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1. Introduction and notation. In this paper a generalization of the Cantor set is
discussed. Upper and lower estimates of the Hausdorff dimension of such a set are
obtained and, in particular, it is shown that the Hausdorff dimension is always positive
and less than that of the underlying space. The concept of local dimension at a point is
introduced and studied as a function of that point.

Sets of this nature often occur in function theory and, in particular, such a set can
occur as a singular set of some properly discontinuous group (e.g. (1), page 35; (8),
page 109). Using some results contained in this paper the author has obtained certain
results in this connexion and hopes to publish these results later.

We shall implicitly assume that the underlying space is Euclidean space of dimen-
sion IV and shall use the following notation throughout.

(¢) The diameter of a set ¥ is denoted by |E|.

(b) The distance between two sets 4 and B is denoted by

p(A,B) = inf{la—b|: ae A,be B};
also plz, 4) = p({a}, 4).

(¢) The closed N-dimensional sphere of centre a, radius r is denoted by S{a, 7).

2. Hausdorff measures. In (3), Hausdorff defined the concept of an outer measure
with respect to any function A(f) which is continuous and increasing for ¢ > 0 and is
such that 2(0) = 0. In particular we take h(t) = t* for any a > 0.

For any set Z let w
d—m*(E) =inf ¥ |L,|*
n=1

where the infimum is taken over all coverings of £ by arbitrary sets I, with || < 4.
Define m*(E), the outer measure of E with respect to k() = t* to be

m*(H) = }irrol 0 —m*(E)

=sup 6 —m*(E).

>0

It is well known that if @ < # and m*(E) < oo then m#(E) = 0. Thus there exists a
unique non-negative number, d(E), called the Hausdorff dimension of Z such that

m*(EB)y=0 for o> d(E)
and m*(E)=c0 for d(E)>a>0.
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In order to examine the local structure of E we define d (%), the local dimension of

E at z, ((5)), by d.(F) = imd(E ~ S(z, €)).

€0

In particular, if ¥ is a closed set and z2¢ E, then d(E) = 0.
We remark here that m*(E) can be computed from open coverings of , i.e. we may
restrict the sets I, to form an open cover of ¥. If E is compact we need only consider

finite open coverings of E.
In (6), Taylor discusses the known relationships existing between Hausdorff

measures and generalized capacities and that paper contains the following result.

THEOREM 1. Let K be a compact set. Then

(1) <f E has positive Hausdorff dimension then it has positive logarithmic capacity and

(ii) ¢f E has Hausdorff dimension greater than one then it has positive Newtonian
capacity.

3. General Cantor sets. These sets are generalizations of the classical Cantor set.

DEFINTITION 1 ((7); (8), page 106). A set E is said to be a general Cantor set if and only
if it can be expressed in the form

-9 K
E=n ) Ai,...t,,’

n=1 1.y in=1
where K > 2 is an integer and where the A; . are connected, compact sets satisfying

() Agin 2 Dy ipiner ]
(ii) A,,...,Ag are mutually disjoint,
(iii) there exists a constant 4,1 > A > 0, such that

’A I = AIAiI...inI (in+1=l’---:K)’
(iv) there exists a constant B, 1 > B > 0, such that for s = f,
PA,. inssDiyind) = B [Ag,...il-

DEerFINITION 2. A general Cantor set is called a spherical Cantor set if and only if for
each choice of iy, ..., %, A, i, 1S an N-dimensional sphere.

i1einingt

The classical Cantor set is an example of a spherical Cantor set with the constants
satisfying N = 1, K = 2and 4 = B = }. Unless otherwise stated a general Cantor set
will always have a decomposition in the notation of Definition 1. Using a similar
terminology to Good ((2)), we say

(a) afundamental interval is a set of the form A; ;.

(b) a fundamental system, &, of E is a finite disjoint collection of fundamental
intervals whose union covers K,

(c) the order of the fundamental interval 4; ;. is 7 and

(@) the upper (and lower) order of a fundamental system, &, of ¥ is the maximum
(and minimum) value of the order of a fundamental interval in &#. Further, define

0, = max |A,; (g, oo estpn=1,..., K).

el

We shall need the following result.
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Lemwma 1. For any general Cantor set, 8, — 0 as n — 0.

