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Abstract  The true complexity of a polynomial progression in finite fields corresponds to the smallest-
degree Gowers norm that controls the counting operator of the progression over finite fields of large
characteristic. We give a conjecture that relates true complexity to algebraic relations between the terms
of the progression, and we prove it for a number of progressions, including z,z + y, z + y2, = + y + y>
and x,x +y,x + 2y, x + y2. As a corollary, we prove an asymptotic for the count of certain progressions
of complexity 1 in subsets of finite fields. In the process, we obtain an equidistribution result for certain
polynomial progressions, analogous to the counting lemma for systems of linear forms proved by Green
and Tao.
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1. Introduction

Let Pi,...,P,—1 be distinct polynomials in Z[y] with zero constant terms. A finite-field
version of the polynomial Szemeredi theorem states that for any o > 0, there exists pg =
po(a) € N with the following property: if p > pg is prime and A C F, has size |A| > ap,
then A contains a polynomial progression

x, 2+ Pi(y),...,z+ Pi_1(y) (1)

for some y # 0. This theorem follows from a multiple recurrence result of Bergelson and
Leibman in ergodic theory [1]. Recently, there have been several attempts at proving a
quantitative version of the theorem using ideas from analytic number theory [3], algebraic
geometry [5] or Fourier analysis [25, 28, 29], which gave explicit estimates for the quantity
po for certain families of progressions (1). A recurrent idea in these recent approaches is to
estimate the number of progressions (1) in an arbitrary subset A C F,,. In the paper, we
prove qualitative estimates for the counts of certain polynomial configurations by relating
them to the counts of certain linear forms. Throughout, we let p denote a (large) prime.
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Theorem 1.1. Let A C F,,.
(i) The count of z,x +y,x + y* x +y + 4> in A is given by
|{($7$+y»x+927$+y+yz) E A4 : xvy e }FP}‘

1
= };|{(m,y,u,z) €A4:x+y:u—|—z}|+0(p2).

More generally, this estimate holds whenever .,z + vy, + y2, x + y + 32 is replaced
byx,z + Q(y),z + R(y),z + Q(y) + R(y) for any polynomials Q, R € Z[y] with 1 <
deg @ < deg R and zero constant terms.

(ii) The count of x,x + y,x + 2y, x + y>,x + 2y> in A is given by
@,z +yz+2y0+y°,0+2y°) € A% 12,y € Fp}|

]. |4
:5|{(x,x+y,x+2y,x+z,x+2z) GA‘):sc,y,zer}\+o(p2).

More generally, this estimate holds whenever x,x +vy,x + 2y, + 9>, + 23 is
replaced by z,x + Q(y),z + 2Q(y),x + R(y),z + 2R(y) for any polynomials Q, R €
Z[y] with 1 < deg@Q < (deg R)/2 and zero constant terms.

We obtain results like Theorem 1.1 by analysing counting operators of the form

Esyer, fo(@) fi(z + Pi(y)) - fim1(z + Poa(y)) (2)

for distinct polynomials Py, ..., P,_1 € Z[y] and functions fo,..., fi—1 : F, — C that are
1-bounded, i.e. satisfy ||fi]lco < 1. A useful tool to study polynomial progressions is a
family of norms on functions f : F,, — C defined by

1/2°
Ifllvs = | Expy,... heeF, H Cllf(x +wihy + -+ + wihy) ; (3)

we{0,1}#

where C : z — Z is the conjugacy operator and |w| = w;y + -+ ws. We call || f||us the
Gowers norm of f of degree s, and we discuss its properties in §2. It was proved in [9]
that Gowers norms control arithmetic progressions, in the sense that

B yer, fola) i@+ ) - fule + sy)| < min || fillo- (4)
for all 1-bounded fy,..., fs : F, — C. A similar argument has been used to show that

Gowers norms control any system of linear forms that are pairwise linearly independent
[18, Proposition 7.1]. Finally, Gowers norms are also known to control polynomial pro-
gressions of the form (1) for distinct non-zero polynomials Py, ..., P,_1 € Z[y] with zero
constant terms [29, Proposition 2.2], in that there exist s € Ny and ¢ > 0 depending only
on Py,..., P,_1 such that

|Es yer, fo(z) fi(z + Pi(y)) - fim1(z + Pr—1(y))| < 052?71 Il fil

ge +0(@™°)

for all 1-bounded fy, ..., fi—1 : F, — C.
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In the light of the monotonicity property of Gowers norms

[fllor < Ifllo> < N fllos < -+,

derived e.g. in Section 1 of [16], it is natural to ask what is the smallest-degree Gow-
ers norm controlling a given configuration. The smallest s such that U*! controls the
configuration is called its true complexity; the precise definition shall be given in §1.1.
The question of determining true complexity has been posed and partially resolved for
linear configurations in [17-21], where the authors relate true complexity to algebraic rela-
tions between the linear forms in the configuration. It remains largely open for general
polynomial progressions (1).

In the paper, we determine the true complexity of several polynomial progressions. Our
main results are the following theorems.

Theorem 1.2 (True complexity of z,x + y, z + y%,x + y + y2). For any ¢ > 0,
there exist § > 0 and pg € N such that for all primes p > pg and for all 1-bounded functions
fo, f1, fo, f3 : F, — C, at least one of which satisfies || f;||y2 < 6, we have

|Eayer, fo(z) fi(z +y) fo(x + y*) fs(z +y +y°) < e (5)

The U2 norm is related to Fourier analysis via || f]|oo < [|f]l02 < ||fH<1xé2 for 1-bounded
functions f, and so Theorem 1.2 can be informally rephrased as follows: if at least one
of fo, f1, f2, f3 has no large Fourier coefficient, then the operator in (5) is small. We can
similarly interpret the next three results.

Theorem 1.3 (True complexity of z,xz + Q(y),z + R(y),z + Q(y) + R(y)).-
Let Q, R € Z[y] be polynomials of zero constant terms satisfying 1 < deg @ < deg R. For
any € > 0, there exist § > 0 and pg € N such that for all primes p > py and for all 1-
bounded functions fo, f1, fa, f3 : F, — C, at least one of which satisfies || fi|ly= < 6, we
have

[Eayer, fo(2) 1z + Qy)) fa(x + R(y)) f3(x + Q(y) + R(y))| < e (6)

Theorem 1.4 (True complexity of =,z + y,z + 2y, = + y3,x + 2y3). For any
€ > 0, there exist 6 > 0 and pg € N such that for all primes p > pg and for all 1-bounded
functions fo, f1, f2, f3, fa : F, — C, at least one of which satisfies || fi||y= < J, we have

[Eayer, fo() f1(x + 1) f2(z + 2y) fa(x + y°) fa(z + 20°)| < e.

Theorem 1.5 (True complexity of z, z + Q(y), z + 2Q(y),xz + R(y), xz + 2R(y)).
Let Q, R € Zly|] be polynomials of zero constant terms satisfying 1 < deg Q < (deg R)/2.
For any € > 0, there exist > 0 and py € N such that for all primes p > py and for all
I-bounded functions fy, f1, fa, f3, fa : F,, — C, at least one of which satisfies || f;||p2 < 6,
we have

[Eayer, fo(x) f1(z + Qy)) fa(z + 2Q(y)) fs(z + R(y)) fa(z + 2R(y))| < e.

In the aforementioned configurations, each term can be controlled by the same Gowers
norm, the U? norm. However, there exist configurations where different Gowers norms
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control different terms. The following is but one example. The norm v appearing below
belongs to a family of norms called polynomial bias norms which satisfy || f|l.: < ||f|lv=
and will be discussed more broadly in § 2.

Theorem 1.6 (True complexity of x, z + y, x + 2y, x + y?). For any e > 0, there
exist 6 > 0 and pg € N such that for all primes p > pg and for all 1-bounded functions
fo, f1, fo, f3 : F, — C, where at least one of fy, f1, fa satisfies || f;||,z < 0 or fs satisfies
|l f3llo2 < 0, we have

|Eayer, fo(z) f1(z + y) fa(z + 2y) f3(z + y°)| < e. (7)

What Theorem 1.6 is saying is that if all Fourier coefficients of f3 are small, i.e. if the
correlation

EerprS(x)ep(O‘z)
is small for all a € IF,,, or if the correlation
Eeer, fi(x)ep (az® + Bx)

is small for all o, € Z and i € {0,1,2}, then the operator (7) is small as well. The
function e, used here is e,(z) 1= e?7@/P,

Theorem 1.7 (True complexity of =,z +vy,...,x + (m — 1)y, z + y¢). Let
m,d € Ny satisfy 2 < d < m — 1. For any € > 0, there exist § > 0 and pg € N such that

for all primes p > pgy and for all 1-bounded functions fy, ..., fm : ) — C, we have
[ yer, fo(@)f1(x +1) - frnor (@ + (m = Dy) fu(z + y?) < e (8)
if fp, satisfies || fonl| e < d or at least one of fy, ..., fm—1 satisfies || f;||vs < ¢ for
U

{m, dlm-—1
S =

m—1, dfm-—1.

The main technical innovation used in proving Theorems 1.2-1.5 is the following
equidistribution result which should be seen as an extension of (the periodic version of)
Theorem 1.2 from [17], which itself generalizes classical equidistribution theorems by Weyl
and van der Corput. All the concepts appearing in Theorem 1.8 shall be defined and dis-
cussed in §2 and § 3. Mimicking the notation of [17], we say that an expression E(A, M)
depending on parameters A, M > 0 satisfies 04—.oo,a(1) if lima_.oo E(A, M) = 0 for each
fixed M > 0, and similarly for other choices of parameters.

Theorem 1.8. Let M >0, and let P € Z[z,y]" with P(0,0) =0 take one of the
following forms:

(i) P(z,y) = (z,2 + Q(y),x + R(y),x + Q(y) + R(y)) for 1 < deg Q < deg R;

(ii) 13(33, y) = (x, 2+ Qy),z+2Q(y),z + R(y),x + 2R(y)) for 1 < deg @ < (deg R)/2.
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Given a filtered nilmanifold G/I" of complexity M, there exists a filtered nilmanifold
GP/r? C G/I't of complexity Oyr(1) such that for any p-periodic, A-irrational sequence
g € poly(Z, G,) satisfying g(0) = 1, the sequence g© € poly(Z?,GE) given by

9" (z,y) = (9(P1(,9)), ..., 9(Pi(x,y)))
satisfies

Eayer, F(g" (z,y)I'") = / F+0a00,m(1)
GP /TP

uniformly for any M-Lipschitz function F : GF /TP — C.

What Theorem 1.8 is saying is that if g is a ‘highly irrational’ sequence on G/I" in
the sense of Definition 2.11, then the sequence g is ‘close to being equidistributed’
on the nilmanifold G /I'P. Combining Theorem 1.8 with Theorem 2.13, a version of the
celebrated arithmetic regularity lemma [17, Theorem 1.2], we can then approximate sums
of the form (2) by integrals of Lipschitz functions on nilmanifolds.

Although we only prove Theorem 1.8 for two specific families of polynomial pro-
gressions, the construction of the nilmanifold G*/I'" mentioned in the statement of
Theorem 1.8 is quite general. This nilmanifold, definable for any polynomial progression,
has originally appeared in Section 5 of [26]. Its versions for linear forms have been used
in [17], where the authors call it ‘Leibman nilmanifold’, and we shall stick to this ter-
minology. In §3, we show that Leibman nilmanifold admits a natural filtration GI such
that g© € poly(ZP, G) whenever g € poly(Z,G,).

Interestingly, there exist progressions for which Theorem 1.8 fails. In Lemma 11.3, we
give an example of a torus G/I" and a sequence g € poly(Z, G,) that is ‘highly irrational’
on G/I', yet the corresponding sequence g for ﬁ(ac,y) = (v, +y,x+2y,z+y?) is
contained in a ‘low-rank’ subtorus of G¥/I'" and is ‘far from being equidistributed” on
GP /P, This seems to be a novel phenomenon, unregistered in the existing literature,
and it is essentially connected with the fact that the terms of the progression satisfy an
algebraic relation

(322 +2) - @+ § o+ 2~ @ 4) =0 )

that is ‘inhomogeneous’, in the sense that the polynomials in x,x +y and x + 2y are
quadratic, but the polynomial in z + 32 is linear. This phenomenon does not appear for
linear forms, where such inhomogeneous relations are impossible, but it is an important
feature of the polynomial world. It also does not show up in the ergodic work on this con-
figuration [6] since the author only has to deal with linear sequences g(n) = a™ as opposed
to more general polynomial sequences. The natural analogue of Theorem 1.8 cannot there-
fore be used to prove Theorems 1.6 and 1.7, and we apply a different method to handle
these configurations, which essentially comes down to homogenizing the progression P
using the Cauchy—Schwarz inequality.

We have not been able to extend Theorems 1.2-1.7 to an arbitrary polynomial pro-
gression of the form (1) for at least three reasons. First, not all progressions satisfy
Theorems 1.8, as evidenced by the aforementioned example of x,z + y,x + 2y, x + y2.
Second, some progressions fail to satisfy ‘filtration condition’ (Definition 3.4), which
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makes the corresponding nilmanifolds G* /""" harder to analyse. Sections 3 and 10 will
explain why this condition is useful; it is unclear at the moment if this is a mere techni-
cal annoyance or a genuine obstruction. Third, even though our arguments in the proof
of Theorem 1.8 follow the same general strategy for the two families of configurations
that the theorem concerns, we have to resort to different tricks in dealing with arising
technicalities, which makes it hard to generalize the arguments.

1.1. True complexity: formal definition, conjecture and known results

Our primary object of study is integral polynomial maps, i.e. configurations of the
form P = (Py,...,P) € Qx]* for integer-valued polynomials Py, ..., P, with zero con-
stant terms. Following the convention of [17], we use ¥ to denote ¢-dimensional vectors
and x to denote D-dimensional vectors. We are now ready to state our main definition.

Definition 1.9 (True complexity and Gowers controllability). Let P=
(P1,...,P,) € Qx]t be an integral polynomial map. We say that P has true complez-
ity s at an index 1 < i < tif s is the smallest natural number such that for every e > 0,
there exist > 0 and pg € N such that for all primes p > pg and all 1-bounded functions
fis-oos fe : Fp — C, we have

[Exern f1(Pr(x)) - fe(Pr(x))] <€

whenever || f;||gs+1 < 0. If no such s exists, we say that the true complexity of Pati

is 0o. We say P has true complexity s if it has true complexity s at the index i for all
1 <i<t. We call P Gowers controllable if its true complexity at every index is finite.

The true complexity question could also be posed over the integers; however, the prob-
lem becomes much harder in this context because each variable would be drawn from an
interval of different length depending on the degree of the polynomial map. For instance,
when studying the true complexity of x, x + y, x + y2, the variable x would be drawn from
an interval of length N while y would be taken from an interval of length only ©(v/N)
to ensure that the term x + 32 lies inside the interval {1,..., N}. As a consequence, not
every term of the progression would be globally controlled by a Gowers norm. We refer
the reader to [30-32] for an in-depth discussion of these issues.

Because of the issues highlighted above, we study true complexity over finite fields as
opposed to integers. In the language of Definition 1.9, Theorems 1.2-1.7 can be restated
as follows.

Theorem 1.10.

(i) The configuration z,x + Q(y),z + R(y),z + Q(y) + R(y) has true complexity 1 for
any Q, R € Z[y| of zero constant terms satisfying 1 < deg Q < deg R.

(ii) The configuration z,z + Q(y),z + 2Q(y),z + R(y),z + 2R(y) has true complexity
1 for any Q, R € Z[y] of zero constant terms satisfying 1 < deg @ < (deg R)/2.

