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1. Introduction
We prove C'7-local regularity for viscosity solutions of problem
[Dul? + a(@)|Dul?) F(D?) = f(z) in @, 0<a()€C®Q), 0<p<q, (L1)

where 2 C R™, n > 2 is an open and bounded domain. Equation (1.1) is a new model
of singular fully nonlinear elliptic equation featuring an inhomogeneous degenerate
term modelled upon the double phase integrand

H(z,z) = [|z] + a(zx)|z]?], 0, 1<p<aq. (1.2)

Introduced in the variational setting by V. V. Zhikov [35-37] in order to study
homogeneization model problems and the occurrence of Lavrentiev phenomenon,
functionals of type

w /H(z,Dw)dx (1.3)

are a particular instance of variational integrals with (p, ¢)-growth, first studied by
Marcellini in [32, 33]. They are relevant in Materials Science since they can be used
to describe the behaviour of strongly anisotropic materials whose hardening proper-
ties, linked to the gradient growth exponent, change with the point. In particular, a
mixture of two different materials, with hardening exponents p and ¢ respectively,
can be realized according to the geometry dictated by the zero set of the coeffi-
cient a(-), i.e., {a(z) = 0}. More details on this point can be found in [17]. The
regularity theory for minimizers of (1.3) attracted lots of attention recently. We
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Fully nonlinear elliptic equations with nonhomogeneous degeneracy 111

refer to [5,6,15,17] for a rather comprehensive account on the matter and for an
explanation of the peculiar problems occurring when considering mixed degenerate
structures as the one arising from (1.2). For example, connections with Harmonic
Analysis, initially established in [15,17], have been exploited in [28]. Linkages with
interpolation methods [19], and Calderén—Zygmund estimates [16,22], have also
been established, while, on a more applied sides, applications to image restorations
problems have been recently given [27]. See also [14] for the obstacle problem and
some potential theoretic considerations, [23] for the manifold constrained case and
[24] for the regularity features of viscosity solutions of equations related to the
fractional double phase integral
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This last paper is particularly important in our setting as it provides another
instance of the basic regularity assumptions we are going to consider here; see
comments after theorem 2.

Our result brings the double phase energy into the realm of fully nonlinear elliptic
equations, under sharp assumptions. Precisely, we prove the following:

THEOREM 1. Under assumptions (2.2) and (2.6)—~(2.8), let u € C(Q) be a viscosity
solution of problem (1.1). Then there exists v = y(n, A\, A,p) € (0,1) such that u €
Cl’W(Q) and, if U € Q is any open set there holds

loc

[l < e (14 el o) + I7158)) (1.4)
with ¢ = ¢(n, A\, A, p, q, dist(U,09)).

The outcome of theorem 1 is sharp, in the light of the observation made in [30,
example 1], which is consistent with our case when a(-) = 0. An important step
towards the proof of theorem 1 consists in showing that normalized viscosity solu-
tions of a suitable switched version of problem (1.1) are p-Holder continuous for
some [y € (0,1), i.e.,

THEOREM 2. Under assumptions (2.2) and (2.6)-(2.8), let £ € R™ be an arbitrary
vector and u € C(By) a normalized viscosity solution of

[|€ + Dul” + a(x)| + Du|?] F(D*u) = f(z) in By. (1.5)

Then u € Cloo’f” (By) for some By € (0,1) and if B, C By is any ball, there holds
that

[ﬂ]oﬁoéBQ < C(”? >‘7 Aapa Q) (16)

We refer to section 3.1 for the precise definition of the various quantities involved in
the previous statement. Theorem 2 provides a first compactness result for solutions
of (1.1), which in turn will be fundamental in proving a F-harmonic approximation
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lemma, crucial for transferring the regularity from solutions of the homogeneous
equation

F(D*w) =0in By

to solutions of (1.1). An interesting phenomenon is revealed in theorem 1: in sharp
contrast to what happens in the variational setting [6,15,17], where a quantita-
tive Holder continuity (depending on p,q) of a(-) is needed to get regular minima
[25,26], here the plain continuity of a(-) suffices. This is in accordance to what
was found in the fractional viscosity setting [24] (see also [31]). In fact, to prove
our regularity results, we just ask that the coefficient a(-) is continuous and no
restriction on the size of the difference 0 < ¢ — p is imposed. This makes theorem 1
sharp from the viscosity theory viewpoint.

Equation (1.1) is an example of singular fully nonlinear elliptic equations, whose
most celebrated prototype is

|DuP F(D*u) = f in By, (1.7)

see e.g. [30]. Structures of this type, in the setting of viscosity solutions, often
occur in the theory of stochastic games [2,3]. Several aspects of this class of
partial differential equations have already been investigated: comparison principle
and Liouville-type theorems [7], properties of eigenvalues and eigenfunctions [8, 9],
Alexandrov—Bakelman—Pucci estimates [20, 29], Harnack inequalities [21,29] and
regularity [10,11,30]. In particular, in order to study possible anisotropic prob-
lems, in [12] the variable exponent case for the degeneracy is analysed: precisely, it
is shown that viscosity solutions of equations modelled on

| Du|P® F(D?*u) = f(z) in B,

have Holder continuous gradient. As carefully explained in [5], there is a sort of
borderline structure between the classical case and a genuinely anisotropic case,
which is given in fact by the double phase case. It is indeed the aim of this paper to
treat such a fully anisotropic case. We yet notice that related anisotropic structures
involving milder transitions are yet considered in the framework of stochastic tug-
of-war games in [1, 34].