Proof. The proof is trivial for N = 1 but a more complicated argument is needed to
prove the general case.
For each n, let A¥ . be such that

11...4n

IA?I"nl = 8,"

and let {j,} be a sequence with the property that for each value of m there exist
infinitely many values of n such that

B im 2 AL
Such a sequence can easily be inductively defined. Suppose now that
0,2620.
Then it follows that |As,...5ml = 6.
Now define {¢,} such that ¢, + j, and choosez,€A; ; ., . Thenforallmandn,m > n,

lxn "'xml = p(A

J1-odn tner? Afl---fm i1n+1)

\

2 P(Bj,..tn tnyr Dineedndnsr)
> BA;, ]
= B§.

Since the set {x,} is a bounded infinite set we see that 6 = 0. The lemma follows on
observing that 8,282 ..28,2...20.

From Lemma 1 we deduce that any general Cantor set is a discrete set ((1), page 277).
The known results concerning the densities of these sets are summarized in the
following theorems.

THEOREM 2 ((7); (8), page 106). (i) Let E be a spherical Cantor set and let N > 3. Then
mN(EB) = 0. Further, if AK > 1 then E has positive Newtonian capacity.

(ii) Let E be a general Cantor set and let N = 1 or 2. Then m™(E) = 0 and E has positive
logarithmic capacity.

THEOREM 3 ((4)). Let Ay, A, ..., Ax be geometrically similar compact, connected sets
such that

(i) 82 A (j=1,...,K), (K>2) and

(ii) Ay, ...,Ag are disjoint.
By the similarity there exist transformations F; (j=1,...,K) of Ay onto A; with F; the
composition of a translation, a rotation and a (negative) magnification. Define

Ay =F . F (D)

11enin

) K
and E=nN )

n=114,....in=

Then we have 0 < m*(E) < oo and d = d(E) where d satisfies
|8g|% = A%+ ... +|Ag|%

A
Ty...9n°
1 1---in

https://doi.org/10.1017/50305004100039049 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100039049

682 A. F. BearpoON

It is clear that such a set is a general Cantor set and we say that E is derived from the
pattern Ay, A,, ..., Ag. This theorem includes the well-known result of Hausdorff ((3)),
i.e. that the dimension of the classical Cantor set is log 2. (log 3)~L.

We shall see that for any general Cantor set E,

O0<d(BE)< N

and further, if AK > 1 then d(%) > 1. Theorem 1 then shows that both parts of
Theorem 2 have been considerably extended.

The first result is to show that d(F) is completely determined by the diameters of
the fundamental intervals used in the definition of E.

LemvMa 2. Let E be a general Cantor set and suppose that 8 —~ M*(E) and M*(E) are
defined as for 6 — m*(E) and m*(E) respectively with the added restriction that the covering
{L,} is a fundamental system of E. Then

ME) =z m*(E) > B>M*(E)
and so M*(E) can be used to define d(&).

Proof. Without loss of generality we can restrict our consideration to finite open
coverings, say {Iy, ..., I,}, of E (E is clearly a compact set) such that

LnE +¢
and |L]| < min{p(A,A): s+t (j=1,...,9).

Thus I; has a non-empty intersection with precisely one fundamental interval of order
one. From Lemma 1 we see that any neighbourhood of any point of E ~ I contains at
least two fundamental intervals of order » for some sufficiently large n. Define s(j)
to be the largest positive integer with the property that I, has a non-empty intersection
with precisely one fundamental interval of each of the orders 1,...,s(j). Then if the
latter of these fundamental intervals is AT we note that I; has a non-empty intersection
with two fundamental intervals of order s(j)+ 1 and these are both contained in the
same fundamental interval A¥; thus by Definition 1 (iv),

Tt is easily proved that l(j A*> E

and so we can replace the covering {,, ..., I} by the fundamental system {A¥, ..., A%}
of E which is such that a e
B 31851 < X |5]*
§=1 j=1

Lemma 2 now follows.