(iii) The configuration x,x + vy, ..., + (m — 1)y, z + y¢ has true complexity m — 1 at
i€{0,1,...,m—1} and (m — 1)/d at i = m whenever 2 < d < m — 1 and d|m — 1.
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(iv) The configuration z,x +1v,...,x + (m — 1)y, z + y® has true complexity m — 2 at
i€40,1,...,m—1} and |(m —1)/d] at i = m whenever 2<d<m—1 and d{
m — 1.

True complexity turns out to be intimately connected with the algebraic relations
between the terms of a polynomial progression. We first state the following definition.

Definition 1.11 (Algebraic independence). Let P = (Py,..., P;) € Q[x]' be an
integral polynomial map and fix 1 < 7 < ¢. The progression P is algebraically independent
of degree s+ 1 at 1 if, whenever we have

Qi(P1(x)) + -+ Qi(Pr(x)) =0,

for some Q1,...,Q+ € Z[y|, the polynomial Q; has degree at most s. We moreover say
that P is algebraically independent of degree s+ 1 if it is algebraically independent of
degree s+ 1 at ¢ for all 1 < i < ¢.

Conjecture 1.12 (Conjecture for true complexity). Let P= (Py,...,P) € Qx|
be a Gowers controllable integral polynomial map and fix 1 < ¢ < t. The true complexity
of P at i is the smallest natural number s for which P is algebraically independent of
degree s+ 1 at i.

Theorems 1.2-1.7 confirm Conjecture 1.12 in special instances. The terms of z,z + ¥,
x + 9%, o +y + y? satisfy one linear relation (up to scaling)

z—(z+y)—(z+y°)+(x+y+y>) =0,

and so the configuration has complexity 1. Analogously, there is a unique linear relation
(up to scaling)

r—(z+Qy)) — (z+ R(y)) + (z+ Qy) + R(y)) =0

between the terms of x,2 + Q(y),x + R(y),x + Q(y) + R(y) whenever Q, R € Z[y] have
zero constant terms and satisfy 1 < deg @ < deg R. For =,z + v,z + 2y, + y>, x + 213,
there are two linearly independent relations

r—=2x+y)+(2x+2y)=0 and z—2(z+y°) - (z+24%) =0,

and similarly for z, 2 + Q(y),x + 2Q(y), z + R(y), x + 2R(y) whenever @, R € Z[y] have
zero constant terms and satisfy 1 < deg@ < (deg R)/2

r—=2x+Qy))+(z+2Q(y)) =0 and z—2(x+ R(y)) — (z+2R(y)) = 0.

One can check by hand that none of these progressions satisfy a higher-order relation.
By contrast, the terms of x, x + y, x + 2y, x + y? satisfy a quadratic relation

(32 +2) ~ @0+ § o+ 2~ e 4) =0

in addition to the linear relation x — 2(x + y) + (v 4+ 2y) = 0, which explains why this
configuration has true complexity 2 at ¢ =0,1,2 and 1 at ¢ = 3. For z,z +y,...,z+
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m — 1)y, z +y? with 2 <d <m — 1, there exist polynomials Qq,...,Qmn_1 of degree

(
d mT_lj satisfying

Qo(x) + Q@ +y) + -+ Qm-1(x + (m —1)y) = (x +yH)Lm= D/,

in addition to lower-degree relations and an algebraic relation of degree m — 2 between
the terms of z, 2+ y,...,z+ (m — 1)y.

The lower bound in Conjecture 1.12 is straightforward to settle. The difficulty lies in
proving the upper bound.

Theorem 1.13 (Lower bound for true complexity). Let P= (Pr,...,P) € Q[x]
be an integral polynomial map and fix 1 < i < t. Suppose that P is not algebraically
independent of degree s at index i. Then the true complexity of P at i is at least s.

Proof. By assumption, there exists an algebraic relation

Q1(P1(x)) + -+ Qi(P(x)) = 0,

for some Q1,...,Q; € Z[y], where Q; has degree at least s. Let f;(z) =e,(Q;(z)) for
each 1 < j <t. The functions f; are clearly 1-bounded. It follows from the properties of
additive characters that

Exerp fi(P1(x)) - fi(Pi(x)) = Exerpep(Q1(P1(x)) + - + Qi(P(x))) = 1.

To prove the theorem, we want to show that || f;||y- is small, which will imply that the
U® norm cannot control the P; term of the configuration. The definition (3) of Gowers
norms can be restated as

fill?s = Epny.ohoer, Dy, fil@), (10)

where Apf(x):= f(x+h)f(x) and Ap, 4. =Ap, ---Ap.. Since Q; has degree at
least s and e,(-) is an additive character, the function Ay, . . fi(z) is of the form
ep(Q(x, hi,...,hs)) for a nonconstant polynomial (). By properties of exponential sums,
the sum in (10) is of size O4(p~°), and so

”fz”U8 Lsp~ .

Thus, U® norm does not control the P; term of the configuration, implying the
theorem. ]

The constants appearing in the proof of Theorem 1.13, like in all other proofs in the
paper, are allowed to depend on the choice of the progression P. We do not record this
dependence so as not to clutter the notation more than necessary.

Theorem 1.10 follows from combining Theorems 1.2-1.7 with Theorem 1.13 and
remarks above it.

Conjecture 1.12 has so far been proved in a number of special cases. The inequality
(4), together with the fact that arithmetic progressions of length ¢ satisfy an algebraic
relation of degree ¢ — 2, proves it for arithmetic progressions. The work by Green and
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Tao [17] settles it for all linear configurations satisfying a technical condition called flag
condition”, with certain cases having been previously proved by Gowers and Wolf [18-21].
Green and Tao’s results are all but ineffective while the work of Gowers and Wolf gives
some quantitative bounds. The best bounds, of polynomial type, have been obtained
by Manners for linear configurations of length 6 in 3 variables by a skillful use of the
Cauchy—Schwarz inequality [27].

As far as non-linear configurations are concerned, the work of Peluse [29] proves Con-
jecture 1.12 in a quantitative manner for x,x + Pi(y),...,x + Pi—1(y) whenever the
polynomials Py, ..., P,_; are linearly independent; it thus settles the complexity 0 case.
For configurations of the form

x, x4y, ..., x+(m—1y, + Pny), ..., 4+ Prnir-1(y),

where any non-trivial linear combination of P,,, ..., P,1+r—1 has degree at least m, the
conjecture has been settled quantitatively in [25]; similarly for the systems of linear forms
with variables being higher powers.

In the works on the true complexity of linear forms [17-21], the authors only look at
the case f; = --- = f; and care about the degree s such that Us*! controls all the terms
of the configuration. For more general polynomial progressions, it, however, makes sense
to allow these functions to be different. Since the terms of the progression may have
different degrees, the polynomials @1, ...,Q; appearing in Conjecture 1.12 may have
different degrees as well. As a result, it is reasonable to allow that different terms of the
progression be controlled by different Gowers norms.

Like many other questions surrounding Szemerédi theorem, finding true complexity has
a natural analogue in ergodic theory: the problem of determining the smallest characteris-
tic factor. A characteristic factor of a measure-preserving dynamical system (X, X, u, T)
with respect to (1) is a factor ) of X such that if fo,..., fy—1 € L°(u) and the projection
of f; € L>=(u) onto Y satisfies E(f;|)) = 0 for some 0 < i <t — 1, then the product

fO(x)fl (Tpl(n)(p) . ftfl(TPtfl(n){E)

converges to 0 in L?(p). Host and Kra prove in [23] that there exists a sequence of factors
(Zk)ken . such that Z;_5 is characteristic for arithmetic progressions of length ¢ for ¢ > 3.
They show furthermore that each Zj is an inverse limit of k-step nilsystems; the theory
of these factors is fully set up in [24]. In [22], it has been shown that for each progression
(1), there exists k € N such that Zj, is characteristic, which corresponds to the result of
Peluse [29, Proposition 2.2] that (1) is controlled by some Gowers norm. Further works
[6-8] give the smallest characteristic factors for some specific families of progressions. In
particular, Theorems 1.2 and 1.6 are combinatorial, finite-field analogues of the results
from [6] that the Kronecker factor K and the affine factor Az are characteristic for z, = 4+
y, v +y% v +y+y? and z, v +vy, x+ 2y, v+ y?, respectively. Finally, Leibman [26]
has resolved the question of finding the smallest characteristic factor in the case where
the underlying dynamical system is a nilsystem.

* The published version of [17] claims to prove Conjecture 1.12 for all linear configurations. However,
it has been announced in November 2020 that there is an error in Green and Tao’s argument, and that
the argument only works if a linear form satisfies the flag condition. See [33] for discussion.
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1.2. Outline of the paper

We start the paper by presenting necessary definitions and results from higher-order
Fourier analysis in the next section. We then proceed in § 3 to define Leibman group for
a polynomial progression and describe its properties. In particular, we state a filtration
condition on a polynomial progression (Definition 3.4) which makes the corresponding
Leibman nilmanifold easier to analyse, and which is satisfied by all the progressions that
we are interested in. In §4, we deduce Theorem 1.8 for the progression z,z + y,x +
y?, 2 + 1y + 4% so as to illustrate our arguments with a specific example. In §5 and §6,
we prove Theorem 1.8 for two general families of progressions for which the theorem is
stated. We then show in § 7 how our definition of Leibman group extends the definition
of Leibman group for linear forms presented in [17].

Having showed that Leibman nilmanifolds are the right thing to look at, we prove
in §8 that Conjecture 1.12 on the connection between true complexity and algebraic
relations holds for all progressions that satisfy a variant of Theorem 1.8. In § 9, we deduce
Theorem 1.1.

Our method, however, has certain limitations which we outline in the subsequent two
sections. In § 10, we give an example of a configuration which does not satisfy the filtration
condition. In § 11, we show that our method fails for =,z + ¥,z + 2y,  + y?, which does
not equidistribute on the corresponding Leibman nilmanifold. To handle this progression,
we, therefore, develop a different method in § 12, which proves true complexity for z, z + vy,
x + 2y, x + 32 as a result of a more general Theorem 1.7.

2. Higher-order Fourier analysis

To understand operators of the form

Exerp f1(P1(x)) - - fe(P(x)),

we need to understand how certain polynomial sequences distribute on nilmanifolds. We
use this section to define necessary concepts from higher-order Fourier analysis, such as
the notions of filtered nilmanifold and polynomial sequence. All of these definitions have
appeared in [4, 16, 17, 19]. We then state some classical results that we shall need in the

paper.

Definition 2.1 (Filtrations). A filtration Ge = (G;)$2, of degree at most s on a
group G is a sequence of subgroups

G:GOZGlQGQ2"'2G52G5+1:Gs+2:"':1
satisfying [G;, G;] C G,y for all 4,5 > 0.

A standard example of a filtration is the lower central series filtration defined by setting

Gi = [G,Gifl] for 4 2 2.

Definition 2.2 (Filtered nilmanifolds). A filtered nilmanifold G/I" of degree s and
complexity M consists of the following data:
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(i) a quotient G/I', where G is a connected, simply connected, nilpotent Lie group of
dimension m < M with identity 1, and I' C G is a cocompact lattice;

(ii) a filtration G4 of degree at most s < M such that G; are closed and connected
subgroups of G and I; ;= I' N G; is a cocompact lattice in G; for each i € N;

(iii) an M-rational Mal'cev basis x = {X1,..., X,,} adapted to G,.

Mal’cev basis that appears in Definition 2.2 is a vector space basis for the Lie algebra
g of G that respects the filtration G,. Its utility comes from the fact that it provides
a natural coordinate system on (. The definition and properties of Mal’cev basis are
discussed in details in [19]. The important consequence for us is that it induces a Mal’cev
coordinate map, i.e. a diffeomorphism

Y:G—R™
g (t,e o tm)

satisfying ¢¥(I") = Z™ and ¥(G;) = {0}™ ™ x R™i for all 1 < ¢ < s, where m; = dim G;.
Nilmanifolds turn out to be a proper framework to define polynomial sequences, which
can be thought of as generalizations of polynomials on the torus.

Definition 2.3 (Polynomial sequences). Let D € N. A polynomial sequence on
G adapted to the filtration Go is a map g : 7P - @G satisfying On,,.. n,g € G; for each
hy,...,h; € ZP, where dng(n) := g(n+ h)g(n)~! and Ohy,...n; = Ony -+ On, for i > 1.
Polynomial sequences adapted to G, form a group denoted as poly(Z”,G,). The degree
of g is the degree of the filtration G,.

In this paper, we shall primarily be interested in the polynomial sequences arising in
problems over finite fields. These sequences are periodic in the sense made clear by the
following definition.

Definition 2.4 (Periodic sequences). Let D € N, . A sequence g € poly(ZP,G,) is
p-periodic if g(n; + pny)I" = g(n;)I" for all ny;,ny € ZP. In particular, for a p-periodic
sequence g € poly(Z?,G,), the map n — g(n)I" can be viewed as a function from ]F][J,j to

G/T.
It turns out that polynomial sequences can be written in a more explicit manner.

Lemma 2.5 (Taylor expansion, Lemma A.1 of [17]). Let D € N,. A sequence g
is in poly(ZP | G,) if and only if for each multiindex i = (iy,...,ip), there exists g; € G
satisfying

o) = TLot" (1)

for all n € ZP. The representation in (11) is unique. The binomial coefficients are defined

L) () e )
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and the size of the vector i € NP is |i| := iy +--- +ip.

To examine the distribution of p-periodic polynomial sequences on nilmanifolds in a
quantitative manner, it is useful to introduce the notion of a nilsequence.

Definition 2.6 (Nilsequences). Suppose D € N;. A function f:Z” — C is a
nilsequence of degree s and complexity M if f(n) = F(g(n)I'), where F is an
M-Lipschitz function on a filtered nilmanifold G/I" of degree s and complexity M, and
g € poly(ZP,G,). A nilsequence f is p-periodic if the underlying polynomial sequence is.

Definition 2.7 (Equidistribution). Let D € N} and ¢§ > 0. A p-periodic sequence
g € poly(ZP,G) is 6-equidistributed on a nilmanifold G /I if

Bacsp FO)) = [ F| <8Py

G/I

for all Lipschitz functions F : G/I" — C, where the integral is taken with respect to the
(left-invariant) Haar measure g on G/I" normalized so that pu(G/I") = 1.

It is natural to ask about obstructions to equidistribution. To state them formally, we
need the notion of a horizontal character.

Definition 2.8 (Horizontal characters). A horizontal character on G is a continu-
ous group homomorphism 7 : G — R such that n(I") € Z. Each horizontal character can
be given in the form n(x) = k - ¢(x) for some k € Z™, where ¢ : G — R™ is the Mal’cev
coordinate map. The modulus of n is |n| := |k| = |ki| + - - + |km].

Horizontal characters in fact annihilate [G, G|I" and can be viewed as maps on the
quotient G/[G, G|I" which is isomorphic to (R/Z)™at for mg, = dim G — dim[G, GJ.

In Theorem 1.16 of [19], Green and Tao gave a condition for when a polynomial sequence
is close to being equidistributed. We present its periodic version.

Theorem 2.9 (Equidistribution theorem for p-periodic sequences). Let 2 <
M < Aand D € N, and let G/I" be a filtered nilmanifold of complexity M. Suppose that
the sequence g € poly(ZP,G,) is p-periodic. Then at least one of the following holds:

(i) (Q(H)F)nepg is A~ '-equidistributed.

ii) There exists a non-trivial horizontal character n with <y p AYMP such that
n n ,
10 g is constant mod Z.

