonal decomposition 7 = (A1, ..., A,,) is a strong
semiorthogonal decomposition if, for each k, the category Ay is admissible in (Ag, ..., An).

Note that Ay, is left admissible in (Ag, ..., A;), by Lemma 2.5. So, the additional condition
in the definition is the right admissibility. Note also that if Ay is right admissible in 7, then
it is also admissible in (A, ..., A;,) (thus, a semiorthogonal decomposition with admissible
components is a strong semiorthogonal decomposition) and that in the case when 7 = D°(X)
with X being smooth and projective any semiorthogonal decomposition is strong.

2.3 S-linearity
Let f: X — S be a morphism of algebraic varieties. A triangulated subcategory A C Dqc(X)

is called S-linear (see [Kuz06]) if it is stable with respect to tensoring by pullbacks of perfect
complexes on S. In other words, if A® f*F € A for any A € A, then F € DP(S).

LEMMA 2.7. A pair of S-linear subcategories A, B C Dqc(X) is semiorthogonal if and only if the
equality f. RHom(B, A) =0 holds for any A€ A, B € B.

Proof. First we note that for any object 0 # G € Dg.(S) there exists a non-zero map P — G from
a perfect complex P € DP*(S). Indeed, represent G by a complex of quasicoherent sheaves and
assume that H*(G) # 0. Let Z% = Ker(G* — G**1), so that we have an epimorphism Z! — H!(G).
It is clear that there exist a locally free sheaf P of finite rank and a map P — Z' such that
the composition P — Z¢ — H!(G) is non-zero. Then the composition P — Z* C G* induces the
required morphism P[—i] — G (it is non-zero, since the induced morphism of the cohomology
H!(P[—i]) = P — H*(G) is non-zero).

Further, RHom(P, f. RHom(B, A)) =2 RHom(f*P, RHom(B, A)) = RHom(B ® f*P, A) for
any P € DPf(S). So, if A and B are semiorthogonal, then RHom(B @ f*P, A) =0, since B is
S-linear and the above observation shows that f,RHom(B, A) =0. The inverse is evident. O

Let f: X — S and ¢g:Y — S be algebraic morphisms, and assume that A C Dqc(X), B C
Dyc(Y) are S-linear triangulated subcategories. A functor ® : A — B is called S-linear if there is
given a functorial isomorphism ®(F ® f*G) = ®(F) ® ¢g*G for all F € A, G € DPef(S).

LEMMA 2.8. If T CDy(X) is an S-linear triangulated subcategory and T = (Ay, ..., Ay) is
an S-linear semiorthogonal decomposition, then its projection functors «; : 7 — 7 are S-linear.

Proof. Take any G € DP*f(S) and consider the endofunctor of 7 given by tensoring with f*G.
It preserves all A; and hence, by Lemma 3.1 below, it commutes with the projection functors.
This gives the required functorial isomorphism. O
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2.4 Faithful base changes

Let f: X — Sand ¢: T — S be algebraic morphisms. Let X7 = X xp S be the fiber product. By
an abuse of notation, denote the projections X — T and X7 — X also by f and ¢, respectively.
It is easy to see that there is a canonical morphism of functors ¢* f. — f.¢*. Recall that the
cartesian square

XTLX

f \L lf
7. g
is called exact (see [Kuz06]) if this morphism of functors is an isomorphism. By [Kuz06], the

square is exact if either f or ¢ is flat, and the square is exact if and only if the transposed square
is exact.

A map ¢: T — S considered as a change of base is called faithful for f: X — S (see [Kuz06])
if the corresponding cartesian square is exact. Thus, any change of base is faithful for a flat f
and similarly a flat change of base is faithful for any f.

2.5 Truncations
Given a complex C°, its stupid truncations are defined as

c" ifn<m, C™ ifn>=m,
(oSO = l TS and (eZ™C)" = 1 n=m
0 if n>m, 0 if n<m.

It is clear that 0™ C — C — o<~ 1C is a distinguished triangle in the derived category. The ad-
vantage of the stupid truncations which we will use subsequently in the paper is that when applied
to a complex of locally free sheaves (a perfect complex) they produce a perfect complex as well.

Similarly, the canonical truncations (also known as smart truncations) are defined as

cn if n<m, cn it n>m,
(TS™C)™ = ¢ Ker(C™ N cmtly ifn=m, (77™C)" = Coker(C™"! <, cm) ifn=m,
0 if n>m, 0 if n<m.

Again, in the derived category we have a distinguished triangle 7<"C — C — 721, The
advantage of the canonical truncations is that they descend to functors on the derived category.
Note also that

H"(C) if n<m,
0 if n>m,

HM(C) if n>m,

H”(Tng’) o
0 if n<m.

and H"(77™C) {
2.6 Cohomological amplitude

Let Déﬁ;q] (X) denote the full subcategory of Dq.(X) consisting of all complexes F' € Dqc(X) with
HY(F) =0 for i & [p, q]. Let 7 C Dgc(X) be a triangulated subcategory. We say that (a, b) is the
cohomological amplitude of a triangulated functor ® : 7 — Dy (Y) if

o(T N DA (X)) c DEFeattl(y)

for all p, ¢ € Z. In particular, we say that ® has finite left (respectively right) cohomological
amplitude if a > —oo (respectively b < 00). If both a and b are finite, we say that ® has finite
cohomological amplitude.
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LEMMA 2.9 [Kuz08]|. Every exact functor @:Dperf(X)—ﬂ)gC(Y) has finite cohomological
amplitude.

Actually, it was shown in [Kuz08, Proposition 2.5] that one can replace DSC(Y) by any
triangulated category with bounded t-structure.

Let X and Y be algebraic varieties. Consider the product X x Y and denote the projections
by p: X xY —=X and ¢: X xY —Y. Recall (see [Kuz06, 10.39]) that by definition an
object K € D’(X x Y) has finite Tor-amplitude over X if the functor F +— K ® p*F has finite
cohomological amplitude. Similarly, an object K € D’(X x Y') has finite Ext-amplitude over Y if
the functor F — RHom(K, ¢'F) has finite cohomological amplitude.

LEMMA 2.10. If an object K € D’(X x Y) has finite Tor-amplitude over X, then the functor
Py (F) = q.(K ® p*F) has finite cohomological amplitude. Similarly, if K € D*(X x Y') has finite
Ext-amplitude over Y, then the functor @’K(G) = ¢.RHom(K, ¢'G) has finite cohomological
amplitude.

Proof. Tt suffices to note that the pushforward functor has finite cohomological amplitude (it is
equal to (0, d), where d is the maximum of the dimensions of the fibers). O

2.7 Homotopy colimits
Recall (see [BN93|) the definition of homotopy colimits in triangulated categories. Let F} —

Fy, — F3—--- be a sequence of objects of a triangulated category having countable direct
sums. Its homotopy colimit, hocolim F;, is defined as a cone of the canonical morphism
id—shift

PF,————— PF;, where shift denotes the map @ F; — @ F; defined on F; as the
composition F; — Fj11 C @@ Fj. Thus, we have a distinguished triangle
DF ©® Fi

In what follows, we only consider homotopy colimits over the set of positive integers. Colimits
over other partially ordered sets are not considered at all.

id—shift

hocolim F;.

LEMMA 2.11. If a functor ® commutes with countable direct sums, that is, the canonical
morphism @, ®(F;) — ®(EP, Fi) is an isomorphism, then ® commutes with homotopy colimits in
the sense that there is a non-canonical isomorphism hocolim ®(F;) = ®(hocolim F}). In particular,
homotopy colimits commute with tensor products, pullbacks and pushforwards.