It is seen from Lemma 2 that d(Z) is completely determined by the diameters of the
A,,..:, and in this sense is independent of their geometrical shape. We next prove the
basic result of this section and in doing so will use similar techniques to those contained

in (2). The more elaborate methods contained in (2) do not, however, appear to yield any
substantial improvement to the following result.
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THEOREM 4. Let E be a general Cantor set. Then for alln = 1,2, ... and all
by ey iy =1,..,K

K
1) I A il < Ay | implies A(E) < a and
=1

K
(i) X |A; il = 18y, |f implies A(B) > .
i=1

Proof. The hypotheses of (i) imply that
K

z IAil---inIa
=1
is bounded above for all n. Lemmas 1 and 2 show that
m*(E) < oo,

which proves (i). The second half of the proof is more difficult. By Lemma 2 it is
sufficient to consider fundamental systems of E. Suppose that # = {A},...,Af} is
one such system and let m and » be the upper and lower orders of #. In particular
there exists A

By the disjointness of &# we see that
A; LA

eF.

1. Tm

-
iyigr oo Diyin 8 F

and so, by the covering property of #, it follows that
Ail...im_ll’A "A

We replace these K sets of # by the set A,
hypothesis of (ii) implies that

gE€F.

to form a new covering & *. The

fridme12 " Byt

11
S AP > 3 A,
AeF AeF*
and repeated applications of this result yield

K
DI VTP D YRV P L

ses G eeern=1
K
Further applications yield T |AIF2 3 |Af
AeF j=1
K
and so MAE)> 3 |Aj8>0
i=1

Finally, by Lemma 2, d(E) > f.
Theorem 4 is now proved and we list some immediate consequences.

CoroLLARY 1. Suppose that

0<4,< IAl_Mn_’_I <C <1, 4;<1 (j=1,...,K).

1Al
K K
Then d(B) satisfies T AFBIL 1< Y Cf®,
i=1 =1
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K
Proof. If Y Af=1
j=1
K
then El A a5l 2 By aa]%
K
and so d(E) > a, i.e. T A¥E < 1.
=1
The second inequality is proved similarly.
In particular we may take
Ay =,..,=A=A.
log K
Then d(E) > “log 4 >0

and so every general Cantor set has positive Hausdorff dimension.

COROLLARY 2. Suppose that

IAH bnfl_»A <1
|As,y..n

uniformly as n — co. Then d(E) satisfies
ATE 4+ AL = ],
Proof. This follows easily from Corollary 1 and the obvious fact that for any =,
d(B) = max{d(iy,...,%,): 5y, .., i, = 1,..., K},
where d(iy, ...,1,) = d(Bald; ;).

In particular, if A4, =,.., =4 =4
—log K
then d(E) = Tog A
CoroLLARY 3. Suppose that
By sitnntin=1.. K} and {L ;:t,....0,=1,..,K}

yield two general Cantor sets E and F respectively in the sense of Definition 1 and that

|A11 1,;] = l Tyee 1n|
Then d(E) = d(F). In particular, if
|A;

then d(E) = d(F). sl = Vil

This result is a direct corollary of Lemma 2. In this sense d(¥) is independent of the
value of B. This same independence is to some extent exhibited in the result of
Theorem 4.

Finally, Theorem 3 is an immediate consequence of the more general Theorem 4.
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4. The range of values of d(E). We are concerned here with the evaluation of the
possible range of values of d(E). General Cantor sets may be classified as follows:
(a) the class of general Cantor sets with IV = 1 (these are automatically spherical
Cantor sets); (b) the class of spherical Cantor sets with N > 2; and finally (c) the class of
remaining general Cantor sets. In this section we shall see that there are certain
distinct properties of d(E) associated with each class of general Cantor sets K. The
following two theorems are well known and are included here for the sake of
completeness.

THEOREM 5. Let N = 1 and suppose that a, 1 > a > 0, and a positive integer M > 2
are given. Then there exists a general Cantor set E with K = M and d(E) = a.

Proof. Choose A4 such that M4z =1,

then M4 <1

and so we can find M disjoint closed subintervals A, ..., A, of A, = [0, 1] each having
length 4. Regarding this as a pattern (in the sense of Theorem 3) which generates a
general Cantor set £ we see that d(E) = «.