The paper is organized as follows: in section 2 we describe our framework, fully
detail the problem and list the main assumptions we adopt. In section 3 we first
explain how to reduce the problem to a smallness regime, then prove that nor-
malized viscosity solutions of a switched version of (1.1) are Holder continuous.
Finally, section 4 is devoted to the proof of theorem 1 which crucially relies on a
compactness argument leading to the construction, via an iterative procedure, of a
uniform modulus of continuity of the difference between the solution and a suitably
rescaled plane.

2. Preliminaries

We shall split this section in three parts: first, we display our notation, then
we collect the main assumptions governing problem (1.1), and finally we report
some well-known results on the theory of viscosity solutions to uniformly elliptic
operators.
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2.1. Notation

In this paper, 2 C R™, n > 2 is an open and bounded domain, the open ball of R
centred at xg with positive radius ¢ is denoted by B,(xo) := {x € R™: |z — x| < 0}.
When not relevant, or clear from the context, we will omit indicating the centre,
B, = By(z0). In particular, for p =1 and z¢ = 0, we shall simply denote B; =
B;(0). With S(n) we mean the space of n x n symmetric matrices. As usual, we
denote by ¢ a general constant larger than one. Different occurrences from line to
line will be still indicated by ¢ and relevant dependencies from certain parameters
will be emphasized using brackets, i.e.: ¢(n,p) means that ¢ depends on n and p.
For g: By — R¥ and U C By, with 8 € (0,1] being a given number we shall denote

l9(x) — 9(y)|
[Glopw = sup =——=,  [glos = [glo,B-
’ syeUiary |2 —yl’ ’ s
It is well known that the quantity defined above is a seminorm and when [g]o g.v <
oo, we will say that g belongs to the Hélder space C%#(U, R¥). Furthermore, g €
CYA (U, R*) provided that

[ghtsu = sup _ inf sup o U g(y) — €y — K| < 0.
0>0,0€U EER™,KER yc B (2)NU
Finally, given any n x n matrix A, with tr(A) we will denote the trace of A, i.e.,
the sum of all its eigenvalues, by tr(A™) the sum of all positive eigenvalues of A
and by tr(A~) the sum of all negative eigenvalues of A.

2.2. On uniformly elliptic operators

A continuous map G: Q x R™ x §(n) — R is monotone if

G(z,z, M) < G(z,z,N) whenever M, N € S(n) satisfy M > N. (2.1)

The (A, A)-ellipticity condition for an operator F': S(n) — R prescribes that,
whenever A, B € S(n) are symmetric matrices with B > 0,

Atr(B) < F(A) — F(A+ B) < Atr(B) (2.2)

for and some fixed constants 0 < A < A. As stressed in [30], under this definition
F(A) := —tr(A) is uniformly elliptic with A = A =1, so the usual Laplace oper-
ator is uniformly elliptic. Moreover, it is easy to see that, if L is any fixed,
positive constant, then the operator Fy(M):= LF(1/LM) satisfies (2.2) with
the same constants 0 < A < A. Moreover, (2.2) is also verified by the operator
F(M) := —F(—M), in fact, if for A, B € S(n) with B >0, we set A; := —A— B
we immediately see that

F(A)— F(A+ B) = F(A,) — F(A, + B) (2; Atr(B),

A
I
o

F(A+ B)— F(A)=F(A,) — F(A, + B) g) Atr(B).

In the framework of (A, A)-elliptic operators, important concepts are the so-called
Pucci extremal operators Mf A» Which are, respectively, the maximum and the

https://doi.org/10.1017/prm.2020.5 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.5

114 Cristiana De Filippis

minimum of all the uniformly elliptic functions F' with F'(0) = 0. In particular they
admit the following compact form

MIA(A) = —Atr(A7) — Atr(AT) and My A(4) = —Atr(AT) — Atr(A7).

(2.3)
With the Pucci operators at hand, we can reformulate (2.2) as
M5A(B) < F(A+ B) — F(A) < MJ,(B), (2.4)
for all A, B € S(n). Next, we turn our attention to equation
G¢(z, Du, D*u) := G(x,& + Du, D*u) = 0 in , (2.5)

with G continuous and satisfying (2.1) and £ € R™ arbitrary vector. The concept
of viscosity solution to (2.5) can be explained as follows:

DEFINITION 1 [4]. A lower semicontinuous function v is a viscosity supersolution
of (2.5) if whenever p € C?*(Q) and x¢ € Q is a local minimum point of v — o, then

Ge(zo, Dp(w0), D?p(x0)) > 0,

while an upper semicontinuous function w is a viscosity subsolution to (2.5) provided
that if xg is a local maximum point of w — p, there holds

Gf(x()v DQD(:L'O), D2@(x0)) < 0.

The map u € C(2) is a viscosity solution of (2.5) if it is the same time, a viscosity
subsolution and a viscosity supersolution.

Another important notion is the one of subjets and superjets.

DEFINITION 2 [4]. Let v: © — R be an upper semicontinuous function and w:  —
R be a lower semicontinuous function.

o A couple (z,X) € R" x §(n) is a superjet of v at x € Q if

1
vety) Svl@)+zoy+ 5 Xyy+ o(lyl?).

o A couple (z,X) € R" x §(n) is a subjet of w at x € Q if
1
w(z+y) > w@) + 2y + 5 Xy y+ol|yl).

o A couple (z,X) € R" x S(n) is a limiting superjet of v at x € Q if there exists
a sequence {x;,2;, X;} —j—co {2, 2, X} such that {z;, X} is a superjet of v at
zj and v(xj) — o0 V(T).

o A couple (z,X) € R™ x §(n) is a limiting subjet of w at x € Q) if there exists a
sequence {xj,2j, X;} —joo {x,2, X} such that {2z, X;} is a subjet of w at x;
and w(z;) —j—oo w(x).
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Now we are in position to present a variation on the celebrated Ishii-Lions

lemma, [18].