Proof. By the assumptions, we have a diagram

D, o(F) D, ©(F)

- . )

(@, F) ——" . o(, F)

which is evidently commutative. It follows that it can be extended by an isomorphism
of third vertices hocolim ®(F;) = ®(hocolim F;). For the second claim, we use the fact that
countable direct sums commute with tensor products, pullbacks (evident) and pushforwards
[BV03, 3.3.4]. O

id—shift

hocolim ®(F;)

®(hocolim F;)

Remark 2.12. Note that by [BV03, 3.3.4] tensor products, pullbacks and pushforwards commute
with arbitrary direct sums (not only with countable ones). We will use subsequently this fact.
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Now assume that the triangulated category under consideration is the unbounded derived
category D(A), where A is an abelian category with exact countable colimits.

LEMMA 2.13. If F} — F5 — F3 — - - - is a direct system of complexes in A and F' is the complex
obtained by taking termwise colimits of the above direct system, then hocolim F; = F'.

Proof. Consider the sequence of complexes EPF; id—shift PF; F'. Since A has exact

colimits, the sequence is termwise exact. Therefore, F' is isomorphic to the cone of the map
id—shift
®Fr————@F. O

LEMMA 2.14 [BN93]. If {F;} is a direct system in D(A), then we have H"(hocolim F;) =
limy ™ (£3)-

Proof. The long exact sequence of cohomology sheaves of the triangle defining hocolim F; gives
= P H(F) - P H"(F;) — H" (hocolim Fy) - P H T (Fy) - P H"(F) — - - .

Since the category A has exact colimits, the last map in the above sequence is injective. It follows
that H"(hocolim F;) = Coker(D, H"(Fi) — @, H"(F;)) = lim H"(F;), the last isomorphism
being the definition of the colimit. O

LEMMA 2.15. If {F;} is a direct system and there is given a morphism of this direct system
to I, then there exists a map hocolim F; — F' compatible with the maps F; — F. Moreover, if
lim H'(F;) = H'(F) for each t € Z, then hocolim F; = F.

. " . id—shif .
Proof. We have a canonical map @F; — F'. Its composition with @E"S't> P F; vanishes,

since the map is induced by a map of the direct system {F;} to F. Hence, it can be factored
through a map hocolim F; — F. On the tth cohomology, it gives the map H!(hocolim F}) =
lim H*(F;) — H*(F) induced by the map of the direct system {H'(F})} to H'(F). If it is an
isomorphism for all £, then the map hocolim F; — F' is a quasi-isomorphism. O

2.8 Approximation

We say that a direct system {F;} in D(A) approximates F' € D(.A) if there is given a morphism
from the direct system to F' such that for any n >0 the map 7S"72 " F), — 7<"72""F is an
isomorphism for k> 0. The following is an immediate corollary of Lemma 2.15.

LEMMA 2.16. If a direct system {F;} approximates F' in D(A), then hocolim F; 2 F.

Recall (see [Kuz08]) that a direct system {F;} in D(.A) is said to be stabilizing in finite degrees
if for any n € Z the map 7°"F; — 72" F; 1 is an isomorphism for i > 0.

Let B C A be an abelian subcategory and let Dy (A) denote the full subcategory in D~ (A),
the bounded above derived category of A, consisting of all objects with cohomology in B.

LEMMA 2.17. If a direct system {F;} in Dg(A) stabilizes in finite degrees, then we have an
inclusion hocolim F; € D (A).

Proof. This follows immediately from Lemma 2.14. O

The following easy lemma shows that every object of D~ (X) can be approximated by a
stabilizing in finite degrees direct system of perfect complexes. This fact will be used subsequently
in the paper.
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LEMMA 2.18. For every F € D™(X), there is a stabilizing in finite degrees direct system of
perfect complexes Fj, € DP*(X) which approximates F. In particular, hocolim Fj, = F.

Proof. Choose a locally free resolution for F' and denote by F} its stupid truncation at degree
—k. Then Fj, is a perfect complex and the F} form a stabilizing in finite degrees direct system.
Moreover, for any n € Z, we have 72 "F}, = r>~"F for k> 0; hence, F}, approximates F. By
Lemma 2.16, we have F' = hocolim F},. O

We are also interested in approximation of arbitrary unbounded quasicoherent complexes.
Certainly, arbitrary objects of Dy.(X) cannot be represented as homotopy colimits of perfect
complexes. There is however the following implicit approximation result.

LEMMA 2.19. The minimal full triangulated subcategory of Dy.(X) closed under arbitrary direct
sums and containing DPf(X) is Dyc(X).

Proof. Let R C Dqc(X) be the minimal full triangulated subcategory closed under arbitrary
direct sums and containing DPef(X). By the Bousfield localization theorem (see [Nee92,
Lemma 1.7]), there is a semiorthogonal decomposition Dgc(X) = (R+, R) (the category R+
is the category of R-local objects). But, R+ C (DP*(X))+ and the latter category is zero (e.g. by
the argument in the proof of Lemma 2.7); hence, R = Dqc(X). O

We conclude this section with the following simple result, which will be used later.

LEMMA 2.20. Let ¢ : Y — X be a quasiprojective morphism and assume that L is a line bundle
onY ample over X. If F € DIP4)(Y), then, for any k> 0, there is a direct system G,, in DP9 (X)
such that ¢.(F ® L¥) = hocolim G,.

Proof. Taking the smart truncations of F' at p and ¢, we can assume that F' is a complex such
that F' =0 unless t € [p, q]. Since L is ample over X for k>0, the higher direct images of
F!® LF vanish; hence, ¢(F ® L¥) is isomorphic to the complex

= 0-5 Ropu(FP L) -5 - L Ry (FU LF) 50— - - -

Since ¢ is quasiprojective, each sheaf Rg¢.(F t® L*) is a quasicoherent sheaf which can
be represented as a countable union of coherent subsheaves. Choose such a representation
Ry« (F' @ L¥) = UC! and take

ah=J Cf+d<U C;f—l).
i<m <m

Then it is clear that the G, form a direct system of complexes the termwise colimit of which is
the above complex. Hence, ¢.(F ® L*) 2 hocolim G,,, by Lemma 2.13. O

3. Inducing a semiorthogonal decomposition

Let 7 and 7’ be triangulated categories and assume that we are given semiorthogonal
decompositions 7 = (A, ..., Ay,) and 7' = (A}, ..., A). A triangulated functor ®:7 — 7’
is compatible with the semiorthogonal decompositions if ®(A;) C A} for all 1 <i < m.

Let «;:7 —7 and o,:7T'—T' be the projection functors of the semiorthogonal
decompositions.
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LEmMA 3.1. If the functor ® is compatible with the semiorthogonal decompositions, then
it commutes with the projection functors, that is, we have an isomorphism of functors
Pow; Zalod.

Proof. Take any T € T and let
0:Tm Tm—l Tm—2‘>"' T0:T
. / | / / ' /
am(T) am-1(T) = T )
be the filtration of T" with factors in A;. Applying the functor ®, we obtain a diagram.
0=o(T)) O(Th—1) O(Ty—2)— - —><D(T2) — T1 — O(Ty) = (1)
®(am(T)) ®(am-1(T)) e

Since ®(c;(T)) € ®(A;) C Aj, we see that this diagram gives the filtration of @(T) with factors
in A}; hence, we get isomorphisms ®(«; (7)) = o, (®(T)). Since such filtration is functorial, by
Lemma, 2.3, the obtained isomorphisms are functorial as well. O

LEMMA 3.2. Assume that 7 = (A, ..., Ayn) and T =(A},..., Al,) are semiorthogonal
decompositions such that A, C A; for all 1 <i<m. Then A, = A; for all i.

Proof. The identity functor 7 — 7 is compatible with these semiorthogonal decompositions;
hence, their projection functors are isomorphic, by Lemma 3.1. In particular, for any ¢ and any
Ae A;, we have A~ q;(A) = a}(A) € A, where o; and o are the projection functors; hence,

A; C A;. O

LEMMA 3.3. If ®: 7 — T is a fully faithful functor and T' = (A}, ..., Al,) is a semiorthogonal
decomposition, then there exists at most one semiorthogonal decomposMon of T compatible
with ®. This decomposition is given by A; = ®~1(A}).