In the notation of the above proof let AY be the N-fold Cartesian product of A, with
itself and let AY, ..., A% be the M™ distinct sets of the form

ByxooxBy, (1<iy, oty <K).

Then regarding this as a pattern generating a general Cantor set F we see from
Theorem 3 that d(F) = Nd(E). This can be used to prove the following result.

THEHEOREM 6. Let N > 2and «, 0 < o < N, be given. Then there exists a general Cantor
set B such that d(E) = a.

THEOREM 7. Let N > 2and a, 0 < o < N, be given. Then there exists a spherical Cantor
set B such that d(E) = a.

Proof. Let C be a closed N-dimensional cube of side one contained in (0, 1). We can
subdivide this cube into #? disjoint cubes, each of side (»+ 1)~! and each having its
faces parallel to those of the original cube. Now each of the smaller cubes contains a
sphere of radius 4(n+ 1)1, i.e. we can find »¥ disjoint spheres

S(a; dn+1)7Y) (G=1,...,n%),

contained in §(0, 1). Regarding this as a pattern yielding a spherical Cantor set ¥ we

see that Nlogn

uF) = log2(n+1)"

For any given a, 0 < a < N, choose n sufficiently large so that

Nlogn

N>lm>a.

Nlogn

Define 0,0 < 8 < 1, by log2(n+1)-—log0=a’
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and note that the pattern formed by §(0, 1) and the " spheres S(a;, 6/(2(n + 1))) yields
a spherical Cantor set & such that

_ Nlogn

~ log2(n+1)—log6

d(E)
= a.

The latter three theorems imply that for ¥ in each class, d(E) can take any value in
the range 0 < d(#) < N. We next show that in all cases this is precisely the range of
values d(#) can take, i.e. the bounds 0 and N are the best possible in the general case
and are never attained. We remark here that we have already shown that for any
general Cantor set E, d(E) > 0 (Theorem 4, Corollary 1).

THEOREM 8. Let E be a general Cantor set with N = 1. Then

log K log K

< Tlog4 < d )\logK—log(l—B) <l

Proof. Since N = 1 it is immediate that
il...inl’

K
5 186, il < 1-B)|A
i~

and so for any , 0 < « < 1, we have

E (A il}a (I—B)a
100410 <K .
J'Z:l{ |A; K

il
Applying Theorem 4 to the case
_ log K
* = logK —log (1- B)

the upper bound follows.

The classical Cantor set has dimension log 2. (log 3)~* and thus these bounds are best
possible.

THEOREM 9. Let N > 2 and let E be a general Cantor set. Then

log K log {1 — (B[4 +2B)"}
<_logA<d(E)<N~ log 4 < N.

Proof. The proof is long and in essence consists of first representing ¥ in a form in
which more information relating m¥(4; ;) to |A; ;| is available. This information
is then used to deduce the required result.

Defi
e Iy = p,8; 5) < EBIA; |}
Then clearly [Ty il = A +3B) (A, 4l
© K
and hence E=n U I g (1)

n=1 4, ..., in=1
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is a suitable representation for the general Cantor set £ with the constant

B
2+ B

replacing the constant B of Definition 1 (iv). If xeA; , then

B* =

Iil...in - S(x’ 4B |AL1 'b,,l)
= S, 3B*|L__,.]), (ii)
and so Va2 M35 > YEBIV (L, Y, (i)

where vy is the N-dimensional measure of an N-dimensional sphere of unit radius,
Since the sets .
{:p@, A, iginn) < BB gl tnin =1, K}

are open and disjoint and since each of them has a non-empty intersection with A, .
it follows from the connectedness of A; , that they do not cover A; ;.. Hence there
exists a point ye A, . such that foranys, ;=1,...,K

Py, Ail...i,ﬂi,,ﬂ B |Azl an
i.e. with P Ly ip,,) 2 3B* L, 4]
By (i) and (ii) it follows that