PROPOSITION 2.1 [4]. Let v be an upper semicontinuous viscosity subsolution of
(2.5), w a lower semicontinuous viscosity supersolution of (2.5), U € Q2 an open set
and 1 € C*(U x U). If (z,9) € U x U is a local mazimum point of v(z) — w(y) —
¥(x,y), then, for any ¢ > 0 there exists a threshold 6= 3(L, | D%]]) > 0 such that
for all & € (0,6) we have matrices X5,Ys € S(n) such that

Gg("f,’l}(f),ax’l/}(.’i',g%Xg) < 0 < Gﬁ(guw(g)a _6y¢(j;7g),y5)
and the inequality

Xs 0

1
sy S

] < D2(,5) + 61d
holds true.

REMARK 2.2. In [4] condition (2.1) appears as an ‘ellipticity assumption’. We shall
refer to it as ‘monotonicity’ to avoid any confusion with (2.2).
2.3. Main assumptions

When dealing with problems (1.1)—(1.5), the following assumptions will be in
force. As mentioned before, the set 2 C R™ is an open and bounded domain. Up to
dilations and translations, there is no loss of generality in assuming that By € Q.
The nonlinear operator F' is continuous and (A, A)-elliptic in the sense of (2.2).
Moreover

Feo(S(n),R), F(0)=0. (2.6)

Concerning the nonhomogeneous degeneracy term appearing in (1.1), we shall ask
that the exponents p, ¢ and the modulating coefficient a(-) are so that

0<a()eC(Q) and 0<p<yq. (2.7)
Finally, the forcing term f verifies
el ). (2.8)

All the facts exposed in section 2.2 easily adjust to our double phase setting simply
choosing

Ge(, 2, M) = [(|€ + 27 + a(z)[€ + 2[7) F(M) — f ()]
for all (z,z, M) € Q@ x R" x S(n).

By (2.6) and (2.8) we then know that G € C(Q2 x R™ x S(n),R). Moreover, the
(A, A)-ellipticity of F' guarantees that G satisfies (2.1), so, in particular definitions
1-2 and proposition 2.1 are available to us.

REMARK 2.3. In (2.7); we assumed that the modulating coefficient a(-) is con-
tinuous, but all the results proved in this paper hold verbatim if we only take
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a(-) bounded and defined everywhere. This makes theorem 1 a solid blueprint for
studying further problems in which a(-) depends also from wu and is allowed to have
discontinuities.

2.4. The homogeneous problem

Viscosity solutions of the homogeneous problem
F(D*v)=0 in By (2.9)
will have a crucial role in the proof of the main results of this paper.

DEFINITION 3. Let F be as in (2.2)~(2.6). A function h € C(U) is said to be
F-harmonic in By if it is a viscosity solution of (2.9).

As one could expect, maps as in definition 3 have good regularity properties, as
the next proposition shows. For a proof, we refer to [13, corollary 5.7].

PROPOSITION 2.4 [13]. Let F be as in (2.2)~(2.6) and h € C(By) be a viscosity
solution of (2.9). Then, there exist a = a(n,\,A) € (0,1) and ¢ =c(n,\,A) >0
such that

1Pllcre By ) < CllbllLos(By)- (2.10)

REMARK 2.5. Proposition 2.4 in particular states that if h € C'(By) is F-harmonic,
then it is C1* around zero, which means that for all ¢ € (0,1) there exists a £, € R
such that

%sc(h — &, 1) <c(n, A\ A)o' e (2.11)

e

Now fix o € (0, 1) be so small that

1
co® < o, (2.12)

where ¢ = ¢(n, A\, A) is the constant appearing in (2.10) and let &, € R™ be the
corresponding vector in (2.11). According to the choice in (2.12), (2.11) reads as

1
osc(h — & - x) < 1% with o =o(n, A\ A). (2.13)

o

This will be helpful later on.

3. Bo-Holder continuity
In this section we will prove that normalized viscosity solutions of problem
(1€ + Dul? + a(z)[¢ + Dul?) F(D*u) = f(z) in Q (3.1)

where £ € R™ is any vector, are locally Sp-Holder continuous for some Gy € (0,1).
A direct consequence of this is equicontinuity for sequences of normalized viscos-
ity solutions to certain problems of the type (1.1), see the proof of lemma 4.1 in
section 4.
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3.1. Smallness regime

In this part, we use the scaling features of the shifted operator in (3.1) to trace
the problem back to a smallness regime. In other terms, we blow and scale u in
order to construct another map @, solution in B; of a problem having the same
structure as (3.1), and such that, for a given € > 0,

osc(a) < 1and [|flp~ (s <, (3:2)
1

where f is a suitable modified version of the forcing term appearing in (3.1).
Under these conditions, u is called ‘normalized viscosity solution’. Let us show
this construction. Set

1 1
K =2 (14 lull o) + I FI55)) (3.3)

e (o {1, 220 ”

be a constant whose size will be quantified later on. Notice that, if v € C(§2) is
a viscosity solution to (3.1) and z( € €, then clearly u is a continuous viscosity
solution of (3.1) in By, (zo), with m as in (3.4). Now, for z € By, M € S(n), K and
m as in (3.3)—(3.4) respectively, define the following quantities:

a(z) == M a(z) = (i)q_pa(xo +ma),

and let

_ 2 _ p+2
F(M) = %F (T‘:;M) . f(x) = %f(xo +ma).

