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1. Introduction. In a recent paper the author(2) has derived a number of integrals
with the help of results ((5), p. 343)

wawlf’(ax+ﬂy, a'x+fy)dedy = lJ‘mfmﬁ'('u,,v)aludv, (1-1)
0Jo KJoJo

where o, 8, &', ' are parameters such that

a o
K=‘ﬂ 5| *0 (1-2)

and foo fw Flax+py, 'z + f'y)dedy = %J‘m fw Flu,v)dudy, (1:3)

where K has the same meaning as above.
The purpose of this paper is to state a theorem for orthogonality and to generalize
the integrals (1-1) and (1-3) to n-ples integrals.

2. TaEOREM. Let {f,(x)} be a set of orthogonal functions with the weight function ¢(x)
wn the range (a, b), then we have

J: J:j dlax+ By) pla'z+ B'y) fulox + By) fmlox + By) fu(e'z + B'y) [ (&' + B'y) dz dy

= (I/K) 8(m,n)(,u,v), (2'1)
where Ommun =0 if mEn or uFv

=constant if m=n and pu=v.
Similarly,

‘If we have two sets of orthogonal polynomials {f,(z)} and {f,(z)} with weight
functions ¢'(x) and ¢”(x) respectively in the range (a,b), then we have

b (b
L L @' (ax + Py) " (x'x + B'y) fmlox + By) f nlax + By) [ ('z + B'y) f, (' + B'y) dx dy
= (1K) O w0, (2:2)
which is =0 if m$fn or p+v

=constant if m=n and p=v’
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Example. For Laguerre polynomials LZ(z,y, p), we have (4)

f x= e P2 L2(x, v, p) LE(x, s, q) dx
0
=0 for n>ms

(= 1ymerngsym
= ml 7 (p)etms+iiy

F(a-HZH-l) for n=ms and Re(a)>-1. (2-3)
Therefore,

f 0 fo (ax + By)* (a'x + B'y)* exp [ — py(ax + By)1 = po(a'x + B'y)7e] Lo + By, ¥y, D1)
x Loz + By, 8, q,) L'z + By, ve, po) LE(&'x+ By, 1, 45) dacdy
=0 if n>ms or v>uot

_ (— 1yt (g, s)m(q,t)® A+ms+1 (At 1
T Emlo! V1Yo Py A HmS DI (p, ) etwt+Diy, V1 Vo

for n=ms and y=ot, and Re(A)> 0,Re(u) >0, (2:4)

which for y, = y, = s =t = p, = py = ¢4 = ¢, = 1, reduces to

fowf:(ax+/37?/)" (@ + By)rexp [ — (o + fy) — ('z+ B'y)]. Li(ax + By) La(ax + By)
x LMo’z + f'y) L'z + f'y) de dy
=0 if n¥m or v+ o, :
_Ta+m+ )T+ w+1)
B Kmlo!

for n=m, v=w and Re(A)>0, Re(y)>0.

(2-5)

3. Some generalizations. If we have a set of n variables (z,) and a set of parameters

{a;;}; 1=1,2,8,...,n and j = 1,2,3,...,n, then (1-1) can directly be generalized as
follows:

0
eve

f f Fllanzy+ .o + 021, %), s (01 2 + .+ 0y 2, )] doy dy . ez,
0 0

=lfw...wa(ul,...,un)dulduz...dun, (31)
K 0 0
-

O %ge .
Ggy  Kog ... Oy

where K=|.. .. .. .. |%60 (3-2)
Bny Epg o0 Ky

and in particular

® aQ
J-o ---J‘O Jilan @y + o+ 0 ) fo( @y + o+ A Zy) - fu( Gy Byt 0y )
x dx,dz, ... dz,

= ’Ilz f:fl(ul) dulf:fz(uz) du, ... f:fn(un) dy. (3-3)

Similar generalizations can be given to (1:3), (2-1) and (2-2).
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Now we give below certain integrals derived with the help of the above generaliza-
tions. For brevity I consider only triple integral but the results can be extended to
n-ples integrals.

Example 1. We know for Hermite polynomials (3)

f * exp(—a?) Hy@) H (@)dz = 0 if n+m,

-

=2"/rn! if n=m.
Therefore,

f f_ f exp[— (& + f1y+712)* — (@a@ + oy +¥22)* — (2% + B3y +V52)*]
3
x .Hl [H (2 + By +v;2) - Bpfloyo+ By +v,2) dedy dz - (3-4)
i
=0 if m+m, (j=1,2,3),
= 2rutnetna( Jm)3 ()l (n)! (mg)! if m;=my; (§=1,2,3).