In the case of a general polynomial sequence, Theorem 1.16 of [19] only guarantees
that if ¢ is not close to being equidistributed, then the coefficients of the polynomial
nog—mnog(0) are major arc for a non-trivial horizontal character 7 of small modulus.
However, the rigidity imposed by the p-periodicity of g allows us to conclude that 7 o g is
in fact constant mod Z. More precisely, Theorem 2.9 can be deduced from Theorem 1.16
of [19] as follows: keeping p fixed, we set N = kp in Theorem 1.16 of [19] for some k € N_..
If the sequence g(1),...,g(N) is not A~l-equidistributed, then there exists a non-trivial
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horizontal character 1 with |n| <ar,p A2 such that the non-zero coefficients of the
polynomial 5o g(n) = Y, a;(}) satisfy the bound [|as||r/7z < A=v.o N=liI Importantly,
the p-periodicity of g implies that we can take the same A for all k£ € N_; letting k — oo,
we, therefore, deduce that each non-zero coefficient a; is an integer.

We want to define the extent to which a polynomial sequence g is irrational. Essentially,
irrationality captures how well the sequence g interacts with objects called ith level
characters, or how close to being in I" its Taylor coefficients g; are.

Definition 2.10 (¢th level character). Let G/I" be a filtered nilmanifold. An ith
level character on G/I' is a continuous group homomorphism from G to R that is
Z-valued on I' and vanishes on G,y and [G},G;—;] for any 0 < j < i. It is nontrivial
if it is non-zero. Every ith level character can be written in the form n(x) =k - ¢;(x)
for a unique k € Z™i~™i+1 where 1;(g;) is a tuple consisting of the entries of g;
in ¢¥(g;) indexed by m —m; +1,...,m —m;y1. The modulus of n is defined to be
|77| = |k‘ = ‘k1| +eeet ‘kmi*mi-pl"

Definition 2.11 (A-irrationality). Let G/I be a filtered nilmanifold of degree s. An
element g; € G; is A-irrational if we have n;(g;) ¢ Z for all non-trivial ith level characters
n; of complexity |n;| < A. A sequence g € poly(ZP, G) is A-irrational if g; is A-irrational
for each i € NP with 0 < [i| < s.

Being highly irrational is a stronger property than being close to equidistributed, as
implied by the following lemma.

Lemma 2.12 (Irrationality implies equidistribution, Lemma 3.7 of [17]). Let
D eN,. Let G/I" be a filtered nilmanifold of complexity M, and suppose that g €
poly(ZP,G,) is p-periodic and A-irrational. Then g is Opr,p(A~MP)-equidistributed.

In our arguments, we shall want to approximate sums like (2) by integrals of Lipschitz
functions on nilmanifolds. A key step in doing so is to decompose an arbitrary 1-bounded
function into a nilsequence of an appropriate degree and two error terms. We do this
via the following lemma, which is a simultaneous and periodic version of the celebrated
arithmetic regularity lemma [17, Theorem 1.2].

Lemma 2.13 (Simultaneous periodic irrational arithmetic regularity
lemma). Let s > 2 and t > 1 be integers, e > 0, and let F: R, — R, be a growth
function. There exists M = Os . #(1) with the property that for all 1-bounded functions
fi,---5 ft : F, — C there exist decompositions

fi = fi,nil + fi,sml + fz,unf
such that for each 1 < i < t, the functions f; nit, fi,smi, fi,uns satisty the following:

(1) fini(n) = Fi(g(n)I") for a M-Lipschitz function F; : G/I" — C, where G/I" is a
filtered nilmanifold of degree s and complexity at most M, and g € poly(Z,G,) is
a p-periodic, F(M)-irrational sequence satistying g(0) = 1;

(ii) || fi,smill2 < €
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(i) || fiunsllusrr < 1/F(M);

(iv) the functions f; ni, fi,smi and fi uny are 4-bounded.

The important thing about Lemma 2.13 is that we decompose each fi,..., f; with
respect to the same sequence g and the same nilmanifold G/I". We give its proof in
Appendix A.

Finally, we shall briefly state the relevant properties of Gowers norms and polynomial
bias norms, all of which are discussed more extensively in [15, 16]. While Gowers norms
are the central objects of study in this paper, polynomial bias norms only appear in
Theorem 1.6.

Definition 2.14 (Polynomial bias norms). For s € N, the polynomial bias norm
of degree s of a function f :F, — C is given by

/]

w= max [Eeer, f(2)ey (0n1a®™ 4 o)

Gowers norms and polynomial bias norms are seminorms for s = 1 and genuine norms
for s > 2. They satisfy the monotonicity property

1o < I flloz < W fllwe < -+
[fllar < W flluz < I fllus <0
for any f :F, — C. Gowers norms also bound polynomial bias norms in that
[fllus < M1 flle-
For s = 1, we in fact have || f||,» = ||f||v:, and for s = 2, we have || f||.2 < || ]|z < ||f\|ié2

for all 1-bounded f : F,, — C, a result known as U? inverse theorem. For s > 2, however,
there exist functions that have large U® norms and small ©® norms. This is due to the fact
that having a large u® norm is equivalent to correlating with a polynomial phase of degree
s — 1, while having a large U® norm corresponds to correlating with a broader category of
nilsequences of degree s — 1. See [16, 20, 21] for more details on the relationship between
Gowers norms and nilsequences.

3. Leibman nilmanifold for polynomial progressions

Throughout this section, let P(x) = (Pi(x), ..., P,(x)) € Q[x]’ be an integral polynomial
map of degree d. Suppose that G/I" is a filtered nilmanifold of degree s, dimension m
and complexity M. Given a polynomial sequence g adapted to a filtration Go on G/I’,
we define

9" (%) = (9(P1(x)), .., g(Pi(x)))-
The main objective of this section is to construct a group G with a filtration G such
that g¥ € poly(ZP,GE) whenever g € poly(Z,G,). The group GF originally appeared
in Section 5 of [26], but we are not aware of the filtration GI being defined previously
except for the relatively simple case of linear forms in [17].
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It is a standard fact that each integral polynomial map (Q € Q[x]! can be expressed as
~ - (x
= bi )
9 =57(})
for some b; € 7!, and we denote its degree-j part by
~ - (x
D;Q(x) :== Iz: bi(i).
il=j

Thus, for instance, Di(x + y + (”2”)) =x+y and Dy(z+y + (920))
notation, we denote

G =)o) e )=o) ()

for D-dimensional vectors x, i and ¢-dimensional vectors U, j. If i is a scalar, however, we

(9-(()-()

We endow R? with the structure of a real algebra by letting

(g) To clarify the

(al,...,at) . (b17~-~7bt) = (albl,. ..,atbt)

and setting T = (1,...,1) to be the identity vector.
For 7, j € N, we define two families of real vector spaces

P
Piji= Span{Dk< (ZX)> k>4 1<1<ixeZP}

Qij = > Pivii - P = Pig + Y Qi Qinia-
kit g1, dk €N i14i2=1,
it A=t 14 e =] Jitje=j

We note several facts about these subspaces.

Lemma 3.1. For each i,1i1,12,J,j1,j2 € N4, we have the following inclusions:
(i) Pij C Pit1,;
(i) Pij+1 C© Piys
(iii) Pi; C Qij;
(iv) Qij C Qit1;
(v) Qij+1 € Qij;

(vi) Qiy gy * Qisjo © Qiytin,ja+in-
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Proof. Statements (i)—(vi) follow directly from the definitions. Statements (iv) and
(v) follow from properties (i)—(iii) by induction. a

We define groups GP for j > 1 by setting

GP = <gﬁi’l7€ Qm-,gEGi,i> 1>

J

where we let g7 := (g¥1,...,g"*). We moreover set G’ = G = G¥ and '’ =T'*NGT.
It follows from property (v) of Lemma 3.1 that

GP=act =cFoagl oGl >

Each of the groups Gf is normal in G because each G; is normal in G.

For instance, if G4 is a filtration of degree 2 and ﬁ(x,y) = (z,z +y,x+ 2y) is the
3-term arithmetic progression, then P; 1 = Q11 = Span{(1,1,1),(0,1,2)}, Pa1 = Pao =
Q21 =0Qs5=R>and Q12=0Qs3= {6}, thus G is given by

GP—< ,g§0 79§001) g1 € G1,92 € Gg)
Gg — (g (1’1’1),950’1’2),g§001) g2 € G)
GV =aGF =...=1.

Lemma 3.2. The chain of subgroups (G )32 defines a filtration on GT of degree sd.

Proof. Take generators gfl S Gﬁ and 952 € Gi for some elements g; € Gy and g €
G as well as vectors ¥ € Q;, j, and U € Qy, j,. We want to show that their commutator
is in GJ +j,- If this is true for the generators, then by Lemma 7.3 of [19] it holds for
arbitrary two elements of G;, and G,, proving the lemma.

By (41), we have

97, 95%] = [91, 92" Hga”(”“”z)

where each g, is a commutator of ki copies of g; and ko copies of go for some ki, ks > 1
satisfying k1 + ko > 3, and

Qo (U, W) := (Qa(ur,wy), ..., Qun(u,w))

for some polynomial @, (x1,22) that has degree at most ky in x1 and at most ko in o,
and vanishes when 1 = 0 or x9 = 0.

By the filtration property of G, the commutator [g1, g2] is in G}, 44,. We moreover have
that

U1 U2 € iy iy Dinjo © Diytin,jr+is

by part (vi) of Lemma 3. 1 Consequently, the element [gy, go]" " is contained in G¥ i

‘We handle the terms ga «(T1,72) 4 a similar manner. If g, is a commutator of k; copies
of g1 and ko copies of go, then go € Gi,i,+ki, Dy the filtration property of G. The
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polynomial Q, can then be written as Qo (1, %2) = Y 1<ty <k, Biy 1o 2%, and so

1<la<ke
R N N
Qa(vl,'UQ) = § Blhlz (Ul) e (UQ) *e E Ql1i1+12i2,llj1+l2j2
1<l <k, 1<l <k,
1<l2<ke 1<la<ke
c E Qk1i1+k2i2711j1+lzj2 - Qk1i1+k2i27j1+j2
1<l <k,
1<la<ke
by Lemma 3.1. Thus, ¢%=™%) is contained in GE ., for each o which implies that
U1 Vs P
(91" 92°] € G 4 iy O

We now aim to prove the topological properties of G¥ and Gf , and we do this by
following the arguments presented in [17] after Lemma 3.5. Our first goal is to show
that GP is a connected, simply connected Lie group. By Lemma 3.1, we have a chain of
subspaces

0CQ11CQi1C- - CQuCR (12)

that can be defined over Q. Letting ¢; = dim Q; 1, we can find a basis 77, ..., 0, for Q1
satisfying the following properties:

(i) (Integrality) ¢4,...,7;, are all integer-valued,

(ii) (Partial span) #4,...,0;, span Q; for each 1 <17 <'s,

(iii) (Row echelon form) For each 1 < k < t5 there exists an index 1 < 7 < t such that
U (rk) # 0 but 0j(rg) =0 for all k <1 < t.

Fixing such a basis, we let deg(v)) to be the smallest ¢ such that vy, is in Q; 1. We can
express each element of G as a finite product of g,'z"' where gi € Gyeg(s,) and 1 < k < .
By applying the corollaries (40) and (41) to the Baker—Campbell-Hausdorff formula many
times, we can then rewrite an arbitrary element of G¥ as

ts
1T s, (13)
k=1

where gr € Ggegq, for all 1 < k <ts. This representation is unique, implying that Gr
is indeed a connected, simply connected Lie subgroup. From the fact that each U} has
integer entries, it can be further deduced that I'" is cocompact in G*. Similar arguments,
where we replace Q; 1 in (12) by Q; ;, show that each Gf is a closed connected subgroup
of G and FJP =Itn Gf is cocompact in Gf. This implies that GT/I'T is a filtered
nilmanifold. Finally, the same argument combined with the fact that P; ; = Q; ; =0
whenever j > id shows that G is a subnilmanifold of G* when we endow G* with the
filtration (G*)} = (G[Jﬂ)t-

The next lemma explains why we have imposed this particular filtration on G*.

Lemma 3.3. If g € poly(Z,G,), then g* € poly(ZP,GF).
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Proof. We first decompose

(") =2 w(3)

J

and note that v; ; € P; |3. Therefore, gl” € G\JI by definition of GG. Using (40) and (41),
we regroup the terms of

p<x>

: T 25740)
g; = 9;
H IZT

to bring all the elements involving the same monomial (’J‘) together. Thus, the Taylor

coefficient of (’J‘) is of the form

S

Z Ui
JHg (14)
i=0

where the terms g% come from applying (40) and (41). For each label «, the ele-
ment ¢, is a commutator consisting of k, copies of ¢; for 1 <r <n, and so g, €
Giiky+-+ink, Dy the filtration property of G. The vector v, is a rational multiple of
1 . . .
Uy gy Uiy, for some 1<y <k, ooy 1< <k oand liil+ -+ 1i.l = |j]- There-

fore, Uy € Qi 1,4 ginin g, |++13,] Dy part (vi) of Lemma 3.1. It follows from parts (iv)
and (v) of the same lemma that

Qirlyittinlu iy +tinl € Qirtsttinknljl S Lirks - tinkn,ljl>

implying that g7~ € Glljj‘ for each . Thus, the coefficient (14) is in G| i[> as claimed. [

Even though the definition of Q; ; guarantees that GF is filtration, it is not very handy
to work with because of the terms Q;, j, - Q;, j, that appear there. However, many of
the configurations that we look at satisfy a condition that allows us to work with P; ;
instead.

Definition 3.4 (Filtration condition). We say that an integral polynomial
P e Q[x]" satisfies the filtration condition if Pi, j, - Piyjo C Pirtis,jrtin for all
i1,%2, J1,J2 2 1.

Lemma 3.5. Suppose an integral polynomial Pe Q|x]* satisfies the filtration condi-
tion. Then P; ; = Q; ; for all 4,7 € N,.

Proof. Whenever i =1 or j = 1, the lemma follows by definition. Other cases follow
by induction on (3, j). O

For progressions satisfying the filtration condition, we can relate the group GP to G’ i+
in a handy manner.
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Lemma 3.6. Let j € N, and suppose P satisfies the filtration condition. For any
i€ Ny, let X; j41 = {¥1,...,0,} C Z" be a basis for P; j 11 that extends to a basis X; ; =
{V1, o Uy ey Uy  C 7t for Pi,j- Then

G = (Gl ,g" li+1<r<li+ki,geGieNy).

Proof. Since P satisfies the filtration condition, we have by Lemma 3.5 that P; ; =
Q;,j. By definition of Gf , the group is generated by elements of the form g% for i € N,

geG;, U= erilk a, U, and a, € R. Letting w = Zi’":l a, 7, we observe that g% € Gﬁ_l,
and so

g7 =g" " = (gt )T (gt )Pt mod G .
Thus each generator g% in Gf is a product of an element from Gf 11 and hTr for 1; + 1 <
r <l +k; and h,. = g° € G;. [l
3.1. Progressions of a special form

The technical results presented so far in this section work for arbitrary integral
polynomial maps. However, we shall mostly work with polynomial maps of the form

ﬁ(amy) =(x,x+ Pi(y),...,x + Pi_1(y)). (15)

For configurations of this type, we can relate the coefficients of (P(f’y)) to the

coefficients of (Pi(f}f)) for k£ > 0 in a way that will prove useful in future sections.