K
mN(Ly g) 2 TN )+ yGBE L DY

i1...9n =1 ty.--1nd
K
and so by (iii) mML, ) {1 = EB¥)N} 2 T mNL, g, )-
J=1
Writing @ =1-(3B*"
we see that m™(I, iy.. 7,,L) > Q1 Z m™ (U, iy w)

j=1
and repeated applications of this inequality clearly yield

K

Q_ni, ...Ei,,=1mN(Iil---in) =0(1) as n—oo0.
Applying (iii) we see that
K
@™ ¥ |L,.|¥=0Q) as n—oc0. (iv)
Tayeenstn=1

From Definition 1 (iii) there exists a constant D such that

| L.l = DA™
andso forany £,0 < S < N,
PAP RV A R V AN [
> |, i |Y# (DA™,

K
Thus from (iv), (@74 % |L ., |Y#=0(1) as n—>o,

Ty eees In=
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and so dE) S N-p

providing Q < 45,

and this is so if B < %g—g%.

It now follows that dE) < N—08C _ y
log 4

which completes the proof of Theorem 9.

To summarize: in each of the three classes of general Cantor sets O and N are the
lower and upper bounds for the dimension and these bounds are the best possible in
the general case. We now show that provided that N > 2 a stronger result is true for
the class of spherical Cantor sets. Three lemmas are first proved.

LevMa 3. Let N > 2 and define
Fy(M) = supd(B),

where E is a spherical Cantor set with K = M. Then Fy(M) is unaltered if we add the
Sfurther restriction that E should be derived from a patiern in the sense of Theorem 3.

Proof. Define FA(M) = supd(E),
where E, a spherical Cantor set with K = M , is derived from a pattern in the sense of
Theorem 3. Clearly, then, FE() < Fy(M).

Let E be a spherical Cantor set with K = M. Since all of the A; , are spheres it is
geometrically evident that

18, tninsa| < (1=B) A,

AP

and so we can define unique, positive numbers «, . satisfying

K
= |Ai1...i,,j|ai1"'i" = lAil...q;,,lail""'m
Now if J B> sup{a;, .}
K

then j§]_ 1A, il < Al
and so, by Theorem 4, d(E) < p,
and hence d(E) < sup{a; .}
For each sequence 14, ..., %, we can regard the spheres

Ayt By igrr -0 By i

as a pattern yielding a spherical Cantor set &, , of dimension «; ;. Thus
Uy iy S FHM) (K=M)
and so d(B) < F§(M).
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From this we deduce Fy(M) < F{(M)
and hence Fu(M) = F{(M).
This is the statement of Lemma 3.

We next show that the dimension of the spherical Cantor set is small whenever the
pattern is such that one of the subsets has a diameter close to that of the whole.

LemMA 4. Let E be a spherical Cantor set derived from the pattern
S(O: 1): S(al, rl)s Ty S(aK, 'rK)

and suppose that for some j (1 <j < K),
4K?
hrv-cruy
Then d(F) < 13.

Proof. Without loss of generality we take

S 4K?
LRy Iy
Then for j = 2,..., K we have r; < l—ry.
Suppose that 7, =1-¢,
9
where 0<€<4K2+9
Then forj = 2,..., K, 7; < €.
K
Let a be defined by ry=1
i=1
and S by (1—e)f+(K—1)ef =1,
" Since rn=1-¢ r<e (j=2,..,K),
K
it follows that i <(l—e)+(K—-1)e*
i=1
and thus a < p.
Writing te =1,
we see that #—(t—1)f=K-1.

Now by the Mean Value Theorem,
B—(-1)% > 3 J(t-1)
>K-1.
It follows that @ < # < £ as required.
Levma 5. Let§(1 > 6 > 0)bea constant and let the disjoint spheres S(a;, ;) (j=1,...,K)

be contained in S(0, 1) such that for each j=1, ..., K, 7; < 8. Then there exists a function of
8 and K, say Vy(K), such that

K
¥ <VK) < 1.

j=1
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K
We remark that ¥ r)¥ is, in this case, the ratio of the sum of the volumes of
j=1

S(a;,7;) (j=1,..., K) to the whole volume of $(0, 1). Further, if ¢ is a function of K we
write V(X)) for T3(K).
Proof. This is by induction on K and is trivial for K = 2. We assume the result for
K = 2,...,m and choose y,, > 0 such that
Va(m) + p, < 1.