Since u is a viscosity solution to (3.1) in B, (xo), it is easy to see that @ is a viscosity
solution of
[|€ + Dul’ + a(x)|€ + Du|?] F(D*a) = f(z) in By,
where & := (m/K)¢. In particular, when & = 0, we have (1.1) in smallness regime
[[DalP + a(z)|Da|?) F(D*u) = f(z) in  By. (3.5)
By definition, there holds

B B K q—p B
ge@ <1 Nalumy < ()l [Flmmy <mot2 (30)

moreover, a quick computation shows that, since F satisfies (2.2), F'is (), A)-elliptic
as well. Now, for arbitrary e > 0, we fix m = &/ (#*2) it follows that ||fHLoo(Bl) <g,
therefore @ is in smallness regime. Finally, notice that if @ is a solution of equation
(1.5), then @.:=u+ ¢ for any ¢ € R is a solution as well, so there is no loss of
generality in taking 4(0) = 0. We will assume this throughout the paper.

REMARK 3.1. Owing to the nonhomogeneity of problem (1.1), the scaling factor m
appears also in the expression of @, thus leading to the bound (3.6),. As we shall
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see, m will never influence the constants appearing in the forthcoming estimates

and it will ultimately depend only from (n, A\, A, p, q).

REMARK 3.2. Clearly, it is enough to prove theorem 1 for @ € C(B;) solution of
(1.5). In fact, as soon as we know that
[a]l"r‘r;Bl/z < C(TL, )‘a A7p7 q))

then, from the definitions given before, it directly follows that, after scaling,

cK 1/(p+1
[u]1+'y;B,,L/2(a:0) < W < c(n,)\,A,p, ) (1 + ||uHL°°(Q) + ||fHL/°£IZQ )> ’

so, after a standard covering argument we can conclude that u € Cllo’Z( ) as stated

in theorem 1 and (1.4) directly follows via a standard covering argument.

3.2. Proof of theorem 2

The proof of theorem 2 is a direct consequence of proposition 3.3 below.

PROPOSITION 3.3. Let 4 € C(By) be a normalized viscosity solution of (1.5) and

T € By be any point with Bi/y(%) € By. There exist a positive number so =
so(n, A\, A, p, 0) and a threshold o, € (0,1/2) such that if o € (0, 0«), then

o [€]> 55" = u € Lip,y(By2);
o[£ < 551 = u € ClOO’fO(BQ/Q), for some By € (0,1).

Proof. We fix the threshold
1

and take o€ (0,0.). We shall prove that there are two constants A; =
Ai(n, A, A, p, 0) and As = As(p) such that

L(z) = S (a(z) —aly) — Arw(lz —yl) — Az (Jo — 2> + ly — 2[*)) <0, (3.8)

for all # € B, /5. In (3.8),

t—wotd/? ift <t -
R T G X))

t Z:tﬁo if ¢ < _17 t) ;=
wlt) = 1 6 < 557, wll) {w(to) Loy

where

Bo € (le ;) (3.10)

is any number, to := (2/3wp)?, wo € (0,2/3) is such that ¢y > 1 and

1

0T Y64+ Ay 1+ 1)

(3.11)
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For reasons that will be clear in a few lines, we set

(245 4+ 1) [80 + 24P+ (A(n — 1) + A+ 1)]

A= wo min{\, 1} (3.12)
and
Az = (4/0). (3.13)
By contradiction, let us assume that
there exists & € B,/ such that £(Z) > 0 for all positive Ay, As. (3.14)

To reach a contradiction, we consider the auxiliary functions

{w@c,y) = Arw(lz —yl) + Az (Jz — &% + |y — &%)
o(z,y) = u(x) — u(y) — P(z,y).

Let (z,7) € B, x B, is a point of maximum for ¢. By (3.14), ¢(z,9) = L(&) > 0,
thus

(3.2),
Aw(lz—g))+ Az (2 — 2P+ |y — 2°) <u(@) —a(y) < L

The choice made in (3.13) forces Z, i to belong to the interior of B,. In fact, plugging
(3.13) in the previous display, we get:

- - 3 _ . N 3
7l <lz— & +F < S and |g] <|y— &+ 7 < 5 (3.15)

Moreover, T # g, otherwise L£(Z) = ¢(Z,7) =0 and (3.8) would be immediately
verified. This last observation clarifies that 1) is smooth in a sufficiently small

neighbourhood of (Z, ), so the following position is meaningful:

_ T —

|

g:f: = ww(‘i’a g) = Alw/(|i’ - g') |j — g| + 2"4*2(:fj - j)’
€ 1= —0,0(3,) = A (17~ ) [y — 242(7 — %)

All in all, ¢ attains its maximum in (z,y) inside B, x B, and 1 is smooth
around (z,y), so proposition 2.1 applies: for any ¢ >0 we can find a threshold
6 = 6(1, | D24p|)) such that for all & € (0,4) the couple (£z, Xs) is a limiting subject
of w at T and the couple (%,Yg) is a limiting superjet of w at § and the matrix
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inequality

el e o

holds, where we set

8l

—9)

3]

o [Mld—i- <w"(|ff—l7|) Sl yl)) (j_i)fgy(

We fix § = min{1,6/4} and apply (3.16) to vectors of the form (z,z) € R2", to
obtain

(X5 —Y3)z,2) < (445 +2)|2%

This means that

all the eigenvalues of X5 — Yy are less than or equal to 2(245 + 1). (3.17)

In particular, applying (3.16) to the vector z := ((Z — 3)/(|1Z — 9|),5 — /|Z — §|),
we get

I
|
8l
<

<(X5 —Ys) >< 2245 4+ 1) + 440" (|Z — 7).