Lemma 3.7. Let i,k,l € N satisfy i >0, k <i and | < (i — k)d. Suppose P is an
integral polynomial map of the form (15). Then the coefficient of (})(Y) in (P(?y)) is the

same as the coefficient of (Zl’) in (Pz.(f’ky)).
Proof. If P is of the form (15), then f’(az, y) = 1z + P(0, y). Using the property

a+ -+ a . ay ap
( i ) oy <k1) <kz> "
0k, ki <,

ki+-+ki=i

which can be proved by looking at two ways in which one picks i elements from a union

of disjoint sets of size a1, ..., a;, respectively, we can rewrite
Play)\ _ (Te+P0.y)\ ([ = \(PO.9)\ _s~~=( = \(¥).
() =) =2 () V) =2 () (e

for some @ ,, € Z*. Replacing i by i — k, we obtain

(P =S5 ) (e

n=0 (=1

The lemma follows by taking n = ¢ — k in both cases and fixing 1 < I < (i — k)d. O
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Lemma 3.8. Suppose P s an integral polynomial map of the form (15). Then P; ; C
Pit1,j4+1 for all i,5 € N,

Proof. By Lemma 3.7, the coefficient ¢ of (Z) (Zl’) in (ﬁ(j’y)) is the same as the coef-

ficient of (kf—l) (3;) in (ﬁff_’ly)) whenever [ < (i —k)d. T k+1>j,then k+1+1>j+1,

and so if v € Pijs then v € Pitt1j+1- O
We remark that the property P; j C Pit1,j+1 for all4, j € Ny also holds for an arbitrary
integral polynomial map P that satisfies the filtration condition and I € P1,1. However,

the advantage of assuming (15) comes from the fact that we do not need P to satisfy the
filtration condition in this case.
Lemma 3.8 has one important corollary that we shall use several times.

Corollary 3.9. Let P be of the form (15),i,j € Ny, ¥ € P;;NZ!, and let n: GF — R
be a horizontal character that vanishes on Gf 1 Then the map

E:G;—R
g9~ n(g")
is an tth level character.

Proof. It is straightforward to see that £ is a group homomorphism. Since ¥ has integer
entries, the element ¢g” € I'" for any g € I, and so &(I7) € Z. It vanishes on [G, G] N G;
because its codomain is abelian, and to show that it is an ith level character, it remains
to show that &|g,., = 0. Suppose g € G11. From Lemma 3.8, we have that 7 € Piyq 41,
and so ¢” € Gfﬂ. It follows that £(¢g%) = 0 from the fact that 7 vanishes on Gfﬂ. O

4. An equidistribution result for =,z + vy, x + y2%,x + y + 3>

The goal of the next few sections is to prove Theorem 1.8 for various configurations for
which the theorem holds. We give them a name, so that it is easier to refer to them in
later sections.

Definition 4.1 (Equidistributing progressions). Let P = (Py,..., P,) € Q[x] be
an integral polynomial map. We say that P equidistributes if for each s,D € Ny,
M > 0, a filtered nilmanifold G/I" of degree s and complexity M, and a p-periodic, A-
irrational sequence g € poly(Z, G,) satisfying g(0) = 1, the sequence g € poly(Z”,GL)
iS 04— 00,m (1)-equidistributed on G /T"F.

We start with a seemingly simple example
P(a,y) = (r,x +y, 2 +y" x+y+y°)

=(:c7:v+y,:c+y+2<g)7x+2y+2(g)). (17)

It is a special case of the progression discussed in § 5. However, we analyse it separately
to give a concrete example of how our general argument works.
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We start by obtaining the formulas for P; ; for various values of ¢,j € Ny. From (17),
we deduce that

Pi11= Span{(1,1,1,1),(0,1,1,2),(0,0,1,1)} = Span{v, v, U3}
P12 = Span{(0,0,1,1)} = Span{vs}
Pl,j = 0 fOI‘ ] 2 3

where
=(1,1,1,1), ¥, =1(0,1,1,2), v5=1(0,0,1,1) and @4 =(0,0,0,1).
Our next goal is to deduce expressions for P; ; whenever 7 > 1.

Lemma 4.2. Fori > 1, the following holds:

R4, 1<j<i
P Span{vs,vs}, i+1<j<2i—1
") Span{#s}, j=2i
0, 7> 2.

Proof. The case j > 2i follows from the fact that the polynomial map (13 (f’y)) has
degree 2i. For the case j = 2i, note that the only monomial of (ﬁ(f’y)) of degree 2i is (2111)’
which comes from the term 3? in ]3(99, y), and one can verify directly that the coefficient
of (£) in (P@¥Y s (0,0, (2i)!/il, (2i)!/il). Consequently, Pi o; = Span{is}.

In the case i +1 < j < 2t — 1, we have

Pi; C{0} x {0} xRxR (18)

because the polynomials (%) and (‘rjy) both have degree 4, and we claim that (18) is an
equality. Since P;2; € P; j, we know that P; ; contains 3, and it remains to show that
P, ; contains a vector of the form (0,0, a,b) for some a # b. To this goal, we look at the

coefficient of (2;“’71) in (P(T y)) Note that

()= () () o

where R(y) has degree 2i — 2. In particular, the polynomial y(.y2 ) has degree 2i — 1, and

so has a non-zero coefficient at (22 1) Therefore, the coefficient of (2 71) in (P(f’y)) is of
the form (0,0, a,b) for distinct integers a # b, implying that P; ; = {0} x {0} x R x R,
as claimed.

To handle the case 1 < j < 7, we look at P; ; and note that P; ; D P; ; for these values
of j by Lemma 3.1. By the previous case, we already know that P; ; 2 {0} x {0} x R x R.
The space P;; moreover contains ¥, which is the coefficient of (Z) in (P(f’y)), and Ts,
which is the coefficient of (;*,)y by Lemma 3.7 and (17). Thus, P; ; is all of R*. O
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Having established the structure of P; j, it is straightforward to establish the following
lemma.

Corollary 4.3. The polynomial map P satisfies the filtration condition.

Proof. The proof proceeds by verifying that Pi, j, - Pisjo € Piitis,ji+j. for all
11,12, J1,J2 = 1 on a case-by-case basis using Lemma 4.2. The details are rather tedious
and unsophisticated; therefore, we leave them to the reader. ([l

Using Lemma 4.2, we get an explicit presentation for Gf which tells us how this
subgroup distinguishes from Gf 11

Lemma 4.4. For j =1, we have
GP = (GF n" h™ i h e Gy).
If 7 > 1 is even, then
Gy = (G, 9™ W™ W™ 1g € Gy h € Gy).
If j > 3 is odd, then
GP =(GF, 1, g™ W™ W™ : g € G(j41))2,h € Gy).

Proof. The lemma follows from combining Lemmas 4.3 and 3.6 with the structural
information on P; ; that we obtain from Lemma 4.2. O

Having established the structure of the subgroups Gf , we are ready to prove that P
equidistributes.

Theorem 4.5 (z,z +y,z + y%,x +y + y?> equidistributes). Let G/I" be a
filtered nilmanifold of degree s and complexity M. Suppose g € poly(Z,G,) is p-
periodic, A-irrational, and satisfies g(0) = 1. Then the sequence g© € poly(Z? GY) is
O (A=eM)-equidistributed on GT /'Y for some cpr > 0.

In the proof of Theorem 4.5, we shall use the following useful lemma.
Lemma 4.6 (Integer multiples do not matter). Let j > 1, and suppose that
n: G — R is a horizontal character such that no g¥ is Z-valued and n|GP+1 = 0. Suppose
J
moreover that for some ¥ € P; ; NZ* there exists a non-zero integer a such that n(gd’) €

Z. Then n(g7) € Z assuming that p is sufficiently large with respect to a.

There is nothing special about our particular progression here — Lemma 4.6 works for
any polynomial progression; therefore, we shall also use it for progressions examined in
the next sections.

Proof. By Lemma C.1, gfi € I'; mod Giy1, and so g7 = (v;h)? for some v; € I; and
h € Giy1. Using (40), Lemmas 3.1 and 3.8, we note that h¥ € Gfﬂ, and similarly for com-

mutators emerging from applying (40). We, therefore, have g¥ e FjP mod Gf 41, from
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which we deduce that pin(g?) € Z. The assumption that 7(g¢") € Z for some non-zero
integer a further implies that ged(a, p)n(g?) € Z. Taking p sufficiently large guarantees
that ged(a, p') = 1, and so n(g?) € Z. O

The general strategy of our proof of Theorem 4.5, as well as Theorems 5.3, 6.3 and 12.6,
follows the methods used in [17] to prove Theorem 1.11, the counting lemma. However,
the technical details are quite different due to the fact that progressions dealt with in
these theorems are no longer homogeneous. The main difficulty comes from the fact
that the coefficients of polynomial maps of the form no g (z,y) for some horizontal

character 17 have contributions coming from (P (f’y)) for several values of 4. This difficulty

is not present when P is a linear form in several variables, as then each power (123 ) is a
homogeneous polynomial map of a different degree.

Proof of Theorem 4.5. Suppose that the sequence g¢g© € poly(Z% GT) is not
Oy (A™M)-equidistributed. By Theorem 2.9, there exists a non-trivial horizontal charac-
ter n : G — R of complexity at most cA for an appropriately chosen ¢ > 0, for which the
polynomial 7 o g*’ is Z-valued. Let j be the largest natural number such that ’I]|GJ}? #0.
By assumption, n annihilates Gf 11

We use the maximality of j, the properties of 1, and the structural information on G¥
contained in Lemma 4.4 to contradict the A-irrationality of g. We do this by inspecting
the coefficients of 1 o g*.

We first do the model case 7 = 1; it is different from and less complicated than the case
j > 1, and it can be used to illustrate the argument for the latter. Assuming j = 1, we
have

nog”(x,y) =n(gl)z +n(g}?)y,

as all the other terms are annihilated by 7. Using the fact that 7o gF (x,y) € Z for all
z,y € F,, we deduce that n(g)*) and 7(g;?) are both in Z.
We define

&i(h) = n(h™)

for each i = 1,2 and h € G;. By Corollary 3.9, the functions &; are 1-st level characters
that annihilate g;. By Lemma 4.4, if both of them are trivial, then so is 7; therefore,
at least one of them is non-trivial. The bound on the modulus of n and the fact that
the vectors 07 have entries of size O(1) imply that |¢;| < A, provided that the constant
c is appropriately chosen. This contradicts the A-irrationality of g, implying that g% is
Onr (A~ °M)-equidistributed.

For the rest of the proof, we assume that j > 1. We split into two cases based on
the parity of j. We shall only give the proof when j is even, as the other case follows

similarly. First, the assumption that 7 o g* is Z-valued implies that n(g;?l) € 7, since this
is the coefficient of (33) Second, we have n(g;?z) € Z, sis tliis is the coefficient of (j;fl)y
by Lemma 3.7 and (17). By Lemma 4.2, we have g;°,g;" € GY\,, implying n(g;®) =
n(g;?“) = 0. Using the fact that each vector in Z* is an integral linear combination of
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U1, Ua, Us, U4, we obtain that
n(g;j) € Z (19)

for any 7 € Z*.

Our goal now is to show that n(g] 7

in o g”(z,y), which is of the form

) € Z. To this end, we look at the coefficient of (¥)

S

D+ > nlgl) (20)

i=1+1

j'

) gy

M. §1

for some w; € P; ;. Note that there is no contribution coming from g; for ¢ < j/2 because
deg((P('f’y))) < j for these values of i. If i # j and ¢ > j/2 + 1, then w; € Span{us, U4}
because (?) and (“‘y) are homogeneous polynomials of degree i, and so gw’ € G] 1

by Lemma 4.2. Therefore, (g “”) =0 by the property of jth level characters. If i = j,
then ; € Z*, but we know from (19) that 7(g)") € Z for any @ € Z*. Thus, the entire

contribution of Z?:j/2+1 n(g"") is in Z. Using Lemma 4.6, we deduce that 7(g /2) ez

for sufficiently large p.
We define

7(h) = n(h™) and  &(h) = n(h™)
for i = 1,2 on G5 and G}, respectively. By Lemma 3.9, the functions 7 and § are j/2th
and jth level characters which send g;,2 and g; to Z, respectively. By Lemma 4.4, if all
of them are trivial, then so is 77, and therefore, at least one of 7,&; is non-trivial and of
complexity at most O(|n]) < A upon taking ¢ > 0 sufficiently small. This contradicts the
A-irrationality of g, implying that g7 is Oy (A~M)-equidistributed. O
5. An equidistribution result for z,x + Q(y),x + R(y), z + Q(y) + R(y)

We now generalize the result of the previous section by considering the configuration

P(z,y) = (x,2+ Q(y),z + R(y),z + Q(y) + R(y)) (21)

for integral polynomials @, R of degrees 1 < dy < da, respectively. From (21), we can
deduce that

P11 = Span{(1,1,1,1),(0,1,0,1),(0,0,1,1)} = Span{v, ¥, U3 }

Pio=---="P1q, = Span{(0,1,0,1),(0,0,1,1)} = Span{tvh, U3}
Pidy+1 =+ = P14, = Span{(0,0,1,1)} = Span{vs}

Pi1;=0 for j>dy+1

where
=(1,1,1,1), v =(0,1,0,1), v5=1(0,0,1,1) and @4 = (0,0,0,1).

Our next goal is to deduce expressions for P; ; for ¢ > 1.
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Lemma 5.1. For i > 1, the following holds:

R* = Span{, v, U3, U }, 1<j<1

0x R xR xR = Span{ts, v5,04}, i+1<j<idy
Pij=<0x0xR xR = Span{vs, t4}, idy +1<5< (i—l)dg—i—dl

Span{vs}, (i—1)de+dy +1<j<ids

0, j > ids.

Proof. The case j > idy follows trivially from the fact that the polynomial (13 (?’y))
has degree ids.
In the process of deducing the other cases, we shall use the fact that

P(z,y) = iz + P(0,y) = 1z + 12Q(y) + T3 R(y) (22)

and (16). Combining (22) and (16), we rewrite (ﬁ(f.’y)) as

()= (S OO 0 () (V)(7)

(23)

We can further rewrite the last vector in the sum as

<0’ (Q(_y)) (R(_y)>’ (Q(y) + R(y))>
0 (0 (R () o

From (23) and (24), we see that the only monomials in (ﬁ(f’y)) of degree greater than

(i—1)ds +d;y in (P(f’y)) have coefficients of the form a3 for some a € Z. In particular,
the value a will be non-zero for the coefficient of (ifj’Q), implying the case (i — 1)dy + dy +
1 < j <idy by Lemma 4.6. B

To deduce the case idy + 1 < 7 < (¢ — 1)da + di, we note that the projection of (P('f’y))
onto the first coordinate has degree i, while its projection onto the second coordinate has
degree idy, and so

'Pi,ngXOXRXR
for these values of j. We claim this is an equality. We already know that #i3 € P; ; since
its multiple is the coefficient of (“-’jz) We claim that the coefficient of the monomial
((i—l)g(lig—&-dl) is of the form avs + bvy for integers a,b such that b # 0, which will imply
this case. This follows from (24), the assumption d; < da, and the observation that the
polynomial Q(y) (}ffyl)) has degree (i — 1)da + d1, thus contributing to the coefficient of

((i—l)?ig—‘rdl) N
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The next case, i +1 < j
B

< idy, only happens if d; > 1, and so we make this assumption.
Since the projection of ( (f’y)) onto the first coordinate has degree i, we deduce that

’Pi,ngXRXRXR.

To prove that this is an equality, it remains to show in the light of the previous cases
that a vector of the form avs + bvis + cti3 is in P; ; for some a # 0. Since the projection of

(© (f ’y)) onto the second coordinate has degree id;, the coefficient of (lgl) is of this form,
implying this case.

If d; =1, then the same argument implies that v € P; ;.

Finally, the case 1 < j < ¢ follows from combining the previous case, Lemma 3.1 and
the observation that v is the coefficient of (f) O

Having established the structure of P; ;, it is straightforward to deduce the following
lemma.

Corollary 5.2. The polynomial map P satisfies the filtration condition.
We come to the main result of this section, which is case (i) of Theorem 1.8.

Theorem 5.3 (z,z + Q(y),x + R(y),z + Q(y) + R(y) equidistributes). Let
G/T be a filtered nilmanifold of degree s and complexity M. Suppose g € poly(Z,G,) is
p-periodic, A-irrational, and satisfies g(0) = 1. Then the sequence g* € poly(Z?,G¥) is
O (A=M)-equidistributed on G /'Y for some cpr > 0.