Ezxample 2. We know ((3); Ex (4), p. 199)

2 ©
—_ = — 12y
B,(zx) = ’n!«/ﬂfo exp (—#?) " H (xt)dt.
Therefore, we have
f f f exp[— 0‘1‘”‘*‘/91?/‘*‘?’1) (aa+ Boy +722) — (232 + B3y +V32)]
x n LBl (0304 By + 752 dc dy e

«/7713 mél}{mgl ! P, () ng(u2) Pms(ua), (3-5)

Example 3. Again since (1)

Jwe—zx"L;‘,‘z(x)L’,{(x)dx= (1+a), (f—F),T(k+1) Fz[—m,k-{-l,l—/)’+k;]
0

mln! l1+a,1-+k—n;|’

therefore,

f f f exp [— (o, + s+ ata)x— (Br+ o+ Fa)y — (Y1 + Ve +Va) 2l (@2 + fry + 712)72
X (A + Boy +V22)P2 (X3 + fay +32)Ps

3 . ) ,
x .[[1 Lﬁ{j(a,-x+,6’,-y+7,z) Lﬁ’,’j(ocjx+,6',-y+yjz)_dxdydz
i=

(L +aty), (b — Pi)n; U0 +1) 7 [ my, pj+1,1-b; +p,,] (3-6)
! ) (n,)! "o Tay 1-b4p-my
When p; = a; (j = 1,2, 3), integral (3-6) reduces to
C(p,+ 1) T(pa+ 1) L(pg+1)  (n; > my) (3:7)
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and for p; = a,;+b; (j = 1,2, 3), we get

3 +m;

IT (= 1y (579 (% 15) Do+, 41) (3:8)

i=1 &) m;
Since, for p; = a;+b; (j = 1, 2, 3), ;F, of (3-6) reduces to
(=B5—=1)m; _ (= 0)nym; (1 +by)y,
(

(1_aj—nj)mj _aj)nj(1+bj)nj—mj

and (1 +aj) ( —'a’j)nj (_a]')’nj—Jlnj (1 +bj)nj _ (_ ])mj+nj (a,-+mj (b,-+nj) ]
mlngl (= a5)p, (L +b5)n, n; m;

Ezample 4. Lastly, con:ider

2

Sl z+ By +7:12)
_ (@p); (@ + Boy +722) (“3x+ﬁ3y+?’az]
= (a, Z+ + 9y, 2) e zthytr) [ »
( 1 ﬂly 71 ) fl %’ (bq

Jolagx+ By +v.2

= (0@ + Boly + Voz) t et tbwtraA f { @p); “1x+ﬁ1y+71z)(“3‘”‘*‘/93.7/"'732)]

2’(q

Salazx+ By +y32)

= (03 + fay +Y32) H e @wthving £ [(1 p()b ;“1x+ﬂ1y+?’1z) a2x+ﬂ2y+72z)]
2 Vg

where (a,) means a,,a,,ds, ...,a, and (b,) means b;,b,,bs,...,b, and f,(x) is Sister
Celine’s polynomial (3).
Therefore, with the help of ((3); p. 291)

[0 mewray v %exp[ 3 (ot B+ 2 | AL a1l dy s

il el el oo

Particular cases of (3-9). (a) Let p=1,0a,=1,9=1, b; = % in (3-9), to get

f:fw ﬁ:o ],Ijll (“f‘”+ﬂj?/+7’fz)'éexp|: Z (o + By +7v;2 )]

7_
X fil =5 1; (2@ + Boy +722) (0% + B3y + V52)]
Xl =3 15 (2 + By +712) (a2 + B3y +¥32)]
X ful =51 (2 + Bry +712) (e + Boy +722) ] dudy dz

= (1K) Z(u) Zp(v) Z,(w), (3-10)

where Z ,(x) is Bateman’s polynomial ((3); p. 285).

https://doi.org/10.1017/50305004100045928 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100045928

Integrals involving classical polynomials 611
) Ifp=1,a,=1,¢=0, we have

fjf H (o2 + By +v;2 )‘%eXp[ 7él(a,-z+ﬂ,-y+7,'2)]

xfil =5 = (@2 + Boy +V22) (3% + B3y +752)]
X ful =5 = s (@@ + 1y +712) (@32 + B3y + 732)]
Xful =5 =5 (@@ + fry +712) (e + foy +752)] dzdy dz
= (n}/K) B(1—2u) P,,(1 —2v) P,(1 — 2w), (3-11)

where P,(x) is Legendre’s polynomials ((3); p. 157).
() Ifp=2,a,=%,0a,=§ q=1, b, = p, we get from (3-9)

f ff H (@@ +A5y+7;2)° éeXp[—j%l("‘a'x'|'ﬂj?/+7’;'2)]

X fil€; D (2@ + oy +722) (3% + Bay +732)]
X fml&; D5 (2, @+ B1Y +712) (23T + B3y +752)]
X ful€; 5 (0@ + 1y +712) (0 + oy +7,2) | de dy dz
= (m¥K) H(E, p,w) H,(£,p,v) H (£, p, w). (3:12)
where H,(, p, x) is Rice’s polynomial ((3); p. 28).

I am grateful to Dr K. N. Srivastava for his gunidance during the preparation of this
paper.
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