I
=]
El

|
=

This yields in particular that

at least one eigenvalue of X5 — Yy is less than 2(245 + 1) + 440" (|7 — 7).
i i (3.18)
At this point we study separately the two cases [{] > 5ot and €] < spt
Case 1: |€] > sy *. Define
s = &7 € (0,50), Ei=s&  alz):=s""alz), flz):=s"f(x)
and rewrite (1.5) as
1€+ 5Dl + a(w)|€ + sDal?] F(D*a) = f(z) in By. (3.19)

Notice that, by (3.2) and (3.13), ||f||Loo(B1) < spe < e. Moreover, expanding the
expression of w in (3.18) (keep (3.9), in mind) and recalling the choice we made in

https://doi.org/10.1017/prm.2020.5 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.5

Fully nonlinear elliptic equations with nonhomogeneous degeneracy 121

(3.12)—(3.13), we see that
2(242 + 1) +4A:0" (|7 — 7)) < 2(242 + 1) — 343w < 0,

where we also used that |Z — g| < 1. This means that at least one eigenvalue of
X5 — Y5 is negative, therefore by (2.3),, (3.17) and (3.18) we have

M5 (X5 = Y5) = ~2(245 + 1) [A(n — 1) + ] + 3w Ay (3.20)

With &, 5,7 computed before, we write the two viscosity inequalities

€+ s&al? +a(@)lé + sl | F(Xs) < J(@) (321)
-+ sl +am)IE + 5E517] F(¥3) > F0).
The choice we made in (3.11) then yields that
min{|é + s 1€ + 5651} > 3 (322
and, recalling also (2.4), we see that
F(X5) > F(Ys) + M5 , (X5 — Vi), (323)

Combining the inequalities in the previous display we eventually get

F(@) (3.21), _ (3.23) _
- > F(Xs) 3 F(Ys) 4+ Mj (X5 — Y5)
(1€ + s&alp +a(@)[€ + séal

(3.20) (3.21), f@)
T I+ skl + a@)IE + sEyle]

— 2245 + 1) [A(n — 1) + A\ + 3 \woA;.

Since by (3.12),
—2(242+ 1)[A(n — 1) + A] + 3 \wp Ay > 0, (3.24)
we can complete the inequality in the previous display as follows:
(3.2)5,(3.11)
222 > 2fllem
(3.22),(3.24)

> 2P (24 + 1) [A(n — 1) + A + 27P3Awo Ay,

which is not possible, because of (3.12).
Case 2: |€] < sy In this case we do not need to rescale (3.1), but only notice that,
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by (3.9), the quantity appearing in (3.18) can be bounded as

(3.7),(3.15) (3.12),(3.10)
2245 + 1) +4A0" (|2 —y)) < 2243+ 1) —4A160(1 — Bo) < 0,

which means again that at least one eigenvalue of X5 — Ys is negative, thus, by
(2.3),, (3.17) and (3.18) we have

My A(Xs = Y5) 2 =2(242 + 1) [A(n — 1) + A] + 4AA1 Bo(1 — fo)

(3.10) A
> 20245+ 1) [A(n — 1)+ A + Tl (3.25)

We then compute

) _ _ (3.15),(3.10) A27 B B L
min {|&% &7} > HE -y 24, Az — gl !

16
(3>10 Az — gl {fhl _ g A%
16
Ay 3A,
S Az — g~ W2 | Az _g-as2) 94
= g0 [Lhg — g0/ 4 20 a4,
(3-12),(37) A2 |
2 — 0 -
64
The content of the previous display clearly shows that
A _
mm{|§r| |€y|} 1 (1/2) (3.26)

thus

o P _ LG 12)
min{|€ + & |, |€ + &1} > min {|&], |&]} — €] > min {|&], &} —s5" > 2.
(3.27)
At this stage we can derive the viscosity inequalities

{M+@P+M@f+&ﬂp()<fﬂ
1€+ &l + a@)IE +&5l7] F(¥s) > F(@)

and proceed as in Case 1 to get, with the help of (3.25) and (3.23),

_ /(@) I () N
[I€ + &P +a(@)€ +&l1] ~ [I€+ &P +a@)E + &l
A4

—2(2A2+1) [A(TL— 1) +)\] + T

Using (3.12) we see that

2245 + 1) [A(n 1) + A + 221 > 0,
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therefore we can use (3.27) to get the following contradiction to (3.12):

1>2771 | 2245 + 1) [A(n — 1) + \] + ATAI .