Proof. Suppose that the sequence g7 € poly(Z2,GL) is not Opr(A=M)-
equidistributed. By Theorem 2.9, there exists a non-trivial horizontal character n : G —
R of complexity at most cA for some ¢ > 0 to be chosen later, such that n o g*’ € Z. Let
j be the largest natural number such that U‘G;.’ # 0. By assumption, n annihilates Gf 11

If 5 = 1, we proceed exactly as in Theorem 4.5, and so we assume that 7 > 1. For any
i > 1, we define

&ik(h) = n(h")
for h € G; and each k € {1,2,3,4} such that ¢} € P;; but Uy ¢ P; j+1. The maps &
define ith level characters on G' by Corollary 3.9. By Lemma 3.6, if all of & j, were trivial,
so would be 7, implying that at least one of &; j, is non-trivial. The bound on the modulus
of n and the fact that the vectors 7) have entries of size O(1) imply that |& x| < A4,
provided that the constant ¢ is appropriately chosen.

Our goal is to show that for all pairs (i, k) as above, we have &; ;(g;) € Z. Since at least
one of these §; ;. is non-trivial and of modulus at most A, we obtain a contradiction of
the A-irrationality of g, implying that g is O (A~M)-equidistributed. By enumerating
all such pairs (i, k), we observe that all we have to show is that n sends the following
elements to Z:

(i) g

(ii) ¢33, if dij;
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(i) g%+d2*d1)/d2’ if da|(j — dy);
(iv) 973, if dalj.

That 7(g; ") e Z follows from observing that this is precisely the coefficient of ( ) is n(gj );
showing that other elements are sent to Z is a bit more involved.
We assume d;|j, and we claim that n(gj/d ) € Z. From Lemma 3.7 we know that the

coefficient of (j/dl_l) (5’1) is of the form

S

(J/d1)+b77( j/dl)‘i‘ Z 77(91@7)
i=j/d1+1

for some integers a,b such that a # 0, and some integer vectors w; € Span{vs, U3, U4 }. If
i>7/dy + 1, then j <idy —dy, and so j + 1 < idy. It follows from this that Wi € Pijy1,
therefore n(gwi) = 0. We moreover have that 3 € Pj/dl j+1, and so n(g¥ ]/d ) =0 as well.
From this, Lemma 4.6 and the vanishing of the coefficient of (j Jdy— 1) (dy) mod Z, we
conclude that n(gj/dl) €.

We are left with showing that the elements in (iii) and (iv) are sent to Z by 7. Note that
since 1 < d; < da, the number dy cannot simultaneously divide j — d; and j; therefore,

only one of these cases at a time is available. We assume that ds divides j, and the other
case will follow similarly. To show that n(g ) € Z, we look at the coefficient of ( )
d

which is of the form ’

an(gf,,)+ Y ng) (25)

i=j/da+1

for some non-zero integer a and vectors w; € Span{w, 3,7} N P; ; N Z*. By Lemma 5.1,
we have w; € P; j41 unless j =idy or j = (i — 1)do + dy. If dy divides j, then we have
already shown that n(gfjdl) € 7Z, and we moreover have n(g]/d ) =0 and 7n(g ]/dl) =0
since U3, Uy € Pj/q, j+1. Therefore, n(g ]/dl) € Z for any w € Span{#s, U3, T4} N P; ; N Z*.
The case j = (i —1)dy +d; does not happen by our assumption that do does not
d1v1de J — dy. Thus the sum in (25) vanishes mod Z, implying that an(g; s ) € Z. That

n(gss J/d ) € Z follows by Lemma 4.6. O

6. An equidistribution result for x,x + Q(y),z + 2Q(y), = + R(y),x + 2R(y)
We now turn our attention to the configuration
Plz,y) = (z,2 + Q(y), « + 2Q(y), z + R(y), « + 2R(y)) (26)

for polynomials @, R € Z[y] with zero constant terms of degrees dy, da, respectively, that
moreover satisfy 1 < d; < do/2. Letting

(17 ]" 17 1’1) /172 = (07 ]‘72’0’0)7 173: (07070’ 172)7
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we observe that

P;1 = Span{(1,1,1,1,1),(0,1,2,0,0),(0,0,0,1,2)} = Span{ty, v, U3},

Pio=---=Piq = Span{(0,1,2,0,0),(0,0,0,1,2)} = Span{tvh, v3},
Pidy+1 =+ = Pia, = Span{(0,0,0,1,2)} = Span{v}

P1;=0 for j>dy+1,

and we prove the following lemma giving the structure of the spaces P; ; for i > 1

Lemma 6.1. Let ¢ > 1. Then

Span{ﬁl,ﬁg_l,ﬁé,ﬁg_l,ﬁi}:ﬂ@, 1<j<i
Span{vy 1, T, 75 L7} =0x RxRxRxR, i+1<j<(i—1)d +1
P, = Span{qjé,zg717z_)’é}7 (7' - 1)d1 +2 <] < idy
") Span{oi, #} =0x 0x 0 x R xR, idy +1<j<(i—1)dy+1
Span{t}, (i—1)dy +2 < j <idy
0, 7 > ids

where o* = (7(1)*, 5(2)F, 7(3)%, v(4)*, ¥(5)%) for any k € R\ {0} and & € R,

Proof. The statement is trivial for j > idy. To obtain the expressions for P; ; for
other values of j, we make two observations. First, we note from Lemma 3.7 that for
0 < k <i—1, the coefficient of (z) (3;)

ik ik
AUy ~ + bk,lv3

for some integers ay,; which satisfy ay; =01if [ > (i — k)dy and by; = 01if | > (i — k)ds.
Moreover, the numbers ay, (;—r)q, and by, (;—p)4, are non-zero since @ and R have degrees
dy, ds, respectively. By substituting £ = 0,1 and using d; < d2, we deduce that

; i—1 ; i—1
Uy € Piidrs Uy € Pigic1)ydi+1s U3 € Piidys Uy € Pi(i—1)dat1,
but

Uy & Piiagi+1, U5 " € Pigi—nydit2, U5 & Piidar1, U5 - & Pii—1)dato
Second, we observe that for k> 1, we have @) * ¢ Span{d}, @i '} and @, * e
Span{@, 75!}, and moreover (i — k')d, +k < (i —k)d, +k for any k' <k and r €
{1,2}. From this, we see that to specify a basis for P; ;, it is sufficient to look at whether
o5t T, U5 and @ are in P;; or not. The statements for j > i follow by combining
these observations.

Lastly, we note that ¢; is the coefficient of (f), which together with P; ; DO P; j 41

implies the case 1 < j < 1. O

Corollary 6.2. The polynomial map P satisfies the filtration condition.
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We are now ready to show that if g is irrational on G/I", then g” equidistributes
on GF/I'P. The proof follows the same logic as the proofs of Theorem 4.5, 5.3
and 6.3; however, the technical details are different, as we are working with a different
configuration

Theorem 6.3 (z,z + Q(y),x + 2Q(y), z + R(y),x + 2R(y) equidistributes).
Let G/ I be a filtered nilmanifold of degree s and complexity M. Suppose g € poly(Z,G)
is p-periodic, A-irrational, and satisfies g(0) = 1. Then the sequence g* € poly(Z?,GT)
is Opr(A=M)-equidistributed on G¥ /TP for some cpr > 0.

Proof. Suppose that the sequence g% € poly(Z?,GL) is not Opr(A=M)-
equidistributed. By Theorem 2.9, there exists a non-trivial horizontal character n : G —
R of complexity at most cA for an appropriately chosen ¢ > 0, such that no g’ € Z. Let
J be the largest natural number such that n\G;_v # 0. By assumption, n annihilates G]P 11

Like in Theorems 4.5 and 5.3, we use the properties of 17 and the structural information
on G contained in Lemma 6.1 to contradict the A-irrationality of g. We do this by
inspecting the coefficients of 1o g. For any i > 1, we define

€t (h) = n(h™)

for h € G; and each k € {1,2,3}, € {i — 1,i} such that &} € P, ; but o} & P; ;1. The
maps & i, define ith level characters on G by Corollary 3.9. By definition of Gf , the

group is generated precisely by G, | and the elements of the form h¥ for h € G;, O €
Pi ;i \ Pij+1 and i > 1. Therefore, if all of &; ;,; were trivial, so would be 7, implying that
at least one of & ;. ; is non-trivial. The bound on the modulus of n and the fact that the
vectors ¥ have entries of size O(1) imply that | 4| < A, provided that the constant ¢
is appropriately chosen.

Our goal is to show that for all triples (i, k, 1) as above, we have &; 1 ;(g;) € Z. Since at
least one of these &; ,; is non-trivial and of modulus at most A, we obtain a contradiction
of the A-irrationality of g, implying that g is Ops(A~¢M)-equidistributed. We are thus
left to show that 7 sends the following elements to Z:

FU=D/d

(ii) g(f—1)/d1+17 if di|(j —1) and j > 1,
(i) g% if du|j
9i7dy > 1175
FU—D/ds

(V) 9021y ja,410 if dol(j — 1) and j > 1,

=i/ d2

(v) g}, - if dalj.

We first look at the model case j = 1, and then move on to the case j > 1. Assuming
j =1, we have to show that 7(g;*) € Z, and also 7(gy*) if di = 1. The first statement
follows from inspecting the coefficient of x. For the second statement, we assume d; = 1;

then Q(y) = ay for some a € Z, and so the coefficient of y is of the form an(gfz) plus
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terms that vanish by assumption that 77|G§ = 0. Lemma 4.6 thus implies that n(ng) €,
which finishes this case.

We assume from now on that j > 1. The number n(g“l) vanishes mod 7Z because it
is the coefficient of (7). We now proceed to show that the elements in (iii) and (v) are

in Z. To this end, we look at the coefficient of (3]’) and assume that at least one of d,

P(z,y)
ds divides j. By evaluating the contributions coming from n(gi( !

observe that the coefficient of (?j’) is of the form

)) for each 7 > 1, we

S

ST amle®) Z bin(gl")

i=[3/d1] i=[5/da]

for integers a;,b; € Z If i > j/dy, then j+ 1 <idy, and so 7% € Pi j+1 by Lemma 6.1.
Similarly, we have % € P; j+1 whenever i > j/dy. Therefore, the coefficient of ( ) reduces
to the rather unfortunate looking

gli/dil gli/d2]
(gry/dl > + b <9U/dﬂ > (27)
for some integers a and b.

We pause for a moment to analyse what happens if j is not divisible by one of dy, ds.
If dy does not divide j, then [j/dy] > j/dy, implying that vmdﬂ by the argument in the

previous paragraph. Then the coefficient of ( ) is an 1nteger multiple of 77( i d ) and so

gl/42
n(g} 9i7d ) € Z by Lemma 4.6. We similarly have n(g /d ) € Z if dy does not divide j.
The interesting case is when both d; and ds divide j, which we assume from now on.
In this case, both a and b are non-zero due to the fact that @ has degree d; and R has

degree dy. The strategy now is this: by lookmg at the coefficients of z(; %, ), () (;_%4,)

—1 g/ dq—2
and (3) (jfdl), we shall show that n(g.jd - ) and 7(g! i 7dy ) are both in Z. Since the

j/ 1 —»j/dl 1 —o]/dl 2

vector ¢5/"" is an integer linear combination of and v , we deduce that

_j/d

n(g;?d;) is in Z. By Lemma 4.6 and the fact that the coefficient of (J ) takes the form

~3/d2
(27), it follows that n(g ;’d ) € Z as well.
We start by analysing the coefficient of z(y i ), which is

S . S .
—i—1 —1—1

S amlg* )+ > binlg® )

for a;,b; € Z. The lower bounds in the range for ¢ come from d; < dy and the observation
that terms with smaller ¢ do not contribute to this monomial. By rearranging the inequal-
ity @ > ]/dl —|— 1 and Lemma 6.1, we infer that o5 Le Pij+1 whenever i > j/di + 1.

Similarly, @ ' € P; j+1 whenever i > j/dy + 1. Since 7 vanishes on G j41, we deduce
_j/dq—1
that the coefficient of x(y;y dl) is an integer multiple of n(g i 7dy ), implying that
gi/d1-1 ‘

77(9;7(11 ) € Z by Lemma 4.6.
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We move on to the coefficient of (g)( ), which takes the form

Yy
j—2d

s ) s )
2 —i—2

S amlgr )+ > bin(g® )

i=j/d; i=j/da+2

for some a;, b; € Z. An important point here is that the second sum starts at i = j/dy + 2;
this results from the observation that by the assumption ds > 2d;, all monomials of
(x) ( R(y) ) have degree at most j — do < j — 2d; in y; therefore, they do not contribute to

2)\j/ds—1
() (j 4 dl) (this is the only point where we are using the assumption). Performing a similar

analysis as above, we deduce that all the terms involving ¥ and ¥ with ¢ > j/d; 4+ 2 and
i > j/ds + 2, respectively, vanish mod Z. This leaves us with a coefficient of the form

1_),%'/(1172 l_].;'/dl—l
an \ 9;7a, 010 950,41

for some integers a, b with a # 0. This is not exactly what we wanted; however, analysing
_j/dp—1

the coefficient of (3) (jf’dl) and using Lemma 4.6 allows us to conclude that n(g;;dﬁ-l ) €

Z.. We leave the details on how this is done to the reader; they are no less tedious and

no more informative than our analysis of the coefficients of m(yf’ d1) and () (jfé dl)' Asa
_j/d1—2
consequence, we deduce that n(g;)j " ) € Z.
_j/ds

=3/ d1 Jj
This is the last missing step needed to show that n(g;;dl ) n(g;jdz ) € Z. We have thus
showed that the elements in (iii) and (v) in the statement of the proof are sent to integers
by 1. The argument showing that 7 sends the elements in (ii) and (iv) to Z is very similar:

instead of analysing the coefficients of (ZJ’), x(jfdl), () (jfédl) and (3) (jf’dl), we would

look at the coefficients of x(jfl), (3) (j—ly—dl)’ (3) (j_l-’i%) and () (j—ly—dl)' We leave

the details to an interested reader. O

7. The connection with the Leibman group for a system of linear forms

As remarked in the introduction, the construction of the group G¥ generalizes the con-
struction of Leibman group GY for a system of linear forms given in Definition 1.10 of
[17]. In this section, we illustrate how the definition of G fits into this framework. Let

—

¥ = (V,...,%) be a tuple of ¢ linear forms in variable x = (21, ...,2p). We observe that

i .
Pii= Span{ ('X) iXE RD} = Span {Wl(x) (X € RD} . (28)
i!

In [17], Green and Tao labelled the space in (21) as ¥l Green and Tao also defined
GY=(g":geGvewllizj)
for j > 1, calling GY = G := GY the Leibman group for ¥. The property P; ; = 0 for

i < j implies that GY = GF

;» and so Leibman group for ¥ is a special instance of our
construction.
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The system ¥ satisfies flag condition if Wl C wlit1] or equivalently if Pii C Pitiit1,
for any i € Ny. If ¥ satisfies the flag condition, then v equidistributes by the periodic
version of Theorem 1.11 of [17], which has been stated as Theorem 4.1 in [4]T .

The reader might want to know whether the flag condition is related in any way to
the filtration condition that we have defined in Definition 3.4. It turns out that any v
satisfies the filtration condition, and so these two conditions are unrelated. We prove this
in the next two lemmas.

Lemma 7.1. For any lﬁ, we have
Pij = gl . gl

Proof. Let ag,...,a; be rational numbers such that (:L) =a;n* + -+ + ag. Then

(ﬁ(;)) = @ (x) + -+ a P (x) + ao.

Since ¥ is a linear form, each s a homogeneous polynomial of degree [. It, therefore,
follows that

D (J(Z_X)) = a¥(x)! and ¥ = Span {Dl (gﬁ(;)) x € RD} .