Proof. Let T = (A4, ..., An) be a semiorthogonal decomposition compatible with ®. Then we
have A; C ®'(Aj). On the other hand, let A € ' (A}). Then oj(®(A)) = 0 for all j # i. Hence,
by Lemma 3.1, we have ®(a;(A)) =0 for all j # i. But, since ® is fully faithful, it follows that
a;j(A) =0 for all j #4, so A € A;. Thus, we are forced to have A; = ®~1(A}). O

In general, the collection of subcategories A; = ®~1(A%) does not give a semiorthogonal
decomposition. Actually, it is easy to see that this collection is semiorthogonal (by faithfulness
of ®); however, it can be not full. The simplest example is the functor & :D°(k) — D°(P')
which takes k to Opi. If one considers the semiorthogonal decomposition DP(P!) = (A}, A})
with A} = (Op1 (7)), then @~ 1(A}) =0 for i =1, 2.

Nevertheless, if the subcategories A; = <I>71(.A;) form a semiorthogonal decomposition of 7,
we will say that this decomposition is induced on 7 by the semiorthogonal decomposition of 7"
via ®.

LEMMA 3.4. Let ®: 7 — T’ be a fully faithful functor and T' = (A}, ..., Al,) a semiorthogonal
decomposition. It induces a semiorthogonal decomposition on 7 if and only if the image of ® is
stable under the projection functors of the semiorthogonal decomposition of T'.
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Proof. The ‘only if’ part follows immediately from Lemma 3.1. For the ‘if’ part, we only
have to prove that every object T of 7 can be decomposed with respect to the collection of
subcategories A; = ®~1(A}). So, let T/ =®(T) and let 0=T},, =T | — -+ —T] =T} =T be
its filtration with factors in A;. Note that the factors are given by o}(T") = o (®(T')). Since
the image of ® is stable under o, it follows that o/ (7") = ®(A;) for some objects A; € A;. Let
us check that these are the components of T'. To do this, we have to construct a filtration
0=T,, —>Tpn_1—---—T1y —Tog=T such that its factors are isomorphic to A;. We do it
inductively. First of all, we put Ty = T. Now assume that T; is constructed in such a way that
®(T;) = T/. Then we compose this isomorphism with the map 7] — o/ (1") = ®(A;). Since @ is
fully faithful, the resulting map comes from a map 7; — A; in 7. We take T;11 to be the cone
of this morphism shifted by —1. Applying to the triangle T;11 — T; — A; the functor ®, we
conclude that ®(T;41) =T} +1- Applying this procedure m times, we construct T,. Note that
O(T,,) =T, =0. Since ® is fully faithful, it follows that T,,, = 0, so the desired filtration of 7" is
constructed. O

LEMMA 3.5. Let ®:7 — T’ be a fully faithful embedding, and assume that T' = (A}, ..., A.,)

and T = (A4, ..., Ay) are semiorthogonal decompositions compatible with ®. Let V' : 7' — T’
be an endofunctor, such that 7 and all A} are stable under ¥'. Then every A; is also stable
under V',

Proof. Since T is stable under ' and @ is fully faithful, the restriction of ¥’ to 7 defines an
endofunctor W :7 — T, such that ® o ¥ =¥’ o ®. Since A; = ®1(AL), we have to check that
O(V(A;)) C AL But, ®(U(A;)) =T (D(A;)) C ¥/ (AL) C A, since A, is ¥'-stable. O

4. Extensions of a semiorthogonal decomposition

Let X be an algebraic variety and assume that we are given a semiorthogonal decomposition
of DY(X). In this section, we construct a compatible system of semiorthogonal decompositions of
the categories DPe(X) C D™(X) C Dye(X).

4.1 Perfect complexes

First of all, we note that any strong semiorthogonal decomposition (see Definition 2.6) of D?(X)

induces a semiorthogonal decomposition of the category of perfect complexes.

PROPOSITION 4.1. Let D?(X) = (Aj, ..., An) be a strong semiorthogonal decomposition. Then
there is a unique semiorthogonal decomposition of the category Dperf(X ) compatible with the
natural embedding DP*f(X) — Db(X).

Proof. The existence of a semiorthogonal decomposition of DPef(X) compatible with that of
DY(X) follows from [Orl06, 1.10 and 1.11]. Moreover, it follows from Lemma 3.3 that the
components of this decomposition are given by

AP — 4, nDPef(X) (2)

and that the decomposition is unique. O
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4.2 Unbounded quasicoherent complexes

Now we are going to show that any (not necessarily strong) semiorthogonal decomposition
of DP*f(X) induces a semiorthogonal decomposition of the unbounded derived category of
quasicoherent sheaves Dyc(X).

PROPOSITION 4.2. Let DP*f(X) = <A?erf, ..., AP be a semiorthogonal decomposition. Then
there is a unique semiorthogonal decomposition Dy.(X) = (A1, ..., An) compatible with the

natural embedding DP*f(X) — Dy.(X) and with closed under arbitrary direct sums components.
The projection functors &; of this decomposition commute with direct sums and homotopy
colimits.

Moreover, if the initial decomposition of the category DP**(X) is induced by a semiorthogonal
decomposition D°(X) = (Ay, ..., Ay) of D°(X), the projection functors of which have finite
right cohomological amplitude, then the obtained decomposition of Dy.(X) is compatible with
the natural embedding D°(X) — Dyc(X) as well.

Proof. Define the subcategory A; C Dye(X) to be the subcategory of Dy.(X) obtained by iterated
addition of cones to the closure of A?erf in Dqc(X) under all direct sums. Let us check that the
categories A; form a semiorthogonal decomposition of Dy (X). First of all, if j > 1, Aé € A?erf,

Ak e A?erf, then
Hom <@ A @ Ak> = H Hom (Aé-, @ Af) = H GB Hom Al ARy =
l k

(in the second isomorphism, we used the fact that the Aé are perfect complexes, and hence
compact objects of Dqc(X)). Addition of cones does not spoil semiorthogonality (see Lemma 2.1);
hence, the collection of subcategories Al, oo .Am is semlorthogonal Note also that a direct sum
of cones is a cone of direct sums by [KSOG, 10.1.19], so A; is a closed under all direct sums
triangulated subcategory of Dy (X).

Now consider the triangulated subcategory (./ll, . ,.,Zlm) generated in Dy (X) by the

subcategories A1, ..., Ay Tt is clear that it is a triangulated subcategory of Dg(X) closed under
all direct sums. Moreover, it contains <.A'ferf, .. APy — pPef( X)) Hence, it coincides with

Dye(X), by Lemma 2.19. This means that (Aj, ..., A.,) = Dye(X). The uniqueness of such a
semiorthogonal decomposition is evident, by Lemma 3.2.

The compatibility with the embedding DPf(X) — Dy(X) and closedness under arbitrary
direct sums are evident. Commutativity of &; with arbitrary direct sums follows immediately
and for homotopy colimits we apply Lemma 2.11.

Further, to check that the constructed semiorthogonal decomposition of Dqc(X) is compatible
with the semiorthogonal decomposition of D?(X), we have to check that for any A € A; C D?(X)
we have &;(A) = A. Let «; be the projection functors of the semiorthogonal decomposition of
DY(X). Choose a locally free resolution P®* — A, and consider the stupid truncation of the
complex P® at degree —n, so that we have a distinguished triangle

07 TP® A — ST,

Note that the direct system o "P® approximates A in the sense of paragraph 2.8; hence, by
Lemma 2.16, we have an isomorphism hocolim (67~ P*) = A. Therefore,

&;(A) =2 @&;(hocolim(a” ™ P*)) 2 hocolim &;(o” " P*) = hocolim a;(c” " P*)
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(the last isomorphism is due to the fact that o> " P* is a perfect complex, and hence contained
in D(X)). So, it suffices to check that hocolim a;(c>~"P*®) = A. Indeed, applying o; to the above
triangle, we obtain

i(077"P®) — A — a;(cSTVLP?),
since a;(A) = A. Let (a;, b;) be the cohomological amplitude of the functor «;. Since the
truncation oS~ P* € DST"1(X) is bounded, we have a; (¢S 1 P®) € DS 14bi (X); hence,
a; (077" P*) approximates A and so hocolim a;(c”~"P®) = A. O

4.3 Bounded above coherent complexes

The next step is the following.