Combining the two previous cases, we obtain that if u € C'((B;) is a normalized
viscosity solution of (1.5) and & € By/y, then L£(Z) <0 for all Z € B,/5, which
means that, if |£] > s, ! @ is Lipschitz-continuous with

[@o,1;8,,, < c(n, A, A, p, 0)
or, if || < spt, it is Bp-Holder continuous with
[@o,60:B,,, < c(n, A, A, p,0) for some By € (0,1).
U

Notice that the exponent (35 in the proof of proposition 3.3 does not depend
on g, therefore, if u € C'(By) is a normalized viscosity solution of (1.5), regardless
to the magnitude of €], we can use a standard covering argument to deduce that
i e CP(By) and for any B, C Bj there holds that

loc
[a]oﬁo;BQ < C(TL, >‘7 A,p, Q)~
The proof of theorem 2 is now complete.

REMARK 3.4. The definitions of As; and A; fix the dependency: sy =
so(n, A, A, p, 0). Having a proper look at (3.12) we notice also the presence of wy,
but this really does not matter, since we can set it equal to 1/6 and we are out of
troubles.

4. C'-local regularity

We open this section with a F-harmonic approximation result, which essentially
states that, under suitable smallness assumptions, a normalized viscosity solution
of problem (1.5) in B; can be approximated by a linear function on a smaller ball
up to an error which can be controlled via the radius of the ball.

LEMMA 4.1. Under assumptions (2.2) and (2.6)—~(2.8), let o > 0 be as in (2.12) and
u € C(By) be a viscosity solution of

[|€ + Daf” + a(x)|é + Du|?] F(D*a) = f(x) in By,
with & € R™ arbitrary. There exists a positive 1 = t(o,n,\, A, p,q) such that if
Hf”Lm(Bl) < Ly

then we can find £, € R™ such that

%ic(a_ga'x> <

ol Q
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Proof. By contradiction we can find sequences of fully nonlinear operators
F; € C(8(n),R) uniformly (A, A)-elliptic; (4.1)
of vectors {&;}jen C R™ and of functions

{@;j}jen C C(B1) such that a;(z) > 0 for all z € By, (4.2)

>
{f]}]EN € C(By) with ||fHL°°(Bl) S/
) <

{t;}jen € C(B1) so that suposc(;) < 1 and u;(0) = 0.

jeN Bi
Moreover, ; solves
(1€ + D[P + a;(x)|&; + Di;|*) Fy(D*a;) = fi(w) in By, (4.5)
but
o5 (ﬂj - a:) % for all £ € R™. (4.6)

The uniformity prescribed by (4.1) with respect to assumption (2.2) assures that
{F;}jen converges to a (), A) -elliptic operator F. € C(S(n),R) (4.7)

and, by theorem 2, u; € € €% (BN C(By) for some fy € (0,1) thus, using (1.6)

loc
and Arzela—Ascoli theorem we have that

Uj — Uy locally uniformly in B;. (4.8)
In particular, from (4.4), and (4.8) there holds that

u, € C(By) and (ECE* <1, (4.9)
1

but

osc(liy, — & - x) > for all £ € R™. (4.10)

o
B, 2

Let us show that @, is a viscosity solution of equation
F(D*u,) =0in B;. (4.11)

To do so, we show that @, is a supersolution of (4.11), then, in a specular way, it
can be shown that it is also a subsolution to the same equation, thus concluding
the proof. Let ¢ be any test function touching @, strictly from below in z € B;.
For simplicity, we take = 0 thus, by (4.4);, ¢(0) = @, (0) = 0 (recall the comment
made at the end of section 3.1) and that p(x) < 4. (z) for all x € B, \ {0} for ¢ > 0
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sufficiently small. There is no loss of generality in assuming that ¢ is a quadratic

polynomial, i.e.,

1
p(x) = 5Mx-x+b~x.

In view of (4.8), we see that the polynomial
1 _
pi(z) = oMz —j) - (& —25) +b- (& - 25) +u;(2;)

touches @; from below in x; belonging to a small neighbourhood of zero. By (4.5)
we immediately deduce that

[1€5 + b7 + @ () |&5 + b9 F5 (M) > fj(x5). (4.12)

For the sake of simplicity, from now on we shall distinguish various cases which will
eventually lead to the final contradiction.

Case 1: sequence {&;}jen CR™ is unbounded. If the sequence {{;}jen is
unbounded, then we can find a (nonrelabelled) subsequence such that |£;| —; o0 00
and, choosing j € N so large that |§;| > max{1,2[b|}, by triangular inequality we
also have that

1
€5 401 = 1€ = bl = 51&5] —=j—o0 O, (4.13)
therefore we bound
£ (4.3) i
‘ 13 (@;) J 2 o (4.14)
(€5 + 0P + @;(z;)|€; + blY] Jlg;IP
Merging (4.12) and (4.14) we get
- _— - fi(z;) ‘ L
F.(M)= lim F;(M) > — lim & > — lim —— =0,
(M) = Jig, £5(M) jm\ 06 + 0+ ;e )IE + 0] |~ 5% T

thus F,.(M) > 0.

Cuase 2: sequence {&; }jen C R™ is bounded. Now we look at the case in which {; };jen
is bounded. Thus we can extract a (nonrelabelled) subsequence §; —; .o & As a
consequence, (& +b) —j oo & + . If [€, + b > 0, then we can find a j € N so large

that
1 _
&+ 0] > §|§*+b‘ >0 forallyj>y,
thus
_ L . fi(z))
F.(M)= lim F;(M) > — lim -
M) = fim FQM) > = lim, [1€5 + bIP + a(x;)[€; + bl7]
P
> 2 =0.