The lemma follows from the observation that since the polynomials Dl(
homogeneous of distinct degrees, we have

P = Z Span {Dl (‘j(ix)) } . O
I=j

Corollary 7.2. Any ¥ satisfies the filtration condition.

7 (x)

i)are

Proof. Let iy,i2,71,j2 € Ny. If 41 < j; then P;, ; = {0}, and so P, j, - Pi,j, C
Pii+iz,j1475. trivially. The same happens if io < j. We can therefore assume that i; > j;
and iy > jo. From Lemma 7.1 and Corollary 3.4 of [17], it follows that

i 2 11+
l l l
Pirgi * Pisga = Z wlhl. Z wltz] c Z ol = Piytiz,jr+ja- O
li=j1 la=j2 l=j1+J2

We also record a corollary which describes the spaces P; ; for systems satisfying the
flag condition.

T The necessity of the flag condition has only been discovered in November 2020 by Daniel Altman.
Therefore, the journal versions of [4, 17] do not mention this condition. See [33] for an extended discussion
of how the flag condition comes into play.
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Corollary 7.3. Suppose that ¥ satisfies the flag condition. Then
Pig = =P, =wll
for any i € N.
Proof. By the flag condition, ¥ C wlil = Py, for every 1 <1 < i. Therefore,
Pij= plil gl — gl

for any 1 < j < i. O

8. True complexity of equidistributing progressions

We have shown in previous sections that many progressions, including x, z + y, x + 32,z +
y+y?or x,x+y,x+ 2y x+y3 x+ 2y3, equidistribute, i.e. if g is highly irrational on
G, then the corresponding sequence g” is close to being equidistributed on G*. In this
section, we shall prove Conjecture 1.12 for all equidistributing progressions.

Theorem 8.1. Lett € Ny, and fix1 <[ <t. Let P= (P,...,P,) € Q[x]' be a Gowers
controllable integral polynomial map that equidistributes and is algebraically independent
of degree s + 1 at l. Then the true complexity of P at [ is at most s.

The logic of the proof is very similar to the proof of Theorem 7.1 in [17], with small
modifications that allow us to get a control of weights on different terms of the progression
by different Gowers norms.

Proof. We let all implied constants in this proof depend on 13, s and t without
mentioning the dependence explicitly.

Fix € > 0. Since P is Gowers controllable, there exists an integer sop > 1, a threshold
po € N, and a real number § > 0 such that for all primes p > py,

‘EXEFI’? fl(Pl (X)) s ft(Pt(X))| <e€

for all 1-bounded functions fi, ..., f; : F, — C, at least one of which satisfies || fi||rs0+1 <
0. We let F: Ry — Ry be a growth function depending on € to be fixed later. If s > s,
then we are done, so suppose s < sg.

Suppose that fi,..., fi : F,, = C are 1-bounded functions, and suppose moreover that
|| fillgs+1 < 0. We use Lemma 2.13 to find M = O, £(1), a filtered nilmanifold G/I" of
degree sp and complexity M, a p-periodic, F(M)-irrational sequence g € poly(Z,G,)
with ¢(0) = 1, and decompositions

fi = fi,nil + fi,sml + fz,unf (29)

satisfying the conditions of Lemma 2.13. Decomposing each of f; this way, we get 3!
terms. All the terms involving f; sy can be bounded by O(¢). By choosing F growing
sufficiently fast depending on 6, we can assume that || fi unsllso+1 < 1/F(M) < §/4, which
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together with 4-boundedness of f; .,y implies that terms involving f; ..y contribute at
most O(e€). This leaves us with

Bxerp f1(P1(x)) -« fe(Pr(%)) = Exerp fini(PL(X)) -+ frna(Pe(x)) + O(e)

= EXGFEF(QP(X)FP) + O(E),

where F((uy,...,us)I'") = Fy(u1 ) -+ Fy(usI). Since P equidistributes, we have

Exerp f1(P1(x)) - fi( (%)) = / F+ or(m)—oo,m,e(1) + O(e).
GP/rP
By the assumption of algebraic independence, the polynomial (sill) is not a linear combi-

nation of (sill), ey (I:’_;ll), (I:’_;fll), ey (;_?1). Consequently, the space Q1,1 contains the

vector €; that has 1 in the [th coordinate and 0 elsewhere. This implies that the group
H=(h%:hecGey)={1}""" xGepy x {1}

is contained in G*. In fact, H is a normal subgroup of G due to the normality of G
in G. Therefore,

where F¢g ((ul, . ,ut)FP) = (Hl@gt, Fi(uif)> F, <s(wI') and F; < is the average of
i1

Fy over cosets of Gs1:

Fi<s(ul) =/ Fy(uwl)dw.
Goy1/Ts4n

It is straightforward to see that F] < is 1-bounded and M-Lipschitz. We moreover have
the bound

|Fes((u, . ud) 7| < |Frcs(wd)]

1/2
[or<] Fz,<3|<( / |Fl,<sl2) .
Gr/rr G/r G/r

The function Fj < is invariant on G,41-cosets by construction while F; — Fj <5 vanishes
on each coset. As a consequence, the two functions are orthogonal, implying

/ |Fy <o :/ <.
G/r aQ/r

By the F(M)-irrationality of g, we have

which implies that

// FiF) <s = Ener, (F1F,<5)(9(n) ") + 05 (M) —o0,0,e(1)-
Q/r
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We let ¢(n) = Fi <s(g(n)I"). By the G441-invariance of Fis, this is a nilsequence of degree
< s and complexity M. By (29), we have

Fl(g(n)[‘) = fl(n) - fl,sml(n) - fl,unf(n)'

We then split E,cr, F1(g(n)I")Y(n) into three terms. Using the Cauchy-Schwarz inequal-
ity, the term involving f; sy, can be bounded as

|ETLEFP fl,sml (n)'(/}(n” < €.

To evaluate the contribution coming from f;, we use || fi||s+1 < ¢ and the converse to the
inverse theorem for Gowers norms (Proposition 1.4 of Appendix G of [20]) to conclude
that

[Ener, fi(n)y(n)] = 0s—o0,n(1).

reo+1 < 0 and so > s to conclude that

Similarly, we use || fi,un |

|En€]Fp fl,unf (n)w(n)‘ = Of(M)HOO,]VI,E(l)'

Combining all these estimates, we have

[Exerp f1(P1(x)) - fi(Pe(x))] = O(€) + 0F(ar)—o0,m,e(1) + 05-0,0,¢(1).

By choosing F growing sufficiently fast and § sufficiently small depending on €, we obtain

Exesp f1(PL(x)) - fo(Pi())] <

which proves the theorem. ]

9. An asymptotic for the count of progressions of complexity 1

One of the applications of true complexity is that we can obtain an asymptotic for the
count of polynomial progressions of complexity 1 like those in Theorem 1.1. We rewrite
the integral polynomial map P € Q[x]* in the form

P(x) = Z@'Qz‘(x)
i=1

for some ¥1,..., 0, € Z' and integer-valued Q1,...,Q, € Q[x]. Given such a polynomial
map, we define the corresponding linear map

.
G(yr,.ooye) = Y By
=1

The relationship between the two progressions is given by

IS(X) - L3(621()()7 sy QT(X))7 (30)
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and we aim to understand the relationship between the appropriate counts

Ap(fry-os fo) = Bxerp [ [ fi (Pe(x))

k=1

and

k=1

where Pj, and 1, denote the kth coordinates of P and ¥ respectively.

Theorem 9.1. Let P and ¥ be given as above. Suppose moreover that P is Gowers
controllable, equidistributes and is algebraically independent of degree 2. Then

AP(fla-~-7ft) :A‘I’<f17""ft) +0(1)

for an error term o(1) that depends on P but not on the choice of 1-bounded functions
fisooo, Ji:Fp— C.

Corollary 9.2. Let P and ¥ be given as above, and suppose that P is Gowers con-
trollable, equidistributes and is algebraically independent of degree 2. For any A C IFp,
we have

{P(x) € A" : x € FPY = pP"[{T(y1,...,yr) € A 1, yr €FR} +0(pP),
and the error term is uniform in all subsets A.

What Theorem 9.1 is indicating is that for configurations satisfying only linear relations
and of true complexity 1, each polynomial ); can be thought of as a separate variable.
Therefore, the counts of P and ¥ are so strongly related.

We specialize Corollary 9.2 to two families of polynomial progressions that we have
explicitly looked at.

Corollary 9.3. Let Q, R € Z[y| be non-zero polynomials that have zero constant terms
and satisfy 1 < deg @ < deg R. For any 1-bounded functions fy, fi, f2, f3 : F, — C, we
have

Eyyer, fo(z) f1(z + Qy)) f2(x + R(y)) fs(x + Qy) + R(y))
= ]Eas,y,zerfO(m)fl (1‘ + y)fQ(x + Z)f3(x +y+ Z) + 0(1)7

where the error term is independent of the choice of fy, f1, f2, f3. Moreover, for any
A CF,, we have

{(z2+ Q). + R(y),x + Q) + R(y) € A 2y € F, )]
- %{(:uy,u,z) €Az ty=ut 2} +o(p?)

uniformly in the choice of A.
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We have thus related the number of progressions z,z + Q(y),z + R(y), z + Q(y) +
R(y) in an arbitrary subset A C F, to the number of solutions to the Sidon equation
T +y = u+ 2z, which is a well-studied quantity known as additive energy. To learn more
about Sidon equation or additive energy, consult e.g. [34].

Proof. The first part of Corollary 9.3 is a straightforward application of Theorem 9.1.
The second part follows by observing that two-dimensional cubes x,x +y,x + z, 2 +y + 2
parametrize solutions to the Sidon equation. (]

Corollary 9.4. Let Q,R € Z[y] be non-zero polynomials that have zero constant
terms and satisfy 1 < deg@ < (deg R)/2. For any I1-bounded functions fo, f1, f2, f3,
fa :F, — C, we have

B yer, fo(2) fi(z + Q(y)) fa(x +2Q(y)) f3(z + R(y)) fa(z + 2R(y))
= Eoy.zer, fo(2) fi(@ +y) fa(@ + 2y) fa(x + 2) fa(z + 22) + o(1),

and the error term is independent of the choice of fy, f1, f2, f3, f4. Moreover, for any
A C Ty, we have

{(z, 2+ Qy), 2 +2Q(y), v + R(y), v + 2R(y)) € A : 2,y € F, }
= %{(x,x+y,x+2y,x—|—z,x—|—2z) € A z,y,z € Fp}| + o(p?)
uniformly in the choice of A.
Corollaries 9.3 and 9.4 together imply Theorem 1.1.
Proof of Theorem 9.1. We adopt the notation from [17] to set
ol = Span{W*(yy,...,yr) : 1 <k <i,y1,....yr € Z}

to be the analogue of P; ; for the progression ¥ for 1 < j <i. We also let GY denote the
Leibman group for 7.

By assumption, the squares P;(x)?, ..., P;(x)? are linearly independent, implying that
Py = RY. From (30), it follows that Py, = Wl and P; ; € Wl for i > 1. Together with
the fact that Py = R?, this implies that w2 = Pa.1, and so the groups G¥ = G¥ are in
fact the same for any group G.

Given € > 0, we take § > 0 and py € N that works as in Theorem 8.1 for both P and 5,
and we let 7 : Ry — R, be a growth function to be fixed later. We moreover assume from
now on that p > po. By Lemma 2.13, there exist M = O, #(1), a filtered nilmanifold
G/T of degree 1 and complexity M, and a p-periodic, F(M)-irrational sequence g €
poly(Z,G,) with g(0) = 1 such that there exist decompositions

2

fi = fi,nil + fz',sml + fi,unf

of functions fi,..., fi : F, — C satisfying the conditions of Lemma 2.13. By taking F
growing fast enough with respect to ¢, we can assume that || fi unyllp2 < 1/F(M) < 6/4
for each .
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By applying the aforementioned decomposition to fi,..., f;, each of the operators
Ap(fi,..., ft) and Ag(fy,..., f+) splits into 3! terms. The expressions involving at least
one f; smi can be bounded crudely by O(e). Using Theorem 8.1, the expressions involving
at least one f; ,ns can be bounded by O(e) as well. We thus have

Ap(fr,.. s fr) = Ap(finits - - - fenir) + O(€),

and similarly for Ay (f1,..., ft). Since both P and ¥ equidistribute, we have
Ap(finits -+ frnil) = / F + or(m)—oo,m,e(1),
GP/FP
where F((uy,...,u;)'") = Fy(uiT") -+ Fy(usI"). Likewise, we have
Ap(fimits -, frnil) :/ F 4 07(M)—o0,M,e(1).
Q¥ /v

Using the fact that G = G¥ and combining all the estimates so far, we obtain that

Ap(fi,- o ft) = Aw(f1, -5 fr) + O(€) + 0 (M) —oo,m,e(1)-

The theorem follows by letting F grow sufficiently fast with respect to €, and by taking
e —0asp— 0. O

Note that the only two facts that we use in the proof of Theorem 9.1 is that the pro-
gressions P and ¥ are controlled by some Gowers norm (so that we can apply regularity
lemma) and that the Leibman groups G and G¥ are the same. It is the latter fact that
follows from the algebraic independence of degree 2 of P. We do not strictly require the
information that P and ¥ are controlled by the U2 norm.

10. A progression not satisfying filtration condition

While many naturally defined polynomial progressions satisfy filtration condition, one
can also find a configuration for which the condition fails. We present one such example
in this section. Let

P(x,y) = (w,z+y+y* +v°a+ 0 +20° 2+ +30%, 2+ y° + 4°)

= (1,1,1,1, 1)z + (0,3,3,4,5)y + (0,8, 14, 20, 26) <g) +(0,6,12,18,24) (g)

It is straightforward to deduce that

Span{(1,1,1,1,1),(0,1,0,0,0),(0,1,1,1,1),(0,1,2,3,4)}, j=1

- Span{(oa17131a1)7(0717233a4)}a Jj=2
"7 ) Span{(0, 1,2, 3,4)}, ji=3
0, j>a
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We claim that Py 1 - P13 ¢ Paa. To obtain Ps 4, we write

B
( (Z,y)) (17171,1,1)(2)+(0,3,3,6,10)y+(0,3,3,475):133/
+ (0,85, 184, 366, 610) (‘g) +(0,8,14,20,26)z (Z)

+ (0,477,1392, 2889, 4926) ( (0,6,12,18,24)x (3)

)+
+ (0,1056, 3612, 7752, 13452) < > + (0, 1020, 3840, 8460, 14880) (g)

+ (0,360, 1440, 3240, 5760) (z

From the fact that

(0, 360, 1440, 3240, 5760)
(0,1020, 3840, 8460, 14880)
)
)

360 - (0,1,4,9,16)

900 - (0,1,4,9,16) + 120 (0,1,2,3,4)

780 - (0,1,4,9,16) 4+ 120 - (0,1,2,3,4) + 12 (0,3,1,1,1)
6-(0,1,2,3,4),

(0,1056, 3612, 7752, 13452
(0,6,12,18,24

we deduce that
P24 = Span{(0,1,4,9,16),(0,1,2,3,4),(0,3,1,1,1)}.

From the description of P;; above, we have that ¢ = (0,1,0,0,0) € P;; and @ =
(0,1,2,3,4) € P13; however, the product - @ = (0,1,0,0,0) is not contained in Ps 4.
Therefore, the progression P does not satisfy the filtration condition.

11. Failure of equidistribution for =,z + v,z + 2y, x + y?

Failure to satisfy filtration condition is one reason why it may be hard to work with
Leibman group for more general polynomial progressions. Perhaps more interestingly, we
can find progressions that satisfy filtration condition, yet they do not equidistribute on
the Leibman nilmanifold. In particular, these arguments break for the configuration

Pe,y) = (w2 +y,z +2y,2+¢7) = (a?,x+y,x+2y,x+y+2<g>).