PROPOSITION 4.3. Let DP*(X) = <A'1°erf, ..., AP be a semiorthogonal decomposition. Then
there is a unique semiorthogonal decomposition of D~ (X) compatible with this decomposition
of DP*f(X) and with the decomposition of Dqc(X) constructed in Proposition 4.2 with respect
to the natural embeddings DP(X) — D~ (X) — Dy (X). Its components are closed under
homotopy colimits of stabilizing in finite degrees direct systems.

Proof. We have to check that D™(X) is stable under the projection functors &;. Then, by
Lemma 3.4, it would follow that the subcategories
A7 =A4;ND(X) (3)

give a semiorthogonal decomposition, which is evidently compatible with those of DPe'f(X) and
Dye(X). So, we take any F' € D~ (X). By Lemma 2.18, there exists a stabilizing in finite degrees
direct system of perfect complexes F}j, such that F' = hocolim Fj. It follows that

&;(F') = &;(hocolim Fy) = hocolim «a; (Fy,)

(the second isomorphism follows from Proposition 4.2). But, by Lemma 2.9, the projection
functors a; : DP*F(X) — DPF(X) have finite cohomological amplitude; hence, the direct system
a;(F},) also stabilizes in finite degrees and so it follows from Lemma 2.17 that hocolim o, (F}) €

D~ (X).
The last claim is clear, since both A; and D~ (X) are closed under homotopy colimits of
stabilizing in finite degrees direct systems. O

4.4 S-linearity

Assume that X is a scheme over S, that is, we are given a map f : X — S. Recall that any strong
semiorthogonal decomposition of D¥(X) by Proposition 4.1 induces a compatible semiorthogonal
decomposition of Dperf(X ), which in its turn by Propositions 4.2 and 4.3 induces compatible
semiorthogonal decompositions of Dy (X) and D~ (X).

LEMMA 4.4. If the initial semiorthogonal decomposition of the category D’(X) is S-linear,
then the induced semiorthogonal decomposition of DPef(X) is S-linear. Similarly, if the
semiorthogonal decomposition of the category DPef(X) is S-linear, then the induced semi-
orthogonal decompositions of Dqc(X) and D~ (X) are S-linear as well.

Proof. Take any G € DP*f(S). Then Vg (H) :=H ® f*G is an endofunctor of Dyc(X) which
preserves D~ (X), D?(X) and DP*f(X) as well as the initial semiorthogonal decomposition.
It follows from Lemma 3.5 that the semiorthogonal decomposition (2) of DPf(X) is stable
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under ¥g. Now let us check that each component A; of the semiorthogonal decomposition
of Dqc(X) is stable under ¥ . Indeed, by definition, A, is the smallest triangulated subcategory of
Dye(X) containing A? e and closed under arbitrary direct sums. But, the functor ¥ commutes
with direct sums (see [BV03, 3.3.4]) and is exact, which implies the claim. Again applying
Lemma 3.5, we conclude that the semiorthogonal decomposition (3) of D™(X) is also stable
under Wq. Since this is true for all G € DPef(S), we see that all these decompositions are
S-linear. O

Actually, for the components of semiorthogonal decompositions of Dgye(X) and D~ (X), we
have a stronger result.

LEMMA 4.5. If D~ (X)=(A;,...,A,,) is an S-linear semiorthogonal decomposition with
components closed under homotopy colimits of stabilizing in finite degrees direct systems,
then A, @ f*D~(S) C A; . Similarly, if Dqc(X) = (A;, ..., An) is an S-linear semiorthogonal

decomposition with components closed under arbitrary direct sums, then A; @ [ Dy (S) C A;.

Proof. Take any G in D~ (S). Applying Lemma 2.18, choose a stabilizing in finite degrees direct
system of perfect complexes G, approximating G so that G = hocolim G,. Then, for any F' € A,
we have F ® f*G = F ® f*(hocolim Gi) = hocolim(F ® f*Gy). Since the functors ® and f* are
right exact, it follows that the direct system F' @ f*G} stabilizes in finite degrees. Hence, its
homotopy colimit belongs to A;", since A; is S-linear and closed under homotopy colimits of
stabilizing in finite degrees direct systems.

For the second claim, recall that, by Lemma 2.19, the category Dg.(S) can be obtained by
iterated addition of cones to the closure of DPef(S) under arbitrary direct sums. Further, we
know by S-linearity of A; that A; ® f*G C A; for any perfect G. Since f* and ® commute with
direct sums, it follows that the same is true for G being an arbitrary direct sum of perfect
complexes. Finally, since f* and ® are exact and A; is triangulated, the same embedding holds
for arbitrary G. O

5. Change of a base

Let f: X — S be an algebraic map. Consider a base change ¢: T — S and denote by Xp =
X xg T the fiber product. Denote the projections X7 — T and X7 — X by f and ¢, respectively,
so that we have a cartesian diagram.

XTLX

(4)
fi . gf

Throughout this section, we assume that the base change ¢ is faithful for f: X — S (see
paragraph 2.4 for the definition).

5.1 Base change for perfect complexes
Let DPerf(X) = <A§’erf, ce .Afrfrf> be an S-linear semiorthogonal decomposition. Let A%, denote

the minimal triangulated subcategory of DPef(X7) closed under taking direct summands and
containing all objects of the form ¢*F ® f*G with F € Aferf, G € D (T):

A;;JT — <¢*A;)erf Q f*Dperf(T»' (5)
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Note that the subcategory A%, C DPef(X7) is T-linear, since the class qs*A;?e'f ® frOPerf(T)
generating it is 7T-linear, and the process of adding cones and direct summands preserves
T-linearity.

PROPOSITION 5.1. We have DP*f(X7) = (A, ..., A ), a T-linear semiorthogonal decompo-
sition compatible with the functor ¢* : DP*(X) — DPe(X7).

Proof. Because of Lemmas 2.7 and 2.1, to verify semiorthogonality, it suffices to check that
f.RHom(¢"F; @ [*G, ¢*F; @ f*G') =0 for any F, € A", F; A?erf and any G, G’ € DP*(T)
if ¢+ > 7. But,

f.RHom(¢"F; @ f*G, ¢"F; ® *G') = f.¢" RHom(F, F}) ® G* @ G’
>~ ¢* fL,RHom(F;, F}) @ G* @ G'=0

(for the first isomorphism, we use perfectness of F;, Fj, G and G’, for the second, we use
faithfulness of the base change ¢ and, for the third, we use S-linearity of the initial semiorthogonal
decomposition of DP*f(X) and Lemma 2.7 for it).

It remains to check that the subcategories .AfT generate DPf(Xr7). Indeed, take any object
H ¢ DP*f(X7). Then, by Lemma 5.2 below, it can be obtained by consecutively taking cones
and direct summands starting from the collection of objects ¢*F* @ f*G?, where F* € DPef(X),
Gt e Dpe'f(T) and t=1,..., N. On the other hand, every object F* can be decomposed with
respect to the semiorthogonal decomposition DPf(X) = (A‘ferf, o AR rf>; in other words, it can
be obtained by consecutively taking cones from a collection of objects Al € Aferf, i=1,...,m.
It follows that H can be obtained by consecutively taking cones and direct summands starting
from the collection of objects ¢*Al ® f*G*, and it remains to note that ¢*A! ® f*G* € AL, by
definition.