Consider now m + 1 spheres satisfying the hypotheses of the lemma. Without loss
of generality we may assume r; > r, >,... 2,7, > r,,,;. Nowif

Tm+1 < Hm
then N+t <YLY,
< Valm) + oy
< 1. (i)
Alternatively, we have
O<py,<r;<0<1l (j=1,...,m+1). (ii)

For such collections of spheres we may regard each collection as representing a point
in some Euclidean space (taking the radii and the coordinates of the centres of the
spheres as the coordinates in the Euclidean space) and, if we allow the spheres to touch,
the set of points in the Euclidean space (corresponding to the collections of spheres
satisfying (ii) and the hypotheses of the lemma) is clearly compact. The function

m+1

x oy

j=1
defined on this set is continuous and hence attains its least upper bound which cannot
be one since this would imply the N-dimensional measure of the m + 1 spheres equals
that of the sphere S(0, 1). This together with (i) proves the lemma.

THEOREM 10. Let N > 2. Then if Fy(M) is as defined in Lemma 3, Fy(M) < N and
Fy(M)—~ N as M — oo.
Thus if E is any spherical Cantor set with K as in Definition 1, then
d(E) < Fy(K) < N.
Proof. Clearly Fy(M) is a non-decreasing function of M and by Theorems 7 and 9
Fy(M)->N as M- o0

It thus suffices to prove Fy(M) < N.
By Lemma 3 we may restrict our attention to spherical Cantor sets derived from a
pattern. There is no loss of generality in assuming this pattern to be of the form

S8(0,1), S(ay,r), ..., S@g,7x)-
Further, Lemma 4 implies that we may assume
4K? .
T’-\m (j=l,,K)
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and in this case Lemma 5 implies there exists a function V(K) < 1 such that

K
> < V(K) < 1.

i=1
In this case we need the following result.

Leyma 6. Suppose that N > 2 and let € > 0 be such that
B

¥-e=1 (0<r;<l, j=1,...,K).
=1

7
K

Then ¥ > 1— Ke.
=1

7

Proof. By the Mean Value Theorem

1—75=exst

for some x € (r;, 1) and so 1-7f < emax{l,7§1}.
K -

Thus 1- 3 = Py § |
i=1 j=1

K
<e ¥ max{ry 1, n'~%

i=1
< Ke.
Theorem 3 and Lemma 6 together imply d(E) = N —e where V(K) > 1 - Ke. Thus
1-V(K)
: 1-V(K
Since 3 < N—-{ K( )}
1—
it follows that Fy(K) < N— { II;(K)}

and Theorem 10 is proved.

This latter result shows that for NV greater than or equal to 2, spherical Cantor sets
can have dimension approximately equal to N only if K is correspondingly large.
Theorem 6, however, shows that there exist general Cantor sets with dimension
arbitrarily close to N and with K = 2V, i.e. K need not be correspondingly large.

5. The function d,(E). We end this paper with a short discussion of d_(£) regarded
as a function of . We note that d (£) is defined in (5) and the following results generalize
some of the work contained in that paper. We first prove a lemma.

Lemma 7. Let E be a general Cantor set and let x€ E. Then for all sufficiently small

positive €, there exist positive integers m and n such that
Ly < Enl; ;< EnSme)cEnA

T1.0m?

0
where {z}= N A 4
=1
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In particular, d(E) = lim d(E n A,

oo zl...'/:,,)-
Proof. The existence of n follows from Lemma 1. Now if s; + ¢,,

P, ipey.sp Ai,...a, feoty) = p(Ail...ip o B ipty)

= B lAil.. 1,,'

> B*Ar+e
for some positive constant B*. Thus if ¢ is sufficiently small there exists a positive
integer m such that B*Am > ¢.