For this progression, we have

Span{(1,1,1,1),(0,1,2,1),(0,0,0,1)}, j=1
P =190x0x0xR, ji=2
0, Jj =3,

and we can moreover prove the following.
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Lemma 11.1. For i > 2, we have

RY, 1<j<i
Pii=X0x0x0xR, i+1<j<2i
0, 7> 2i,

Proof. The case j > 2i follows from the fact that deg((ﬁ(f’y))) =2i. Fori+1<j<
21, we note that (f), (I':y) and (“""fy) all have degree 4, and so P; ; € 0 x 0 x 0 x R. That

this is equality follows from the fact that the coefficient of (32’) is a non-zero multiple of
the vector (0,0,0,1). The case 1 < j < i follows from the fact that

—

(P(f; y)) — (11,1, 1)@) +(0,1,2, Day + (0,1,4,6) (g) +(0,0,0,1)y

%—(0,0,0,2yv(3> 4—(0,0,0,18)(2) 4—(0,0,0,12)<Z) (31)
and P; j O Py ; for i > 2 by Lemma 3.1. O

Corollary 11.2. The polynomial map P satisfies the filtration condition.

To prove that progressions in §4-§6 equidistribute, we showed that if a polynomial
sequence ¢ is highly irrational on a nilmanifold G/I", then g* is close to being equidis-
tributed on the nilmanifold G¥ /I"". More precisely, we proved the contrapositive: if there
exists a non-trivial horizontal character on G¥ /""" of small modulus that annihilates g*,
then for some j > 1 there must exist a jth level character on G/I" of small modulus
that annihilates the jth Taylor coefficient g; of g. It turns out this is not the case for
x,x +y,x + 2y, + y*: we can find a highly irrational sequence g on a nilmanifold G/I"
such that ¢¥ is annihilated by a horizontal character of a small modulus.

That our arguments from previous sections would not work here is already clear from
Lemma 11.1. If P equidistributed, then the fact that Ps ; is all of R* would imply that
the sequence (z,y) — g7 (x,y)G4 would be close to being equidistributed on the 1-step
nilmanifold G/GyI" for any highly irrational p-periodic sequence g, and so we would
expect P to be of complexity 1. We know by Theorem 1.13 that this cannot possibly
happen because of the quadratic relation (9). In the ergodic theoretic language, this
instantiates the fact that the Vandermonde complexity and the Weyl complexity of the
progression are different?.

Lemma 11.3. There exists a degree-2 filtered nilmanifold G/I" of complexity O(1),
a p'/?-irrational sequence g € poly(Z,G,), and a horizontal character n: G — R of
modulus O(1) such that no g” = 0.

Y Vandermonde complexity of Pe Q[x]* is the smallest i such that P; 1 = R*; Weyl complezity is the
smallest 7 such that P is algebraically independent of degree i. In our case, the Vandermonde complexity
is 2 but Weyl complexity is 3. Both of these concepts have been defined and discussed in [2].
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Proof. We take G =R x R and I' = Z x Z with the degree-2 filtration given by
G():G]_:RXR, GQZOXR, GgZOXO.

Let a = |\/p]/p. We define a sequence g € poly(Z, G,) by setting g1 = («,0), g2 = (0, @),
so that g(n) = (an, a(})). It is straightforward to see that g is indeed p'/2-irrational.

Having established irrationality of g, we shall construct a horizontal character on G¥
of bounded modulus that annihilates g”. Let (x,%,u, z) denote an arbitrary element of
G*, where 2 = (11, 3) and similarly for y, u, z. We define  : G* — R by setting

n(x,y,u,z) = (1 —y1 +ur — 21) + (2 — 2y2 + ua).

The function 7 defines a horizontal character on G*, and by abuse of notation we use 7
to denote its restriction to G¥. It is clear that |n| < 1. We claim that 7 annihilates g*.
Expanding 7 o g¥, we obtain

1,1,1,1 0,1,2,1 0,0,0,1 1,1,1,0) (%
nog” (@) =n(g""" )z + (gl ) + n(g "))y + (g ))(2>

+n(g§°121))$y+(0(950002))+77(950146)))( )+n(g§0002))w< )

2 2
0,0,0,18)+ (Y 0,0,0,12)+ (Y
a0 () 4 nia ) (4):
(1,

Because of the way we defined 7, we see that it annihilates g; LD hecause
n(g§1,1,1,1)) =a—at+a—a=0.

Other terms of the polynomial 1o g” are annihilated for similar reasons, with one inter-

esting exception: the coefficient of (g) The function 7 annihilates neither g§0’0’0’2) nor

950’1’4’6)7 but it does annihilate their product, and from this it follows that 7o g’ = 0.

This is the point where the argument from Theorems 4.5, 5.3 and 6.3 breaks; we can no
longer conclude that non-triviality of 1 implies irrationality of a Taylor coefficient of g,
which was a crucial step in obtaining contradictions in Theorems 4.5, 5.3 and 6.3.

This example illustrates that irrationality of ¢ is in general not sufficient to guar-
antee equidistribution of g on G¥/I'. The main obstruction in our example is
that the sequence ¢ is irrational but not jointly irrational; that is, there exist a 1-
horizontal character 7; and a 2-horizontal character ns satisfying |n], 12| < 1 such that
m(g1) +n2(g92) € Z but n1(g1),1m2(g2) ¢ Z. This type of obstruction does not appear if
one works with linear forms since each power of a linear form is a homogeneous poly-
nomial of different degree. In the case of general polynomial maps, however, one may
get the same monomial coming from different powers of the same polynomial, like (g) in
Lemma 11.3. Therefore, some sort of ‘joint irrationality’ is necessary.

12. True complexity of z,z + ¥y,...,x + (m — 1)y, x + y¢

The reasoning presented in § 11 shows that the arguments used to tackle z,z 4+ y,z +
v x+y+y?ora,x+y,x+ 2y x+y>,x+ 2y cannot be used for x,x + vy, x + 2y, = +
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y2. However, we can circumvent the difficulties and determine true complexity for this

and related configurations via a different method. This method comes down to making

the progression more homogeneous by replacing it with a longer progressions involving

higher number of variables using several applications of the Cauchy—Schwarz inequality.
In this section, we prove Conjecture 1.12 for

m,x—f—y,...,x—i—(m—l)y,x—i—yd

whenever 2 < d < m — 1, the case d > m being handled quantitatively in [25]. We start
by proving true complexity for the non-linear term at index m.

Proposition 12.1. Let m,d € N, satisfy m > 3 and d > 2. Given € > 0, there exists
0 > 0 and pg € N s.t. for all p > pgy, we have

|Er,yeﬂ7pf0($)f1($ + y) e fmfl(x + (m - 1)y)fm($ + yd)| <e
uniformly for all 1-bounded functions fo, ..., fm : F, — C satisfying || fo||grm/a1 < 0.

We note that one cannot get a control by a lower-degree Gowers norm here; this follows

from
—1
motl_my
d d
and the fact that the space of polynomials in x and y of degree at most m — 1 is spanned

by polynomials in z, z + vy, ..., x + (m — 1)y of degree at most m — 1, so, in particular,
it contains the |(m — 1)/d|th power of 2 + y%.

Proof. We let all the constants depend on m and d without mentioning the dependence
explicitly. We only prove the case 2 < d < m — 1, as the case d > m has been handled in
[25]. |

By Proposition 2.2 of [29], we have

|Eayer, fo(@) fi(x +y) - 1@+ (m = Dy) (@ + 5] < | fnllfree + O™

for some ¢ > 0 and s € N independent of the choice of 1-bounded functions fo,..., fi :
F, — C.

Let F: Ry — Ry be a growth function to be fixed later. By Lemma 2.13, there exist
M = O, #(1), a filtered manifold G/I" of degree s and complexity at most M, and a p-
periodic, F(M)-irrational sequence g € poly(Z, Ge) with g(0) = 1, for which there exists
a decomposition

fm = fnil +fsml +funf

such that f,,;;(n) = F(g(n)I") for an M-Lipschitz function F' : G/I" — C, || fsmi|2 < € and
| funfllys+1 < 1/F(M). By picking F to be growing sufficiently fast, we can assume that
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| fungllos+1 < el/c. Assuming that p is large enough with respect to €, we thus have
B yer, fo(z) fr(@ +y) - fmo1(z + (m = 1)y) fm(z + y*)
=Eayer, fo@) fi(@+y) - fm1(z+ (m = 1)y)Fglz+y*)I) + O(e). (32)
By applying the triangle inequality and translating = — x —y exactly m times to
remove fo, f1,..., fm—1, we have
|Ea,yer, fo(@) fi(x +y) -+ frni1(@ + (m = Dy) Fg(@ +y") 1) >
<Evytiiner, [[ CE(gle)D), (33)
we{0,1}m
where
m d m
ew(Ty, b1y han) =2+ (y + Zwihi> — Z(l — Dw;h;
i=1 i=1
for each w € {0,1}™. Given w € {0,1}™, we let &, denote the basis vector in R{®:1" of
the form
Lw =
€w (w/) = " v
0,w" # w.
Let

ﬁ(x7 Y, h’la ey hm) = (ew(xa Y, hla sy hm))w€{0,1}3
and G* be the corresponding Leibman group. The next lemma gives the structure of the
polynomial spaces P; ;.

Lemma 12.2. Foreachi € Ny and1 < j < id, the space P; ; is spanned by the vectors

Z(_l)hulé'w, Z (_1)|11}|€w;-~-7 Z (_1)\11;|é»w

w wiwg, =1 WiWy :~--:wkid:1

for all ki, ..., kiq € {1,...,m}. For j > id, we have P; ; = 0.

Proof. The case j > id is easy to see from the fact that (P(f’y)) has degree id, and so we
proceed to the other case. The vector Zw(—l)wé’w is in P; 4q because its integer multiple
is the coefficient of (). To see that each vector of the form Zw w 1(—1)|w|é'w is

ky == Why, =

in Pjiq for 1 <n <idand kq,...,k, € {1,...,m}, we observe that the coefficient of

By
(z‘d +1- n) ks -+ Pk,

is a non-zero integer multiple of > w: 1(71)|w|é'w and use Lemma 4.6. To show
Wi =

=By, =
the converse, we note that the coefficient of a monomial of (P (‘f’y)) is an integer multiple
of ZW5wk1:"‘:wkn _1(=1)l*lg, for 0 < n <id if and only if the monomial contains the
variables hg,, ..., hg, but does not contain hy, for k € {1,...,m}\ {k1,...,kn}. O
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Corollary 12.3. The progression P satisfies the filtration condition.

Proof. This follows from Lemma 12.2 and the observation that

DRI S O RLE D DI Ce LS

WiWgy = =Wy =1 Wiwy =-=wys =1 WiWy = = Whyy
1 ng :wk’i:“':wkﬁg =1
for any ki,... kn Ky, . . Ky, € {1, m}. O
Corollary 12.4. Ifi > m/d, then Piy = - = P; ;g = RO,

Proof. We first observe that the set

X, = > (—Dvle,  {ky, ...k} C{1,...om},n<idyp,  (34)
w:wklzu-:wk":l

spans P; 1 = - -+ = P; ;q and consists of linearly independent vectors as long as id < m. If

id > m, then X has 2™ elements, implying that P; 1 = --- =P; 10 = R{O’l}m7 as required.

O

This leads to the following important corollary which we shall need to prove that the
sequence g' is close to being equidistributed on G.

Corollary 12.5. Let i = [m/d]. Then GZ-{O’l}m C GF.

Theorem  12.6. The sequence g¢F € poly(Z™*2, GE) is  Opn(F(M)=en)-
equidistributed.

Proof. Suppose that g© € poly(Z™*+2, G is not Oy (F(M)~M)-equidistributed. By
Theorem 2.9, there exists a non-trivial horizontal character 1 : G¥ — R of complexity at
most cF (M) for some ¢ > 0 to be chosen later, such that 7 o g©’ € Z. Let j be the largest
natural number such that 77|G§: # 0. By assumption, n annihilates Gf 11

When j is not divisible by d, we have P; ; = P; j4+1 for all i > 1, implying that any
jth level character is trivial. We can, therefore, assume without loss of generality that d
divides j. Moreover, the only i such that P; j # P; j1+1 is ¢ = j/d, in which case we have
Pij+1 = 0. We, therefore, fix i = j/d. Given ¥ € X;, where X; is defined as in (34), we
let

&a(h) = n(h")
for h € G;. The map &z defines an ith level character on G by a straightforward gen-
eralization of Corollary 3.9. By Lemma 12.2, the non-triviality of n implies that &7 is
non-trivial for at least one ¥ € X;. The bound on the modulus of n and the fact that the
vectors U, have entries of size O(1) imply that |£z| < A, provided that the constant c is
appropriately chosen.

We claim that &z(g;) € Z for each ¢ € X;. This follows from inspecting the coeffi-

cients of () and (idi’ign)hkz <o hy, for all ky,...,k, € {1,...,m}. They are integer
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multiples of the vectors > ( 1)vlg, and Zw:wh:_:wkn:l(—1)|w|€w respectively,
and so the claim follows by Lemma 4.6. Together with the argument from the pre-
vious paragraph, this contradicts the J(M)-irrationality of g, implying that g is
On (F(M)~°M)-equidistributed. O

Combining (33) with Theorem 12.6, we see that

Eeyer, fo(x) fi(z + 1) fmoi(a + (m — 1)y)F(g(z +yH )"
g/ [T c"F(zul)de, + oran—oo (1) (35)
GP/TF we{0,1}™

The rest of the proof follows the logic of the proofs of Theorem 8.1 and Theorem 7.1 from
[17]. We let

Fetma2(al) = [ Flayr)dwr) = [ F(yr)d(yr)
Grm/a1/Trmyal Grm/a1/Trmyal

to be the average of F' over the coset of Gy, /q1/1m a4 containing xI". Using the fact

that G{O }ZW C G* and the crude bound
[I P y@al)| < |[Fepaq(@l)],
we{0,1}m
we obtain
9\ 1/2
/ [T crren|< [ [Fepayal < (/ [P<ra1- ) |
GPITP  cloym G/I G/I
By the F(M)-irrationality of g, we have
/ FF<(%1 = Eper, (FFg [%}_1) (g(n)I") + 0F(rr)—oo,m,e(1). (36)
a/r

We let ¥(n) = F<ppyaj—1(g(n)I'). By the Gy, q1-invariance of Fcpp,/q1—1, this is a
nilsequence of degree < [m/d] — 1 and complexity M. By (29), we have

F(g(n)F) = fm(n) - fsml(n) - funf(n)-

We then split the average on the right-hand side of (36) into three terms. By Cauchy—
Schwarz inequality, we have

|Enek, fomi(n)Y(n)] < .

To evaluate the contribution coming from f,,, we use || fn||rm/a1 < 6 and the converse to
the inverse theorem for Gowers norms (Proposition 1.4 of Appendix G of [20]) to conclude
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that
|En€]17p fm(n)w(n” = 05HO,M,5(1)~

ys+1 < 1/F(M) and monotonicity of Gowers norms to conclude

Similarly, we use || funs|
that

|Ener, funf(n)1(n)] = 0F () —oo,nr,e(1)-

Combining all these estimates, we have

Eeyer, fo(x) fi(z +y) - fmo1(z + (m — D)y)F(g(x +y*)I)|
= O(€) + 0x(Mm)—o0,M,e(1) + 05-0,01,e(1).

By choosing F growing sufficiently fast and § sufficiently small depending on ¢, we obtain

|Eayer, fo(@) fi(z +y) - fmo1(z + (m — 1)y)Fg(x +y) )| < e,

which proves Proposition 12.1.