The second claim follows immediately from (5). O

LEMMA 5.2. The category DP*f(Xr) coincides with the minimal triangulated subcategory of

the category Dqc(X) closed under taking direct summands and containing the class of objects
(;S*Dperf(X) ® f*Dperf(T) = {ng*F ® f*G ’ Fe Dperf(x)’ Ge Dperf(T)}.

Proof. Take any object H € DP*f(X) and construct a locally free resolution P®* — H in which
all sheaves P* have the form P* = ¢*F ® f*G, where F and G are locally free sheaves on X
and T, respectively (this can be done, since ¢ is quasiprojective). Then its stupid truncation
o™ (P*) € (¢*DPF(X) @ f*DP(T)) for all n, and for n < 0 the object H is a direct summand
of 0™(P*). Indeed, since H is a perfect complex, it is quasi-isomorphic to a bounded complex of
locally free sheaves of finite rank. Assume that this complex is bounded from the left by degree
l €Z. Take n <l — dim X and consider the triangle

o”"P® — P* — ogS"Tlpe,

Note that, since P°® is quasi-isomorphic to H and H is quasi-isomorphic to a complex
of locally free sheaves supported in degrees >[, it follows that the complex computing
E xti(P', o<1 P®) is supported in degrees <n — 1 — [. The hypercohomology spectral sequence
then shows that Ext'(P®, <" 'P*) =0 fori>n—1—1+dim X. But, n — 1 — [ 4+ dim X < —1
for n <1 — dim X; hence, Hom(P®, 0"~ P®*) = 0. In particular, the above triangle splits; hence,
P* is a direct summand of 62" P* and we are done, since P*® is quasi-isomorphic to H. O
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5.2 Base change for unbounded quasicoherent complexes

We start with an S-linear semiorthogonal decomposition DP(X) = <A'1Jerf, o AR Let
DPerf(Xp) = (AVy, ..., AP ) be the T-linear semiorthogonal decomposition constructed in
Proposition 5.1. Then applymg Proposition 4.2, we construct semiorthogonal decompo-
sitions  Dge(X) = (A1, ..., Apn) and Dy (X7) = <A1T,... Amr). By Lemma 4.4, these
decompositions are S- and T-linear.

PROPOSITION 5.3. The functors ¢s:Dye(X71)— Dee(X) and ¢* : Dye(X) — Dye(Xr) are
compatible with the above semiorthogonal decompositions. Moreover,

Air = {H € Doe(X1) | ¢(H @ f*G) € A; for all G € D**(T)}. (6)

Proof. Recall that both A; and A;p are obtained from AP ef and AfT by addition of arbitrary
direct sums and iterated addition of cones and both are closed under arbitrary direct sums
triangulated categories. Since both ¢, and ¢* commute with arbitrary direct sums and are exact,
it suffices to check that ¢* (Aferf) C A;r and that ¢.(A%,) C A;. The first is evident by definition
of A;r. For the second, take any F € Aferf, G € DP(T). Then ¢, (¢*F @ f*G) =2 F ® ¢ f*G =
F® f*¢.G. But, F ® f*$.G € A;, by Lemma 4.5.

To prove (6), we note that the left-hand side is contained in the right-hand side by the
T-linearity of A;r and compatibility with ¢,. Conversely, assume that H is in the right-hand
side but not in A;p, so that we have G;7(H) #0 for some j#i. Since the semiorthogonal
decomposition <fl1T, e ,Amﬂ is T-linear, the functors &7 are T-linear, by Lemma 2.8; hence,
Gjr7(H @ f*L*) 2 a;7(H) @ f*LF for any line bundle L on T and any k € Z. By Lemma 5.4
below, we have hocolim ¢.(&;7(H) ® f*L*) # 0 for some sequence L* — L*2 — [Fs — ... if L
is ample over S. It remains to note that

é;(hocolim ¢y (H @ f*L*)) 2 hocolim é; (¢« (H ® f*L*)) 2 hocolim ¢, (é;7(H ® f*L*)) #0

(the first isomorphism is by Proposition 4.2 and the second is by Lemma 3.1). This means that
hocolim ¢, (H ® f*LF) & A;; hence, ¢.(H @ f*L*) & A; for some k € Z, since A; is closed under
homotopy colimits. So, H is not in the right-hand side of (6), a contradiction. O

LEMMA 5.4. Let ¢: Y — X be a quasiprojective morphism and let L be a line bundle on Y
ample over X. Take any F € Dy (Y). Then FED([fC’q](Y) if and only if for any sequence
of maps LF1 — Lk2 — L*s — ... with k;— oo we have hocolim ¢,(F @ L¥) € D29(X). In
particular, F =0 if and only if for any sequence L¥* — L*2 — L*3 — ... with k; — co we have
hocolim ¢, (F ® L¥i) = 0.

Proof. As ¢ is quasiprojective, we can represent ¢ as m o ji, where j;:Y —Y is an open
embedding and 71 :Y — X is a projective morphism. Furthermore, any open embedding ji :
Y —Y can be represented as a composition of an affine open embedding j:Y — Y and of a
projective morphism 73 : Y — Y (we take for Y the blowup of the ideal of the closed subset Y'\Y’
inY). Put m = m o my. Thus, ¢ = 7 o j, where j is an affine open embedding and 7 is projective.
Since j is an affine open embedding, the functors j, and j* are exact and j*j, = id; hence, we
have F' € Dgi’ql (Y) if and only if j.F € Dgﬁ;q] (Y). Thus, the claim of the lemma reduces to the
case when ¢ is projective.

So, assume that ¢ is projective. For any non-zero coherent sheaf H on X, we know that
H (¢ (H ® L*)) is zero for t # 0 and k> 0. Therefore, for any quasicoherent sheaf H on X, we
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have h_n}lH%gbAH ® LFi)) =0 for t #0 if k; — 0o. So, the hypercohomology spectral sequence
and Lemma 2.14 imply that

H! (hocolim ¢..(F @ L*)) = lim H° (6. (H' (F) ® L*)).

It follows immediately that F' € Dgé"ﬂ (Y) implies that hocolim ¢, (F ® L*) € D([lpc’q} (X). As for the
other implication, it suffices to check that for any quasicoherent sheaf H # 0 on Y there exists
a sequence of maps LF — LF2 — [k — ... with k; — oo such that lim HO(pu(H @ L*)) £ 0.
Since tensoring with a line bundle and the colimit are exact functors on the abelian category
Qcoh(X), while H¢, is left exact, it follows that it suffices to prove the above for any non-
zero subsheaf of H. Thus, we can assume that H is coherent. Then, using ampleness of L,
we can find m and a section s of L™ such that the map H — H ® L™ given by s is an
embedding. Now consider the sequence L™ — L?™ — L3™ — ... with all maps given by s. Then
all the maps in the sequence H®(¢«(H @ L™)) — H(¢«(H @ L?™)) — H (¢ (H @ L3™)) — - - -
are embeddings. Moreover, H%(¢.(H ® L)) #0 for i > 0. Hence, the limit is non-zero and
we are done. O

5.3 Base change for bounded above coherent complexes

As above, we start with an S-linear semiorthogonal decomposition DPe(X) = (A'ferf, o AR rf>.
Let DPf(Xp) = (Al,, ..., AP ) be the T-linear semiorthogonal decomposition constructed

~

in Proposition 5.1. Let Dge(X)= (A1, ..., An) and Due(X7) = (A7, ..., Anr) be the
S- and T-linear semiorthogonal decompositions constructed in Proposition 4.2 from the above
decompositions of DP*f(X) and DPf(X 1), respectively. Finally, let D~ (X) = (A}, ..., A;) and
D™ (X7)=(Aip, ..., A ) be the S- and T-linear semiorthogonal decompositions constructed
in Proposition 4.3.