In this case, if ye B n S(z,€) then  yeEnA, ,.

and so EnS@e)=EuA
Lemma 7 is now proved.

i1 im’

Let Z be a spherical Cantor set, # a spherical Cantor set with N = 1, K = 2 and
suppose that X is derived from the system
Lyt =12, 50, 000, = 1,2}
and F from the system
{Ail---'bn: n = l, 2, ceny ?:1, ...,in = 1, 2}.
Then there exists a natural homeomorphism from # to F defined by z* — x where
x*e B, x e F and where

fo} =N A0 %=N1L 4
n=1 n=1

DEeriniTioN 3. In the above notation let f(x*) be a function defined on E such that
0 < f(z*) < 1 for z* e E. Then we say that F is equivalent to (E,f) if and only if for all
zelF, d(F) = f(x*).

It is easily shown from Lemma 7 and the definition of (&) that if, for a fixed general
Cantor set F, we regard d_(F) as a function of z defined on the whole space then

lim supd,(F) = d,(F).

y—oz
In particular, d (F) is an upper semi-continuous function of .

TaroreM 12. Let E be the classical Cantor set and let f(x*) be defined and continuous
on E and such that 0 < f(z*) < 1. Then there exists a general Cantor set F equivalent to

(B,[).

TaeoreM 13. There exists a general Cantor set F such that d (F) is discontinuous at a
point of F when regarded as a function with domain F.

Before proving these theorems we remark that it seems probable that for any
function f(x*) satisfying

(a) limsupf(y*) = f(z*),

yr—z*
b) f(z*)=0forallz*¢ E, and
(¢) 0 <f(z*)<1forallz*el

there exists a general Cantor set F with F equivalent to (&, f). This, however, seems
difficult to prove. We end with the proofs of Theorems 12 and 13.
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Proof (of Theorem 12). Since E is compact there exist constants m and M such that

forz*e B, O<m< flz*)< M < 1.
Define M(iy, ...,1,) = sup{f(e*): a*eEnl .},

m(ty, .. n) = inf{f(z*): z*eEn [ .}
and @ty .- a) = EXP {M(z‘l, :,jf fn?z'l, in)}'
The continuity of f(x*) implies that if

=% = ﬂ 100t

then M(3,,...,%,) decreases to f(x*) and m(z,,...,¢,) increases to f(z*) as n — o0.
Further we note that aliy..iy) > 2-0m > 0
and (tq...5, 1) +a(t;...5, 2) < 270D < 1,

Thus we can construct a general Cantor set ¥ with N = 1, K = 2 and such that

IAil...in 1',,“] =ty -l lpp1) IAil...inl'

Consider now a fixed sequence {j,,} with
{e} = N4, 5
n=1
By the monotonicity of M(¢y, ..., %,) and of m(iy, ..., %,) we see that for all 4,, ..., %43,

9— 1/[m(31, ,J,,)]<l J1..9n t1.. ‘Lm+1l 2-1/{M(jl,..‘,ju)],
IAfl

JIn Ty ‘lm]

and so for the general Cantor set F nA; ;.
MJ1s -5 Jn) < AUF Aj,...j,,) < M(jls ceosJn)-
From Lemma 7 we deduce that d,(F) = f(x*) as required.

COROLLARY ((5)). There exists a general Cantor set with the property that if x,y € F and
x + y, then d,(F) + d (F).

Proof (of Theorem 13). We shall construct such a set. Let o, = 15, ...,%, denote the

sequence given by ¢, = iy = 43 =, ..., =1, = 1. It is easily seen that we can construct
a general Cantor set, F, from {Az1 4m=1,2,..,14,...,%,=1,2} which is such that
IAo'ﬂle Jn+1| — {% ,l.:f .7:1 = 17
IAanh l % if J1= 2,
and [Acnial = 186,
This defines the ratios |A; ;. . |/|A;. 4| for all choices of ¢y, ...,4,,,. Note that for
any n,
log 2
dEnA on 22) = 10g3
44 Camb. Philos. 61, 3
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log 2
and d(E nD,, ) = log 5
and so if = N 45 40
n=1

where J1lg--r = 01,281 85. .,

i—?% if s;,=1,
then d(m =%

log2 if s;=2

log 3 e

Clearly then, d,(¥) when regarded as a function defined on # is discontinuous at the
point , where

{xO} = nél Aan
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