— lim ——
j—o0 jl&« + bJP
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Finally, we look at the case |£. + b| = 0. By contradiction, let us assume that
F.(M) <O0. (4.15)

By ellipticity, this means that M has at least one positive eigenvalue. Let ¥ be the
direct sum of all the eigensubspaces corresponding to nonnegative eigenvalues of
M and IIy, be the orthogonal projection over Y. Since |£, + b| = 0, two situations
can occur: & = —b with ||, |[b] > 0 or || = [b] = 0.

Case 2.1: & = —b with |&.],|b| > 0. Since ¢ touches @, in zero from below, then,
for k > 0 sufficiently small, by (4.8) the map

Ow(x) == %Mx-x—l—b-x—!—nﬂ‘[z(ac)\ (4.16)

touches u; in a point Z; belonging to a neighbourhood of zero. Given that
sup;en|Z;| < 1, up to (nonrelabelled) subsequences, we can assume that &; —; .o
x, for some z, € By. At this point we examine two scenarios: IIx(Z;) =0 and
Iy (i;) # 0. If I (#;) = 0, then

s (Z))] = max e-Ils(z;) = min e-ls(3;), (4.17)

s0, in the light of (4.17), the map ¢, can be rewritten as

1
¢r(x) = §M33 -z +b-x+ ke-Tg(z) for all e € S"7L. (4.18)

A straightforward computation shows that
D(e-TIg(x)) = s (e) and D*(e - Mx(z)) = 0.
Notice that
ecS"INY =Tg(e) =cand e € S" ' N+ = Mx(e) = 0, (4.19)

where we denoted with ¥+ the orthogonal subspace to ¥, so if |[Mz,.| =0, we can
fix j € N so large that |MZ;| + [b+ &;| < x/2 for all j > j, thus

- K
IMZ; +b+ &5 + ke| > 3
It is easy to see that
1
[|Mij +b+&+ kelP + (_Ij(:i’j)|ij +b+&+ keld]
1 2p

)

< < —
S ME; + b+ & + kelP T kP
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thus, looking at the viscosity inequality and exploiting the content of the previous
display, we have

= = fi(@;)
F.(M)= lim F;(M) > - g po
(M) = Jirg, F5(00) (IMZ; + b+ & + welP + a;(2;)[MI; + b+ & + rel]
> — lim fj(jj)
T oo |[|[MEj + b+ &+ welP +a;(85)|MZ; + b+ & + reld]
'3
SN — (4.20)
j—oo JKP

so F,(M) > 0, which contradicts (4.15). On the other hand, if [Mz.| > 0, we first
consider the case in which 3 = R™ and select e € S"~! so that

(4

\Ma., + rlls(e)] "2 | Mz, + re| > 0.

We fix j € N sufficiently large that for j > j there holds that
1 1
|MZ; + kel > i\Mx* +rel >0 and |&+0b] < E\Mx* + ke|. (4.21)
Furthermore, ¥ # R" means that there exists e € S*! N X+, thus

(

4.19
M7, + rlls(e)] “2 (M| > 0,

so we can fix j € N so large that
\M#;| > %|Mx*| and b+ ¢ < i\Mm. (4.22)
Using either (4.21) or (4.22), we get that
IMZ; +b+ & + klln(e)| > %|M:17* + kIlIx(e)| > 0.

We then compute

1
[[MZ; + b+ & + rlls(e)|P + a;(7;)|MT; + b+ & + rlls(e)]4]
22p
< )
Mz, + kIIx(e)|P
SO
F.(M) = lim F,(M)
]
: fi(@;)
> lim — — = =
j—oo [[MZ;+b+ & + wlls(e)|P + a;(7,)|MT; + b+ & + wlls(e)]4]
o ()
> — lim — —= o
j—oo | [[MZ;+b+ & + slls(e)|P + a;(7,)|MT; + b+ & + rlls(e)]4]
22p
> —0, (4.23)

— lim
j—oo jI|Mx,. + kllg(e)|
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and we reach again a contradiction to (4.15). Now let us consider the occurrence
s (z.)| > 0. Choosing j € N sufficiently large, we see that |IIx(Z;)| > 0 as well,
thus the map = — |IIx(z)| is smooth and convex in a neighbourhood of Z;. Being
IIy, a projection map, there holds

[y (x)D(Ig(z)) = Og(x) and  D?*(|Tx(x)|) is nonnegative definite, (4.24)
so the variational inequality for ¢, in its original form (4.16) reads as

Fj(M + (D*|Is|)(;))

fi(Z;)

> .
Mi: + b+ & s (2;) [P & oz T b4 £ Iz (&;) |
Tj+0+& + Rirmay| T (&) |MT; +b+ & + R

We repeat the same procedure outlined before with e = e; := II5(Z;)/|x(Z;)],
thus getting when |Mz.| =0,

_ ) . op

F(M + (D*[Is))(z)) 2 - =5 (4.25)
and, for |M,,| > 0,
22p

Fj(M + (D*|TIg|)(75)) > M, + ks (e)|P

(4.26)

Passing to the limit in (4.25)(4.26), we can conclude that
Fo(M + (D)) (2.)) > 0,
therefore, by (4.24),, (4.7) and (2.2) we get
F.(M) > F(M + (D*|lIg])(24)) > 0,

thus contradicting (4.15).