LEMMA 5.5. The functors ¢, : D™ (X7) — Dqc(X) and ¢* : D™ (X) — D~ (Xr) are compatible
with the above semiorthogonal decompositions.

~

Proof. This follows immediately from Proposition 5.3, since, by definition, A; = A; N D~ (X)

and .A;T =ArND~ (XT) O

5.4 Base change for bounded coherent complexes

This time we start with an S-linear strong semiorthogonal decomposition D°(X) = (Aj, ...,
Ap). Let DPef(X) = <A§erf, o AN rf) be the induced S-linear semiorthogonal decomposition of
the category DP'f(X). Further, consider the category DP®f(X7) and its T-linear semiorthogonal

~

decomposition DPf(X7) = (AV, ..., AP 1) of Proposition 5.1, and let Dye(X) = (Ay, .o Ap)
and Dqc(X7) = </l1T, R .,[lmT> be the S- and T-linear semiorthogonal decompositions
constructed in Proposition 4.2 from the above decompositions of DP*f(X) and DPef(X7),
respectively. Further, let D™(X) = (A[,..., A;,) and D~ (X7) = (A}p, ..., A, ) be the S- and

T-linear semiorthogonal decompositions constructed in Proposition 4.3. Finally, we define
Air = Az 0 DY(X7). (7)

THEOREM 5.6. Let D*(X) = (A, ..., An) be an S-linear strong semiorthogonal decomposition
the projection functors of which have finite cohomological amplitude and assume that the
base change ¢ is faithful for f. Then the subcategories Ay C D°(Xt) defined in (7) form a
T-linear semiorthogonal decomposition Db(XT) = (Ayp, ..., Anr). The projection functors of
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this semiorthogonal decomposition have the same cohomological amplitude as the projection
functors of the initial semiorthogonal decomposition. Moreover, the functors ¢, : D°(Xr) —
Dye(X) and ¢*:D°(X)— D~ (Xr) are compatible with the semiorthogonal decompositions
of Dye(X) and D~ (Xr), respectively.

Proof. Take any H € DIP4(X7). We have to check that a-(H) is bounded. Let (a;, b;) be the

cohomological amplitude of «;. Let us show that o,(H) € D([lpjai’ﬁbi](XT). This will prove
both that the categories A;p form a semiorthogonal decomposition of D(X7) and that the
cohomological amplitude of the projection functors is the same as that of «;. Using Lemma 5.4,
we see that it suffices to check that for k> 0 we have ¢.(a;7(H) ® LF) € Dc[f)ja"’ﬁbi} (X), where
L is a line bundle on X7 ample over X. We can take L = f*M, where M is a line bundle on
T ample over S. Note that ¢ (a7 (H) ® f*M") = ¢, (a;p(H @ f*M*)) = &;(¢.(H ® f*M*)), by
Lemma 5.5. Further, note that, by Lemma 2.20, for k> 0 we have ¢.(H ® f*M*) = hocolim G,,
for a certain direct system G,, with G, € DIP4(X). Therefore,

Gi(p(H ® f*Mk)) = &;(hocolim G,,) = hocolim «;(G,,),

since the functor &; commutes with homotopy colimits and the Gy, are bounded. Finally, we
have oy (Gyy,) € DIPFea+b](X): hence, hocolim oy (Gy,) € D<[§;+a"’q+b” (X), by Lemma 2.14, which
means that &;(¢«(H ® f*M*)) € D@ﬁ*"““bi](X), as was required.

Finally, it remains to check that the subcategories (7) are T-linear, and also that ¢. (A1) C A
and ¢*(A;) € A The first is clear since A is T-linear and the other two claims follow from
Lemma 5.5. O

The semiorthogonal decomposition of D?(X7) constructed in Theorem 5.6 will be referred
to as the induced decomposition of D(X7) with respect to the base change ¢. Note that the
definition of its component A;r depends only on A; (i.e. does not depend on the choice of a
semiorthogonal decomposition containing 4; as a component). Indeed, spelling out (6), (3) and
(7), we obtain the following.

COROLLARY 5.7. If ACD’X) is an S-linear admissible subcategory such that the
corresponding projection functor has finite cohomological amplitude and ¢:T — S is a
quasiprojective base change faithful for f: X — S, then the category

Ar ={F € D"(X7) | ¢(F @ f*G) € A for all G € DP*"(T)} (8)

(where A is the minimal closed under arbitrary direct sums triangulated subcategory of Dyc(X)
containing A) is a T-linear admissible subcategory in D?(Xr) such that the corresponding
projection functor has finite cohomological amplitude. Moreover, we have ¢*(A) C Ar if ¢ has
finite Tor-dimension and ¢.(Ar) C A if ¢ is projective.

5.5 Exterior product of semiorthogonal decompositions

Now assume that we are given two algebraic varieties over the same base, say f: X — S
and g:Y — 5, and S-linear strong semiorthogonal decompositions of their derived categories
DY(X) = (A1,..., Ay) and D*(Y) = (By, ..., B,). Assume that their projection functors have
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finite cohomological amplitude. Assume also that the cartesian square

X xgY 2= Xx
l if (9)

is exact, so that g is a faithful base change for f and f is a faithful base change for g. Applying
Theorem 5.6, we obtain a pair of semiorthogonal decompositions of D?(X xg Y):

D'(X xsY)=(Aly,..., Any) and D°(X xgV)=(Biyx,...,Bux).

g

Let
A; Rg Bj = .AiyﬂBjX CDb(X xsY). (10)
We call the category A; Mg B; the exterior product (over S) of A; and B;.
Consider any complete order on the set {(i,j)}i<i<m,i<j<n extending the natural partial

order.

THEOREM 5.8. The exterior product subcategories A; Kg B; C D*(X xgY) form a semiortho-
gonal decomposition of the category D*(X xgY):

DX x5 Y) = (A; Ks Bj)1<i<m,1<j<n-
Moreover, we have the following semiorthogonal decompositions:

AiY = <.AZ lES Bl, ey .AZ &5 Bn> and BjX = <.A1 &5 Bj, ceny .Am &5’ B]>

Proof. Let ij = (p*A?erf ® q*B?erf> C DPf(X x5 Y) be the minimal triangulated subcategory of
DPf(X xgY) closed under taking direct summands and containing objects of the form p*A ®
¢*B with A e Aferf, Be B?erf. The arguments of Proposition 5.1 show that DPef(X xgY) =
(ij>1gigm,1<j<n is a semiorthogonal decomposition. Moreover, it is clear from the construction
that we have semiorthogonal decompositions

Al =(Cl,...,Ch) and B;’X = <ij, e ,Cgm).

Extending these decompositions to Dqc(X xg Y') as in Proposition 4.2, we obtain semiorthogonal

decompositions Dye(X x5Y) = (Cij)1<i<m,1<j<n as well as

AiY:<Ci1,---,éin> and BjX:<élj7--'7émj>>

where éij is obtained from C;; by addition of arbitrary direct sums and iterated addition
of cones. Finally, intersecting with DY(X xgY’), we obtain semiorthogonal decompositions
Db(X XS Y) = <Cij>1<i<m,1<j<n as well as

Aiy = (Cit,...,Cin) and Bjx =(Cij,...,Cmj),

where C;; = éij NDY(X x Y). So, it remains to check that Cij = Aijy N Bjx. Since C;; C Ajy N Bjx
by construction, it suffices to check only the other inclusion. Indeed, we have

Bix = (Bix, .., Bji-1.x) N (Bjs1,x, - Bux) " =" (Cithrcicmici<iot N (Cit)i<icm jr1<t<n;
hence,
Aiy N Bjx C Ay N (Cithr<i<j—1 N <C¢t>f+1<t<n = Cyj,

which is precisely what we need. O
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5.6 Products

If S is a point, then any semiorthogonal decomposition of D?(X) is S-linear. Moreover, any base
change T'— S is flat, hence faithful for f: X — 5, and X xgT = X x T is the product. Thus,
given a semiorthogonal decomposition of D?(X), we can construct a compatible semiorthogonal
decomposition of the bounded derived category of the product of X with any quasiprojective
variety. Explicitly, applying Theorem 5.6, we obtain the following.

