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1. Introduction. In a recent paper the author (2) has derived a number of integrals
with the help of results ((5), p. 343)

F(ccx + fly, cc'x+fi'y)dxdy = -= \ F(u,v)dudv, (1-1)
Jo Jo K Jo Jo

where a, /?, a'', J3' are parameters such that

a a'
B B'

and j j F(ocx + fly,cc'x+ 0'y)dxdy = -=. | j F(u,v)dudv, (1-3)
J — CO J — CO •"• J — CO J — CO

where K has the same meaning as above.
The purpose of this paper is to state a theorem for orthogonality and to generalize

the integrals (1*1) and (1-3) to w-ples integrals.

2. THEOREM. Let {fn(x)} be a set of orthogonal functions with the weight function <$>(x)
in the range (a,b), then we have

rb rb

<j>(ax + f!y) <j>(cc'x + fi'y)fn(ocx + fiy)fm(ccx + ̂ f^ct'x + P'y)fv(odx + fi'y)dxdy
J a J a

where £(m> ra)(Ai „) = 0 if m #= % or /i 4= v

= constant if m = n and /i = v.
Similarly,

' If we have two sets of orthogonal polynomials {fn(x)} and {fn(x)} with weight
functions <j>'(x) and $"(x) respectively in the range (a,b), then we have

rb rb

<j>'(ocx + fy) 0"(<x'x + P'y)f'm(ax + Py)f'n(ccx + fiy)f'^ (cc'x + P'y)f"v (cc'x + fi'y) dx dy
J a J a

\ I ) (m n) (u v)> \ I

which is = 0 if TO 4= n or fi #= v
= constant if m = n and /i = v.'
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Example. For Laguerre polynomials L%(x,y,p), we have (4)

f
Jo

{x,s, q) dx

— 0 for n > ms

for n = ma and -1. (2-3)

Therefore,

I j
J o Jo

,yvp t)

x 24(oa: + fiy, s, qj L?(a'x+fi'y, y2, p2) L£(<x'x + fi'y, t, q2) dxdy

= 0 if n > ms or v > o)t

for n = ms and 7 = <y<, and i?e (A) > 0, Re (ji) > 0, (2-4)

which for yx = y2 = s = t = pt = p2 = qx = ^2 = 1, reduces to

= 0 if n 4= m or v 4= w,

- (ax + fy) - (a'x + fi'y)]. Un{ax + fiy)L>n(ax + fiy)

x L^alx + fi'y) L»(<x'x + fi'y) dx dy

= g- 1 1 ' for » = m, v = o) and i?e (A) > 0, Re (fi) > 0.

(2-5)

3. Some generalizations. If we have a set of n variables (xn) and a set of parameters
{a*,-}; i = 1,2, 3, ...,n and j = 1, 2, 3, ...,n, then (1-1) can directly be generalized as
follows:

... F[(ccnx1 + ...+alnxn),...,(otnlx1+...+ctnnxn)']dx1dx2...dxn
Jo Jo

= -^ ... F(u1,...,un)du1du2...dun, (3-1)
-& Jo Jo

where

a 12
a 2 2 ••• a 2 re

a«

* 0 (3-2)

and in particular

Jo Jo

= Jr A(«l) * h .
•ft- Jo Jo Jo

Similar generalizations can be given to (1*3), (2-1) and (2-2).

x dx1dx2... dxn
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Now we give below certain integrals derived with the help of the above generaliza-
tions. For brevity I consider only triple integral but the results can be extended to
71-ples integrals.

Example 1. We know for Hermite polynomials (3)

exp ( - x2) HJx) Hm(x) dx = 0 if n =t= m,
J — 00

= 2n*Jn n\ if n = m.
Therefore,

/*0O /*CO /»O0

exp[-(a1a; + /512/ + 712)2-(a2a; + /522/ + 72z)2-(a3a; + /?32/ + 73z)2]
J — co J — co J —oo

3

x n [Hnfax + fay + yrf.Hnfax + fry + yjZyidxdydz (3-4)

= 0 if n^m^ (j= 1,2,3),

= 2»i-^-^(V7r)«(n1) IK)!(»»,)! if n^m, (j = 1,2,3).

Example 2. We know ((3); Ex (4), p. 199)
P» = ̂  r

Therefore, we have

/*0O /*CX) /*0O

exP [ - K*+Ai
Jo Jo Jo 3

x II

Example 3. Again since (l)

Fc^L'ML'Mdx (l + ̂ m(^-k)nr(k + l) T-m,k+l,l-fl+ki\
Jo *A»(*)^(*)«to- , ! »*»[ ? ftJ

therefore,

/*oo /*co /"oo

exp[-(
Jo Jo Jo

x {cc2

3

v
3 2

\-ms,Pj+l, 1-6,H-^;]
L 1 + ^ , 1 - 6 , + ^ - n J -

When Pj = a3- (j = 1,2,3), integral (3-6) reduces to

l) (n,>my) (3-7)
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and for pt = a^ + b^ (j= 1, 2, 3), we get

^ ) ( ) , , (3-8)
3 = 1 \ n \ m I

Since, for p^ = a3- + bi(j = 1, 2,3), 3-F2 of (3-6) reduces to

and ( l + ^ ) ( - ^ - ( - " , V ^ ( l + &,-)«i = m.+m. k 4 m A /6, + ^A

Example 4. Lastly, condder

where (a ,̂) means a1)a2,a3, ...,ap and (6fl) means bl!b2,b3> ...,bq and/m(x) is Sister
Celine's polynomial (3).

Therefore, with the help of ((3); p. 291)

P f" P ft (ajx + ̂ y + y^-ie^l- S (ajx+/3jy + yiz)]fl[]fmUfn[]dxdydz
Jo Jo Jo 3=1 I i=i J

(ap); v\ Uap); w\m \-(39)

Particular cases of (3-9). (a) Let p = 1, ax = \, q = 1, bx = \ in (3-9), to get

f f f" n (ctjx+foy + yrf-lexpl - S (a^
Jo Jo Jo i=i L 3=i

- ; 1; (^x

= (7rilK)Zl(u)Zm(v)Zn(w), (3-10)

where ZJx) is Bateman's polynomial ((3); p. 285).
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(b) Ifp = 1, at = \, q = 0, we have

(•oo j"to (•» 3 r 3 "1
II (a,.z + /5,2/ + y,z)-*exp - £ ( a ^ + y ^ + ŷ -z)

Jo Jo Jo 3=1 L J = I J

= (n%IK)Pl(l-2U)Pm(l-2v)Pn(l-2w), (3-11)

where Pn{x) is Legendre's polynomials ((3); p. 157).
(c) If # = 2, ax = £, a2 = £, ? = 1, &! = p, we get from (3-9)

I I I n (a** + Ay + yj»)-*exp[- 2 (ay
Jo Jo Jo j = i L 3 = 1

= (n$IK)Hl(£,p,u)Hm(£,p,v)Hn(£,p,w). (3-12)

where Hn(^,p,x) is Rice's polynomial ((3); p. 28).

I am grateful to Dr K. N. Srivastava for his guidance during the preparation of this
paper.
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