The control by a low-degree Gowers norm of the non-linear term z + y? is useful in
that when combined with the regularity lemma (Lemma 2.13), it allows us to replace the
function f,, by a low-degree nilsequence 1. Lemma 12.7 shows how we can deal with
if it has sufficiently low degree.

Lemma 12.7 (Twisted generalized von Neumann’s lemma). Let 2 <m <
M. There exists ¢y >0 such that for any 61,02 >0 and any I-bounded functions
fos-oos fm—1 : F, — C satisfying

i |lom-1 < i Nl <
0<?%172—1Hfl‘U 1 <46 and Oggﬁl_l“leU < 8o,

the following holds:

(i) if Y(z,y) = F(g(z,y)I") is a p-periodic nilsequence of complexity M and degree
m — 2, then

Ez,yerfO(I) e fm—l(x + (m - 1)y)¢(z,y) <m 6TM’

(ii) if Y(x,y) = F(g(z,y)I") is a p-periodic nilsequence of complexity M and degree
m — 1, then

Ez,yEIprO(x) e fm—l(x + (m - 1)3/)1/)(%31) <m 6§M'

Proof. Lemma 12.7 is a variation of Lemma 4.2 of [17], and our proof follows very
closely the proof of Lemma 4.2 of [17]. We proceed by induction on m. For m = 2, the
statement (7) is trivial since ¢, being a 0-step nilsequence, is just a constant.

To prove (it) for m = 2, we let § > 0 be a parameter to be fixed later. Since ¢ is of the
form v (z,y) = F(az + By) for some 1-bounded, M-Lipschitz function F : RM /ZM — C
and o, 8 € (1/p)Z/Z)M , we can convolve F with Fejér kernel to find a 1-bounded trigono-
metric polynomial Fy : RM/ZM — C of degree Oy (6-™) satisfying ||F — Fi||oo < 0.
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Details of how this can be done may be found in the proof of Proposition 3.1 of [19], for
instance. It then follows from the pigeonhole principle that

Eayer, fo(@) fi(e +y)o(@, y)| <ar 8 [Eoyer, fol@) fi(z + y)ey(az + by)| + 0

for some @, b € Z. Incorporating e,(az) into fy and applying Cauchy—Schwarz inequality
twice to remove fy(z) and e, (by), respectively, allows us to bound

Eqoyer, fo(@) [1(x + y)ep(az + by)

from above by || f1]|2, and similar maneuvers also give a bound by || fo||2; thus

|Eqyer, fo(2) fi(z + )y (z, y)| <ar 6755 + 6.

Letting 6 = 05 for a sufficiently small 0 < ¢p; < 1, we obtain the claim.

We now assume m > 2, and we let ¢(z,y) = F(g(z,y)I") be a nilsequence of complex-
ity M and degree s € {m —2,m — 1}. Let § > 0. Using the vertical decomposition of F'
[19, Section 3], we can find a 1-bounded function F; : G/I" — C that is a linear combi-
nation of O/ (6~M) functions with vertical characters, i.e. functions f: G/I" — C for
which there exists a continuous homomorphism ¢ : Gs/I's — R/Z satisfying f(gsu) =
e(&(gs))f(u) for any gs € G. Using pigeonhole principle, we can thus find a 1-bounded,
M-Lipschitz function Fy : G/I" — C with a vertical character £ : G5/I's — C satisfying

Bz yer, fo(®) - frn—1(z + (m — D)y)pa(z,y)|
<m §Cm |Ew,y€pr0(x) o fmer(@ A (mo— Dy)a(x, y)| + 9,

where wQ(‘ray) = FQ(g(xvy)F)
By the Cauchy—Schwarz inequality and change of variables, we have

|Ez,y€prO(x) e fm—l(x + (m - 1)3/)1/)(967 y)‘
< |Egyner, Anfi(z +y) - Apn—vynfm—1 (@ + (m = Dy)ba(z,y + h)a(z, )|,

where we recall that Ay, f(z) := f(x + h)f(x). A straightforward adaptation of the argu-
ments from Section 7 of [19] shows that the function vy, (x,y) = Vo (x,y + h)a(z, y) is a
nilsequence of complexity Ops(1) and degree s — 1. Picking 6 = 65" for an appropriate
value of 0 < ¢py < 1 and applying inductive hypothesis, we obtain

B yer, fo(@) - fm—1(z + (m = Dy)(z,y)| <pr | _min Eper, [|Ain fill i1
An application of the Holder inequality and the recursive definition of Gowers norms give

B yer, fo(@) - fm—1(x + (m = 1)y)¢(z,y)| <pr | _min HfzIICM~

for some 0 < ¢); < 1. A slight modification of the argument gives the same bound in
terms of || fo||us, completing the proof of the lemma. O

Knowing thanks to Lemma 12.7 how to proceed in the special case of f,, being a nilse-
quence, we now prove the general case. Proposition 12.1 and Proposition 12.8 together
prove Theorem 1.7.
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Proposition 12.8. Let m,d € Ny satisfy 2 < d < m — 1. Given any € > 0, there exists
6 > 0 and pg € N s.t. for all p > pg, we have

Es yer, fol@) fi(@z+ 1Y) fno1(@+ (m — 1)y) fm(z + y?)| < €

uniformly for all 1-bounded functions fo, ..., fm : Fp — C such that || f;||ys < 0 for some

i€{0,...,m — 1}, where
m, dlm-—1
S =
m—1, dfm-—1

Proof. We fix € >0, and we let § >0, pp € N; and a growth function F: Ry —
R4 be chosen later. Suppose that mingc;<m—1 | fillus < 9. By Lemma 2.13, there exist
M = O, #(1), a filtered manifold G/I" of degree sp = [m/d] — 1 and complexity at most
M, and a p-periodic sequence g € poly(Z,G,) with ¢(0) = 1, for which there exists a
decomposition

fm = fnil + fsml + funf

such that f,,;(n) = F(g(n)I") for an M-Lipschitz function F' : G/I" — C, || fsmi]l2 < € and
| funfllso+r < % Using the bound on fg,,;, we crudely evaluate its contribution by

Eayer, fol@)fi(x+ 1) fmo1(z + (m = 1)y) fami(z + )| < e (37)

To bound the contribution of fy,¢, we choose ¢’ >0 and py that work for € as in

Proposition 12.1. We then pick F to be growing sufficiently fast so that || funf/grso+1 < 0.
Assuming that p > pg and applying Proposition 12.1, we have
|Eayer, fo@) fi(z +y) - fmo1(z + (m = 1)y) funs(z + y?)| < €. (38)

Finally, we observe that f,;;(z + y?) is a p-periodic nilsequence of complexity M and
degree d LT"T_lJ < s — 1. Using Lemma 12.7, we choose § > 0 in such a way as to guarantee
that

Eayer, fo@) i@+ 1Y)+ fm1(z + (m = 1)y) faa(z +y)| < e (39)
The Proposition follows from combining (37), (38) and (39). O
In the case of z,z + y, x + 2y, x + 32, Proposition 12.8 gives us control of the first three

terms by the U3 norm. It turns out, however, that for this specific example, we can get
control by the u? norm instead.

Proposition 12.9. Given any € > 0, there exists § > 0 and pg € N s.t. for all p > py,
we have

|Eq yer, fo(z) f1(z 4 y) fa(z 4 2y) fs(z + v°)| < €

uniformly for all 1-bounded functions fo, f1, f2, f3 : Fp — C satisfying || fil|.z < ¢ for some
i€ {0,1,2).

Propositions 12.1 and 12.9 together prove Theorem 1.6.
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Proof. Fix ¢ > 0, and let ¢ > 0 be chosen later. Given ¢’ > 0, we choose ¢’ > 0 and pg
given by Proposition 12.1. Suppose that for at least one of foy, f1, fo, we have || fi|l.s <6
for § > 0 to be chosen later. Without loss of generality, suppose this holds for fj.

We apply the following decomposition based on the Hahn—Banach theorem, a variant
of which was used in [10, 18-21, 25, 29, 31]. O

Lemma 12.10 (Hahn-Banach decomposition). Let f:F, — C and ||- || be a
norm on the space of C-valued functions from F,. Suppose ||f||L2 < 1 and n > 0. Then
there exists a decomposition

f=Jtat ot fe

with || fol|* < &2V | foll €M felloo <€V |Ifell < 8'€Y? provided 0 <
o' € < 1/10.

We use Lemma 12.10 to split fs with respect to the U? norm. The contribution of the
term fj, to the counting operator is given by

Esyer, fo(x) f1(z +y) fo(x + 29) folz + y)| < || foll o < €22

Using Proposition 12.1, the contribution of f. is

Eayer, fo(2) f1(x + y) fo (@ + 2y) fo(z + )]

felz +y?)

= max(|| felloos 1) - |Eayer, fo(@) fr(z + y) fo(x + QQ)W

< 6/—1/26/ _ 6/1/2
Finally, the contribution coming from f, can be evaluated using U? inverse theorem as

B yer, fo(x) f1(z + y) fa(z + 2y) fa(z + y?)]
< fallg max Bz yer, fo() fr(e +y) f2(z + 2y)ep(ala + v

Since there exist quadratic polynomials Qq, @1, Q2 satisfying

z+y° = Qo(x) + Qi(z +y) + Qz(z + 2y),

we can bound

By yer, fo(@) fi(a + y) fa2(z + 2y)ep(alz + 7))
= [Ea.yer, fo(x)ep(aQo(@)) f1(x + y)ep(aQu(z + y)) f2(x + 2y)ep(aQa(z + 2y))|
< [l foep(aQo()lluz < | follus-
Bringing all the bounds together, we have

Bz yer, fo(@) fi(e +y) fole +29) falz +y)| < 87272 follys + €14+ O(12).

Upon setting € = e* and § = €3§"%, and using || fo||rs < J, we obtain

|Eayer, fo(@) fi(z +y) - frmo1(z + (m = D)y) falz + %) < e,

as required.
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Appendix A. Proof of Lemma 2.13

In this section, we give the proof of Lemma 2.13, which is the simultaneous and periodic
version of arithmetic regularity lemma.

Proof of Lemma 2.13. Fix ¢ >0 and a growth function F:R; — R,;. We pick
another growth function Fy that grows sufficiently slowly with respect to F. By Theorem
3.4 of [4], there exists 0 < My = Os ¢ 7, (1) such that for each i there is a filtered nilmani-
fold G;/I; of complexity My and degree s, a p-periodic sequence g; € poly(Z, (G;).), and
an My-Lipschitz function F] : G;/I; — C for which f; decomposes into

fi = fi,nil + fi,sml + fi,unf

where the properties (ii), (iii), (iv) in Lemma 2.13 hold with M in place of M and Fy
in place of F, and moreover f; ni(n) = F}/(g;(n)I;). By redefining F] and increasing its
Lipschitz norm by a factor Oy, (1) if necessary, we can also assume that ¢;(0) = 1 for all
1<i<t.

We let

G:G1X"'><Gt, F:FIX"'XFta a'nd g(n):(gl(n)aagt(n))a

and we define F;(z117,...,2:0%) := F/(x;I3). With this definition, we can realize each
finit as a p-periodic nilsequence f; ,;(n) = F;(g(n)I") of degree s and complexity Myt
on the same nilmanifold G/I" using the same p-periodic sequence g for all 1 < i < ¢.

The next step is to obtain irrationality on the nilsequences fi nis, ..., fini. In doing
so, we apply the proof of Theorem 5.1 of [4], which we rerun here for completeness. Given
a growth function F; to be chosen later, we use Proposition 5.2 of [4] to obtain M; €
[Mo, Ony 1,7, (1)] and a p-periodic polynomial ¢' € poly(Z, G, ) on some nilmanifold G’ /I
of complexity O, (1) satisfying ¢'(n)I" = g(n)I. By abuse of notation, we let F; denote
now its restriction to G’ /I"" for each 1 < i < t. It is Oy, (1)-Lipschitz on G’ /I". Therefore,
the nilsequence f; i has complexity M < Fo(M;) for some function Fs. Letting Fi(z) =
F(Fa(x)) thus guarantees that ¢’ is F(M)-irrational. To guarantee || f; nallv= < 1/F(M),
we pick Fy so that Fo(My) = F(M) using M = Opr, (1) = Opgy 1, 7(1). Combining all the
bounds, we have M = O, . #(1), as desired.

In their statement of Theorem 3.4 of [4], the authors only considered functions from
F, to [0,1]. However, the statement works for arbitrary 1-bounded functions from F, to
C by splitting them into the real and imaginary part, and the positive and negative part.
This way, we split a 1-bounded function from F, to C into four 1-bounded functions from
F, to [0, 1], implying the 4-boundedness of f; ni, fi,smi and fi unys- O
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Appendix B. Baker—-Campbell-Hausdorff formula

This section describes some useful consequences of Baker—Campbell-Hausdorff formula
and contains the same material as Appendix C in [17], which we restate here for
completeness.

Let G be a s-step nilpotent, connected, simply connected Lie group with Lie algebra g
and the exponential map exp : g — G. For any X7, X5 € g, we have

1
exp(X1) exp(X2) = exp <X1 + X5 + §[X1,X2] + Z caXa> ,

where ¢, = ¢1.o/c2,o € Q for integers ¢ o, C2,0 <5 1, and X, is a Lie bracket of k1 = k1 o
copies of X and ky = ko  copies of X5 for some kq,ky > 1 and ki + kg > 3.
In particular, for any g1,¢92 € G and = € R, we have

(9192)" = gt gs [ [ 99, (40)

[e3

where g, is an iterated commutator of ki = ky  copies of g; and ks = ko, copies of
go for ki,ko > 1, and @, : R — R is a polynomial of degree at most ki + ko satisfying
Qa(0) =0.

Moreover, for any ¢1,g92 € G and z1, 22 € R, we have

97, 95%) = [91, g "> [ [ 922, (41)

(03

where g, is an iterated commutator of k; = k1, copies of g1 and ky = k2 o copies of go
for k1, ko > 1, k1 + ko > 3 whereas @, : R x R — R is a polynomial of degree at most k;
in z1 and ke in 25, which moreover satisfies Q4 (21,0) = Q4(0,x2) = 0.

Appendix C. Scaling a polynomial sequence

The following lemma is a stronger version of Lemma 5.3 in [4], which itself specializes
Lemma A.8 of [17].

Lemma C.1. Let G/I" be a filtered nilmanifold of degree s and g € poly(Z,G,) be
given by g(n) =T1;_, gz() Define h(n) = g(pn) = 1;_, hl() Then

hi =g¢? mod Gy

for any i € N;.
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Proof. We fix i € N,. Since we only care about the value of h; mod G;41, we can
quotient out G by G;41, so that

k=0
By observing that (") = p*(}) + Z;:ll ar, () for some ay, € Z, we rewrite
@ k(n k—1 a n
h(n) =[] 9 (HEiani) oq Git1.
k=0

After rearranging the terms of g(n) using (40) and (41), we obtain

-1, . (1)
h(n) = (H hlgk)) <g§’ Hga> mod G;11.
k=0 «

for some hy € G and some commutators g,.
The important observation here is that each commutator g, is obtained iteratively from

() ()

(40) or (41) applied to elements g, '’ g;,*" belonging to G;, and G, respectively, where
1<l <141 and 1 <1y < i9. However, we do not have /1 =47 and I, = 75 simultaneously

i1 (n iz (n

because we never commute the elements gfl () and gi (&) with each other. Without
loss of generality, assume then that I < is. If g, therefore is a (k1 + k2)-fold commutator
consisting of k; copies of g;; and ko copies of g;,, then go € Gi g, +isk, While @, is a

polynomial of degree at most
klll + leQ < klil + kz(iz — 1) < kl’il + inQ —1.

If gaQ”(n) thus contributes to the Taylor coefficient of (7;) in h, then kily + koly > 1,
implying that kii; + koie > i + 1. Hence g, € G441, as claimed. O
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