COROLLARY 5.9. Let D*(X)=(Ay,...,Ay) be a strong semiorthogonal decomposition the
projection functors of which have finite cohomological amplitude. Let Y be a quasiprojective
variety. Then the subcategories

Aiy ={F e D"(X xY) | p.(F ® ¢*G) € A; for any G € DP*F(Y)},

where p: X XY — X and q: X XY — Y are the projections, and A; is obtained from A; by
addition of arbitrary direct sums and iterated addition of cones, form a Y -linear semiorthogonal
decomposition D*(X xY) = (A1y,..., Any). The projection functors of this semiortho-
gonal decomposition also have finite cohomological amplitude. The functors p, : D*(X x Y) —
Dye(X) and p* : D*(X) — D(X x Y) are compatible with the semiorthogonal decompositions
of Dyc(X) and D°(X), respectively.

Similarly, Theorem 5.8 gives the following.

COROLLARY 5.10. Let D*(X) = (A1,..., Ap) and D*(Y) = (By, ..., B,) be strong semiortho-
gonal decompositions with projection functors of finite cohomological amplitude. Then there is
a semiorthogonal decomposition

DX xY) = (A; B Bj)1<i<m,1<j<n;
where A; X B; = A;y N Bjx. Moreover, we have semiorthogonal decompositions

AZ‘Y:<AZ’®81,...,A¢®B”> and BjX:<A1®BJ’,...,Am®Bj>.

6. Correctness

The goal of this section is to show that the extensions AP, A, A~ of a triangulated category A
and its base change Ap under a base change T'— S (if A is S-linear) do not depend on a choice
of an embedding A — D°(X). The most important technical notion for this section is that of a
splitting functor.

6.1 Splitting functors

An exact functor ® : 7 — 7T’ is called right splitting if Ker ® is a right admissible subcategory
in 7, the restriction of ® to (Ker ®)* is fully faithful and Im ® is right admissible in 77 (note
that Im @ = Im(®| ke, ¢y ) is a triangulated subcategory of 7”). For more information on splitting
functors, see [Kuz07]. Here we will need only the following.

LEMMA 6.1 [Kuz07]. Let ®:7T — T’ be an exact functor. Then the following conditions are
equivalent:

(1) ® is right splitting;

(2) ® has a right adjoint functor ® and the composition of the canonical morphism of functors
idr — ®'® with ® gives an isomorphism ® = d®'®;
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(3) ® has a right adjoint functor @', there are semiorthogonal decompositions
T=(Im®' Kerd), 7T'=(Kerd' Im®)
and the functors ® and ®' give quasi-inverse equivalences Im ®' = Im ®;

(4) there exist a full triangulated left admissible subcategory «: AC 7T, a full triangulated
right admissible subcategory B C T’ and an equivalence £ : A — B such that ® = 30 £ o a*,
(P!ZOéOf_IOﬂ!.

There is an analogous notion of left splitting functors, which enjoy a similar set of properties.
However, we will not need this notion.

6.2 Extensions
Let X be a quasiprojective variety. Let a:.A— D’(X) and B:B— D’(Y) be admissible
subcategories, and £ : A — B an equivalence. Consider the corresponding right splitting functor
®:DO(X) — Db(Y),

d=pFoloa
We assume also that ® is geometric, meaning that it is isomorphic to a kernel functor

De: ch(X) - DQC(Y)v (DS(F) = Q*(p*F & 5)

with a kernel E€ D™ (X xY). Herep: X xY — X and ¢: X X Y — Y are the projections. Note
that the right adjoint functor <I>!5 of ®¢ is given by the formula

D : Dye(Y) = Dee(X),  ®e(G) = p.RHom(E, ¢'F).

It follows in particular that ®¢ commutes with direct sums. Indeed,

Hom <(I>g (@ F) G) > Hom (@ F, @fg(G)> =[] Hom(F, 35(G))
= [ Hom(®¢(F;), G) = Hom(@ Be(F)), G>

implies that ®¢(P F;) = P Pe(F;).

Recall that if £ € DY(X x Y) has finite Tor-amplitude over X, finite Ext-amplitude over Y
and supp & is projective over both X and Y, then ®¢ takes D*(X) to D*(Y) and @ takes D*(Y)
to D°(X) by [Kuz06].

THEOREM 6.2. Assume that an object £ € D’(X x Y) has finite Tor-amplitude over X, finite
Ext-amplitude over Y and supp £ is projective over both X and Y. Assume also that the
restriction of the functor ®g : Dye(X) — Dye(Y) to DY(X) is a right splitting functor giving
an equivalence of subcategories A C D*(X) and B C D°(Y). Then the functor ®g : Dyc(X) —
Dy (Y) and its restriction to D~ (X) are right splitting functors giving equivalences A~B and
A= =B

Proof. As we already mentioned above, the functor ®¢ commutes with direct sums. Let us
check that (IDES also commutes with direct sums. To do this, we choose a closed embedding
1: X — X’ with X’ being smooth and consider the functor fi*q)!g instead. Since i, is a conservative
functor commuting with direct sums, it suffices to check that i*q)!g commutes with direct sums.
But, it is clear that z'*<I>!g ~ (I)!(ixidy)*é:’ so, from the whole beginning, we can assume that X is
smooth. Then the projection X x ¥ — Y is smooth; hence, ¢'(F) = ¢*(F) ® wx[dim X] evidently
commutes with direct sums. Further, £ is a perfect complex, by [Kuz06, 10.46]; hence, the
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functor RHom(&, —) commutes with direct sums. Finally, the functor p, commutes with direct
sums, by [BV03, 3.3.4]. Thus, CIDEg commutes with direct sums.

Further, since the functors ®¢ and <I>‘!g commute with direct sums, they commute with
homotopy colimits, by Lemma 2.11. Now, if F € D~ (X), then, by Lemma 2.18, there exists
a stabilizing in finite degrees direct system of perfect complexes Fy € D’(X) such that F =
hocolim Fj,. Therefore, ®¢(F) = ®¢(hocolim Fy) = hocolim ®¢(F}). But, the functor ¢ has finite
cohomological amplitude, by Lemma 2.10. Therefore, the direct system ®¢ (F) € D°(Y) stabilizes
in finite degrees; hence, hocolim ®¢(F)) € D~ (Y), by Lemma 2.17. Thus, ¢ takes D~ (X) to
D~ (Y). The same argument shows that ®% takes D~ (Y) to D~(X).

To check that ®¢ is right splitting on Dqc(X), we have to check that applying ®¢ to the cano-
nical morphism of functors id — <I>!5(I>g gives an isomorphism &g = <I>g<I>‘!5<1>g. Consider the full
subcategory 7 C Dqc(X) consisting of all objects F' € Dyc(X) for which ®g(F) = dedLdg(F)
in Dye(Y). We want to show that 7 = Dyc(X). Note that DY(X) C T by the conditions; hence,
DPef(X) € T. Moreover, since ®¢ and <I>E9 commute with direct sums, 7 is closed under arbitrary
direct sums. Finally, since ®¢ and <I>!g are exact, 7 is triangulated. So, by Lemma 2.19, we have
T =Dy (X).