Case 2.2: || = |b| = 0. The procedure we are going to follow here is analogous
to the one employed for Case 2.1, so we will just sketch it. Since ¢ touches @, from
below in zero, the map

br(z) = %Mx 2+ k[Tl (2)

touches u; from below in a point Z; belonging to a small neighbourhood of zero.
Owing to the uniform boundedness of the moduli of the Z;’s, up to choosing a
nonrelabelled subsequence, there holds that #; —j o @s. If |IIs(z,)] =0, then
we see that ¢, can be rewritten as in (4.18) (with b = 0) and it touches u; from
below in Z; for any choice of e € S"1. If [Mx.| = 0, we can fix j € N so large that
|Mz| +|&| < k/2, thus, taking any e € S"~! N'Y we have that |[MZ; 4+ &; + re| >
/2 and (4.20) follows together with the contradiction to (4.15). On the other hand,
for |[Mz.| > 0 we can fix j € N large enough so either (4.21) or (4.22) is satisfied
with b = 0 (depending on whether ¥ = R" or ¥+ # {0}), so we can safely recover
(4.23) and a contradiction to (4.15). Finally, if |IIx(x.)| > 0, we apply our previous

https://doi.org/10.1017/prm.2020.5 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.5

Fully nonlinear elliptic equations with nonhomogeneous degeneracy 129

construction with b =10 to obtain (4.25)—(4.26), pass to the limit as j — oo and
finally contradict (4.15).

Merging Case 1 and Case 2 we can conclude that F,(M) > 0, so i, is a super-
solution of (4.11) in B;. For the case of subsolutions, we only need to point out
that showing that u. is a subsolution of equation (4.11) is equivalent to prove that
Uy := —1Us is a supersolution of equation

F.(D*w) =0 in By,

where we set F,(M) := —F.(—M), M € S(n), which is elliptic in the sense of (2.2).
Hence, we can apply all the previous machinery on #, and conclude that u, is a
viscosity solution of (4.11). Proposition 2.4 then applies and i, € CH (Bi2). In
particular, (2.13), which contradicts (4.10) is in force and the proof is complete. [J

REMARK 4.2. In the statement of lemma 4.1, « = ¢(o,n, A\, A, p, q), but since (2.12)
prescribes that o = o(n, A, A), we can simply say that ¢ = ¢(n, A\, A, p, q).

4.1. Proof of theorem 1

Lemma 4.1 builds a tangential path connecting normalized viscosity solutions to
problem (1.5) to normalized viscosity solutions of the limiting profile, for which the
Krylov—Safonov regularity theory is available. The core of the proof of theorem 1
will be transferring such regularity to normalized viscosity solutions of (1.5). This
is the content of the next lemma.

LEMMA 4.3. There are 0 = o(n,\,A) € (0,1) and v=~(n,\,A,p) € (0,1) such
that if u € C(By) is a normalized viscosity solution of (3.5), then for any x € N
there exists €, € R™ such that

osc(ii — & - ) < o®F), (4.27)

Tk

Proof. Let o > 0 be as in (2.12) and

ve (omin{a, 1 —ED ). (128)

P+ 1 ~log(0)

where a € (0,1) is the same as in (2.11). A direct consequence of the restriction in
(4.28) is that

1

Moreover, we fix the parameter m € (0,1) defined in (3.4) equal to .'/®*+2) where,
by remark 4.2, ¢ = ¢(n, A\, A, p, q¢) > 0 is the same as in lemma 4.1 corresponding to
o in (2.12). In this way we also determine the dependency m = m(n, A, A, p, q), thus
closing the ambiguity due to the presence of m in the scaled problem (1.5). Notice
that none of the quantities appearing in the estimates provided so far depend on
the sup-norm of a, nor on its modulus of continuity. For k € NU {0}, set o, := o".
We then proceed by induction.
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Basic step: k = 0. In this case, (4.27) is verified with & = 0. In fact,

o _(36),
gig(ufﬁo-x)zgf(w < L

Induction assumption. We assume that there exists &, € R™ such that

osc(t— &, -x) < ol (4.30)

Induction step. Define
17,,{(.’[) = U;(1+7) [a((fﬁl’) - O'kgn ’ x] :

It is easy to see that @, € C(B;) satisfies

(1Dt + €cl? + (@) | Dt + &6]1] Fu(Da) = Ju() in By,
where
K= U;ng
Ay () == 029 Pa(o,z) for all z € By
(M) =0 7F(o)*M) for all M € S(n)
) = O.’ifw(ler)f(O.ﬁx)_

Notice that, by (2.2), F, is uniformly (A, A)-ellitic with the same ellipticity constants
as F. By the choice we made on m = ¢'/(?*2) we obtain that

_ —(1to) | F (4.28),(3.6),
Fellze(y o7 flleoy < e

Finally, by (4.30) we readily see that

_ (1 _ =
(}381(3(““) = O’K( 7 osc (u — & x) <1,

Tk

therefore all the assumptions of lemma 4.1 are satisfied, thus there exists §~,§+1 such
that

~ o
95C (ﬂﬁ — &rt1 x) <5 (4.31)
Set £t =& + UZ&H. We then have
_ (4.31) 1 (4.29)
osc (ﬂ — &yt ac) < 30 ot < ot

Trfl

and we are done. O
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Once lemma 4.3 is available, we can complete the proof of theorem 1 in a straight-

forward way. Whenever o € (0,1], we can find & € NU {0} such that o**! < o < o".
So we have

_ _ (4.27)
os:(ﬂ—§n~x) < gig (ﬁ—gm-x) <

o7 < g4 plty

= C(n7 A’ A)p)gl+’y7

therefore % is C*7 around zero. This is enough, in fact by standard translation
arguments we can prove the same for any point of B;/, thus getting that u €
C'"t7(By2) and then conclude with remark 3.2 and a covering argument.
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