Now let us check that B=®g(Dye(X)). Indeed, the right-hand side is contained in the
left-hand side, by Lemma 2.19, since B is closed under an arbitrary direct sums triangulated
subcategory containing ®¢(DPef (X)) C ®¢(DY(X)) = B. For the other embedding, it suffices to
check that B is contained in the full subcategory 7 C Dq.(Y') consisting of all objects G such that
the canonical morphism (I>g<I>!g (G) — @G is an isomorphism. Indeed, 7 contains B by conditions
of the proposition. Moreover, it is closed under arbitrary direct sums, since both ®¢ and CIDES
commute with direct sums, and is triangulated, since both ®¢ and <I>!5 are exact. The same
argument shows that A=1m CDIS, so it follows that ®¢ induces an equivalence A = B.

Finally, since ®¢ and <I>!g preserve D~ and A~ :AQD*(X), B~ :BOD*(Y), it follows
that ®¢ induces an equivalence A~ = B3~ O

Remark 6.3. One can also check that ®g¢ takes DPf(X) to DPef(Y) (this follows easily from
the fact that ®, commutes with direct sums). If it were also known that ®; takes DP*f(Y) to
DPf(X), then it would follow that ®¢ induces an equivalence AP 2= grerf,

6.3 Base change

Now assume that f: X — S and g:Y — S are quasiprojective morphisms, o : A — D?(X) and
B:B— DY) are admissible S-linear subcategories and ¢ : A — B is an S-linear equivalence.
Assume also that ¢:T — S is a base change faithful for both f and g. Again, consider the
corresponding right splitting functor ® : D*(X) — DP(Y), ® = B0 £ o o*. We assume also that ®
is geometrically S-linear, meaning that it is isomorphic to a kernel functor

Dg: ch(X) HDQC(Y)v (I)E(F) = q*(p*F(XJE)

with a kernel £ €D (X xgY) supported on the fiber product of X and Y over S. Here
p: X XgY — X and ¢q: X XgY — Y are the projections. Note that the right adjoint functor
<I>f9 of @¢ is given by the formula

DL : Dye(Y) — Dee(X),  ®(G) = p.RHom(E, ¢'F).
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Consider the following commutative diagram.

pT qT
Xr<=—Xp xpYr——=Yr

P,k

X< X xgY S v
Define the kernel & := ¢*E € D~ (X xp Y7).

THEOREM 6.4. Assume that £ € D’(X xgY) has finite Tor-amplitude over X, finite Ext-
amplitude over Y and supp £ is projective over both X and Y. Assume also that the functor
g : DY(X) — DO(Y) is a right splitting functor giving an equivalence of S-linear subcategories
ACDX) and BC D*(Y). Then ®g, : D*(X7) — D®(Yr) is a right splitting functor inducing
an equivalence Ar = Byp.

Proof. First of all, note that Er has finite Tor-amplitude over X, finite Ext-amplitude over Y
and projective support over both X7 and Y, by [Kuz06, 10.47]. Hence, as was mentioned in
the proof of Theorem 6.2, the functors ®g, @2, ®g,. and <I>59T commute with direct sums and
homotopy colimits.

Moreover, by [Kuz06, 2.4], the functors <I>!g and @!gT are right adjoint to ®¢ and Pg,,
respectively, and all these functors preserve boundedness and coherence. Finally, by [Kuz06,
2.42], there are canonical isomorphisms

P, 0" = ¢" g, P = 0uDg, .

Since P¢ is right splitting on Dy (X) by Theorem 6.2, applying ®¢ to the canonical morphism
of functors id — <I>!g<I>g gives an isomorphism ®¢ = (I)g(I)‘!gq)g. Now take any H € Dyo(X7). We
want to show that &g (H) = @gTQD!ETQgT (H) in Dye(YT). By Lemma 5.4, to do this it suffices
to check that ¢.(®e,. (H) @ g*LF) = qﬁ*(@gTCDigT@gT(H) ® g*L*) in Dyc(Y) for an ample over S
line bundle L on T and any k> 0. But,

0(Pe, (H) @ g"LF) 2 6.(Pe, (H © f*LF)) = @e(6.(H @ L))
> Bebpde(pu(H © [*LF)) = ¢u(Pe, g, Bey (H @ f*LY))
= ¢, (0g, P, Py (H) @ g*LP).
The first and the fifth isomorphisms are given by 7T-linearity of the functors ®g, and <I>!5T, the

second and the fourth are given by (11) and the third is because ®¢ is right splitting. So, we
conclude that ®g, = &g, <I>£9T ®g.; hence, ®¢,. is a right splitting functor.

Now let us show that ®g,(Dgc(X7)) = Br. Indeed, let F € Dye(X7). Let G be a perfect
complex on T'. Then we have

0(Pep(F) ® g*G) = ¢, (P, (F @ f*G)) = e (¢u(F @ f*G)) € B;

hence, ®¢,.(F) € By, by (6). Further, since g, is a right splitting T-linear functor commuting
with arbitrary direct sums, the category ®¢,(Dyc(X7)) is a T-linear triangulated subcategory
in Dqc(Yr) closed under arbitrary direct sums. On the other hand,

¢"(BPT) C ¢ (B) = ¢*(2£(D"(X))) = Dy (¢*(D"(X))) C Pey(Dae( X)),

so it follows from the definition of Br that By C Pg, (Dge(X7)). The same argument shows that
O (Dye(Y7)) = Ar.
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Finally, as we already mentioned, the functors ®¢, and <I>!5T preserve the bounded category of

coherent sheaves and, since Ay = Az N DY(X71), Br = BrN Db(Yr), it follows that g, induces
an equivalence Ar = Br. O

7. Applications

As an application, we deduce that the projection functors of a strong semiorthogonal
decomposition are kernel functors.

THEOREM 7.1. Let X be a quasiprojective variety and D°(X)=(Ai,..., An) a strong
semiorthogonal decomposition. Let a;:DP(X) — DP(X) be the projection functor to the ith
component. Assume that each «; has finite cohomological amplitude. Then for every i there is
an object K; € D?(X x X) such that o; = D,

Remark 7.2. Note that the condition that the semiorthogonal decomposition is strong is
necessary for the projection functors to be representable by kernels. Indeed, every functor
isomorphic to @ has a right adjoint functor; hence, if a3 =& @, then a1 has a right adjoint
functor and hence A; is right admissible.

Proof. We consider the semiorthogonal decomposition D*(X x X) = (Aix,..., Anx) con-
structed in Corollary 5.9 and let K; be the component of A,Ox € D?(X x X) in A;x. Consider
the corresponding filtration of A,Ox.

0=——=1Tn Tr—1 cee Ty To—— A, Ox
S -/

Take any F' € Dyo(X), pull it back to X x X via the projection p; : X x X — X, then tensor
it by the above diagram and push it forward to X via the projection ps: X x X — X. We will
obtain the following diagram in D (X).

0 =pos (T @ DI F) > pos(Tn—1 @ piF) = - - - > pos(Th Q@ piF) = pou(Tp @ piF) = pa. (AL Ox @ piF)

T %

P2+ (K @ i F) P2+ (K1 @ piF)

Note that, by Lemma 4.5, we have K; ® piF € A;ix: hence, P2« (K; @ piF) € .,Zli, by Proposi-
tion 5.3. On the other hand, po.(A.Ox ® piF') = F, so we conclude that pe.(K; @ piF) = &;(F).
Restricting to D?(X) and using Lemma 3.1, we obtain an isomorphism ®x, 2 o; on D(X). O

This theorem has a relative variant.

THEOREM 7.3. Assume that f:X — S is a morphism of quasiprojective varieties and let
DY(X)=(Ai,...,Ayn) be an S-linear strong semiorthogonal decomposition. Denote the
corresponding projection functors by «; : D?(X) — Db(X). Assume that the map f is a faithful
base change for itself and each «; has finite cohomological amplitude. Then for every i there is
an object K; € D’(X xg X) such that o; = Q..

The proof is analogous. We consider the induced semiorthogonal decomposition of
DY(X xg X) and consider the decomposition of A,Ox, where this time A denotes the diagonal
embedding into the fiber product A: X — X xg X.
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